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kingman’s coalescent

kingman (1982) /
Consider o system of finitely many puticles where each pair of porticles

coolesces into one particle with vate 4, independent of other Ppawrs.
Then the total number of porticles (Ne)tzo s a continuous time
Markov chain on IN which jumps Srom N 1o n-t with vate nin-) /2.

o

time,
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@ 3ra.ph,icai construction.
Aldous (1999)
Kingman's coalescent can come down From +oe, ie. T @ IN- valued
Markov chain (NE )ts0 which evolves as Kinqman’  coalescent and
sotisfies t NT —> 2 when tV0 in probabifity.
Berestychi, Berestycki & Limic (2010)
Thee existe o process (t\)f:))tzo,nem st.V neiN ,(Nﬁ'_-”)tao 5a kin%mn’s coalecent

(n+)

With Nf,")=n,' and Vt 30, Nmé Ne The iucmsina Limit N:=&:"m N(:)

equal in Dow.

ngies tNe = 2 when tvo as. and in L Sor BP21.

Constructed usinz Parﬁﬁons 05 IN.



Spatiall kingman's codlescent is o systen of particles
[ivina on a Gm?h 9 st.
o At each site, particles conlesce aaard.in# o kingmans coalescent.

* Each particde moves as an independent vendom walk on G
Nilv) := number of porticles at site v od time t,

Then (Nt)t»o s a Morkov 'Protess.
One can construct a process (Nf:))tzo, nenN st.

e ¥nel, Ntz is a spabial, k('nﬁrmn’s coalescent.
with n inrtial particles located 0 a disﬁnau‘-s‘ed oot site ;
* Vtzo0, Mi"’w) < N(f')cv), vE Qj neiN .
Define  Nevy= fine NE°(v) and the total population Ne“’“’c%)mv% N w),

N4 +00



Spatiall. movement coalescent

Limic & Sturm (200b)
1§ G s o Sinite qraph, then PC N$¥Gy<+e) =1, Vt>0.

Angel, Berestychi & Limic (2012)
1§ G is an infinite connected 3m|>h with bounded Jegree ,

‘then F( M:O)(Z) = +N)=', vt2o.



Is there an Ma/ﬂjy o;f Kingman:s coodescent
in the continmn spotial setting?

The insht--]:ishex diffusion
Well- known duality )

let (Ne)tso be Kingman's coalescent with initinl value No=n.

let (X+)tso be the solutiom of the stochastic differential equation
d¥e= LXe(1-X)dBe; X,=p €lo.1].

Then E[(-%o)¥1= ELG- )T

Brownian motion.



Is there an malqy of ngman.s coalegcent
in the continumm spatm!, settma Yes!

Shi%a. (1989) Shiga's coafescing Brwwnian motions.

Consider o. system of Siitely many Brownian particles on R where each pair of particles

coafesces into one particle with rate +h according to their intersection load time.

Denote by (%) ieT, the positions of the Particles at time +.

Let (We0)t30,%¢ i be the Solution to the Stochastic partial differentiol equation
e =+ 32 Ue® + e (- o) Wha, o = § e C(IR, D).

Then [E[ iEIt l- Wo( B‘k’))] = 'E[;‘Z];,('- ut(\g’)?sme-time white noise.
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Can we initite shiqas coaﬂescina Browniot motions
with infinetly many intial FarﬁcleS? Yes!

Tribe's construction (199S)
o§ shiga's coa.lescing Brownian motions (Ze)ezo With initiald Confizumﬁan (%)ien < R:
. Let (B¥)ien be a sequence of indePendem Brownion motions st. VieN, B = 4;.
+ Let (€% )ien be o Fomily ,j‘- iuolependent exPonenﬁal vandom veriable with mean 2.
. Let (Ifi{p)tw be the locall time of (éi’—ﬁi’)t,,o o position 0 for i,jeIN.
- Define Si=+0a, and inductivels 1>,

$;r=infitzo: Z '—(::-)SJ ze "} (L time of ith prticle)

. ™, n ) +09
- Define Z¢ ;% 1Lt€[o;$;) s\B‘I;’, t20;, Ze'=2 thEI:D,'S;) SB‘;';’, t20.

i=|
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El Does shiga's Coalescinj Brownian motions
have the property of coming down  from infinity ?

Hobson & Tribe (2008)
Congider shigas coo.lescina, Brownjan motions on the wnit Length

circle § with initiad Confiz.umﬁon (X:)ieN sa.mpled. as ii.d uni foﬂn 7.0
Then the totad number of particles Zo(S) is Sinte for V>0 as.
Moveover, +2+(S) —> 2 in probobility when 0.



Iﬂ Does shiaa's coalescinj Brownian motiens on R
have the property of coming - down  From infinity ?
Barnes, Mytnik 8 S (2023)
Consider shiqu’s ~ conllescing Brownian motions on R
with wrbitmwa. (deterministic) witial Confiaumﬁon (*:iew < R.
let UCR be an arb'rtmna, open interval.
@ If $%:iemnyNU s compactly Supported,
then P 2e(U)<+p0,Vt>0) =1,
@ W I%:ieNSAU is not compactly supportesl.
then P(2{U)=+0e, Vt30) =1,



(1 What are the rate of coming down  §rom infinitl‘ Jor
shija’s coa!lescing Brownian motions 7

The initial trace of the solution v.
le Gall (1996)
V closed subset A<R, and V non-negative/ Radon measure p on A,

thee exists a unique non-native v = v (B e ClH((or)xR) st.
eV =5R%V - Ly? , Vt>o0, x¢lR,

R o, Ji Y+r
A:%‘ﬁe 'VY’) t‘&S_

Lj(w)/ddx) = {% jﬁd:(x) Vix ol'x, Ve C (A9

Vig d% = :m}

J

Kepmsentec(, using the Brownion Snake.



let @e)tso be shiga’s Cottlescina Brownian motionS with initil anﬁgamtion ®:)iew.
Define A:=74yelR: Vrso, 2.(03-7.13+Y))=+N3 and = Zol_,f.

Barnes, Mytnik 8 3. (2023)

let U be an oarbtrary open intervel .

I Y xieminU is mmpacfﬂj su‘)ported,

then [E[Z.)]<+e0, Vt>0; Furthermore,

e i§ ANU=¢, thn LL%SOW E[ZW] <+,

e i ANUX$, then Lim E[Z)] =+, &

2+(V)

[ o

— 1 in U when tiO




Coroﬂawd_

I§ $%:1eN} is unbounded, then P( Z.(R)=+2e, Vt20)=I.
I Y% iew} is bounded, then [E[Z.(RY]<t0=,vt>0; fim ERl®)]=100 ; §
2+(IR)

— 4 in U when tiO
[P




[ What more evactly iS the vate of coming olown §rom. infinity 2
(What is the behavior of | - Via Pdy whew £407)

Example 1
1f % =0 Jor every iei, then

NEZe(R) = (C:= X V'('{;’;,nu!!)dx in U when t{0.

Exmyle 2
If 3%::ieN is o dense subset of [0.1], then
t Z(R) = 2 in ' when tuD. \

PamUeQ result o§ Hobson & Tribe (2008)



(4 For L <a<|, does there exist initial configuration (Xidiew so that
the total populetion Z«(R) behaves Like ™ as tV 07

V ACIR,
o define AS Y- neighborhood

A,==§ Y €lR: Q‘XGA,\‘Q-’X\<Y5 Lor every Y0 ;

« we Say A has Minkowski dimension & elo,, if
log Leb( Av)

Loa Y

ewhen A has Minkowski dimension 8€lo, 1, we 2y it is
Minkowski measuvablle (ith Minkowski content k €(.429), 3f

Le:ff; = K as YJ0.

- |-& e Ty0,;




Barnes, Mytnik 8 S (2023
S“PPOSQ that (¢)iew is bounded, without isollotes Foiwts (/A‘-"'O).

Suppose that A has Minkowski dimension 8 € (0,1]. Then

h&% - - -'-:_i in Probbiﬂita as t40.
Conjec'twe
Further suppose that A is Minkowski wmeasurable

with Minkowski content K € (0,1 N)) then
3 C()>o, olependina onla on §, St.

ey
Tt * 2R — Ccdk in ' as td0.



Shi&a’s CO&[ESC[“& > Shiaa's Juao,i(:'a, s —atu_;_\z-);u +mw

Browniom motions . Shi%a. (1989)
Simiﬂavitc&"
Rete  of 2Wli=LRU+ATW
Oow\m% AM\ '%WM IW&\M‘-‘%_ Konno $ Sbi‘,a. (H“Neﬂsit‘a—
Reimers (989)
supyr- Brownian
\ motion
Qogi
'afv - L?_ 'a‘tv —%_\)2' le Gall (1994) 3;::’:‘ tous ':al
Probabilistic vepresentation .
S’maulw pointe of Vo=A >  PBwwnian snake

le Gall (1996)
Ve |pe = @



@l Simiﬂar'\t% between U & X *

Consider the fase when %; =0 Sor every EN.
let w & U be the weak solution v SPDEs (0<4<1)

ik =% u +uli-w W , We=<¢
at'l‘i=—,'-_-3§'&’+:\rat_w, &05?,.

Shiﬂa’s duaﬂitg, = [E[(I-—i)at(ml = [P( ut,o=°).
Stondard Tesult $or Su'wr- Brownian motion
(§°}oo) _ ~ _
= exP(—iS Vi, olx) = [F( Uto —o),
We can argue using SPDE tools that
I P( Ueo=0) - P( .= , <
Sovr small € and £.



This i besed on My 'Joint work with

Cluy‘l:on Bavrnes Leonid. Mytnik

Thanks !



