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Abstract. We consider the [0, 1]-valued solution (u;,x : ¢ > 0, x € R) to the one dimensional stochastic reaction diffusion equation
with Wright-Fisher noise d;u = Bfu + f(u)+ey/u(d—u)W.Here, Wisa space-time white noise, € > 0 is the noise strength, and f is
a continuous function on [0, 1] satisfying sup,¢[o, 171/ (2)|/+/2(1 — z) < 00. We assume the initial data satisfies 1 —ug _y =ug y =0
for x large enough. Recently, it was proved in (Comm. Math. Phys. 384 (2021) 699-732) that the front of u; propagates with a finite
deterministic speed V¢, ¢, and under slightly stronger conditions on f, the asymptotic behavior of V¢, was derived as the noise strength
€ approaches co. In this paper we complement the above result by obtaining the asymptotic behavior of V¢ . as the noise strength €

approaches 0: for a given p € [1/2, 1), if f(z) is non-negative and is comparable to z” for sufficiently small z, then V ¢ is comparable
_pl=p
to e 2T for sufficiently small €.

Résumé. Nous considérons la solution (u;,x : ¢ > 0, x € R) a valeur dans 'intervalle [0, 1] de I’équation stochastique de réaction-
diffusion unidimensionnelle avec un bruit de Wright-Fisher 0;u = 8)%1,4 + f(u) +e/u(l — u)W. O W est un bruit blanc en espace
et en temps, € > 0 est I'intensité du bruit et f est une fonction continue sur [0, 1] telle que sup_¢(g, 17 1./ (2)|/+/z(1 — z) < 0. Nous
supposons que la condition initiale satisfait 1 —ug _y = uq_, = 0 pour x suffisamment grand. I a été€ récemment prouvé dans (Comm.
Math. Phys. 384 (2021) 699-732) que le front de u; se propage a une vitesse V¢ . déterministe finie et, sous des conditions légerement
plus fortes pour f, le comportement asymptotique de V. est entierement déterminé par l'intensité du bruit € lorsqu’il tend vers

Iinfini. Dans cet article, nous complétons ces résultats en décrivant le comportement asymptotique de V¢ ¢ lorsque € tend vers 0 : pour
; - : oo . ol
p €[1/2,1),si f(z) est positif et se comporte comme z” pour z suffisamment petit, alors Ve est équivalent 2 € “1+7 quand € est

suffisamment petit.
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1. Introduction
1.1. Background and motivation

In 1937, Fisher [12] and Kolmogorov, Petrovsky, Piskunov [18] independently studied the wave propagation properties
arising from the FKPP equation on R} x R

(1.1) dh=0*h+ f(h).

Fisher was interested in how quickly an advantageous gene (or virus) would propagate through a population living in
a linear habitat, such as a shoreline (or train). The solution & measures the proportion of the population carrying this
advantageous gene as the biological system evolves. Under a mild assumption on the Lipschitz function f with f(0) =
f (1) =0, for any velocity v greater or equal to the minimal velocity

(1.2) Vmin = v/2f7(0),
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there exists a traveling wave solution h(z, x) = F,(x — vt) with wave profile denoted by F,. With Heaviside initial data
h(0,x) = 1,<¢, the shifted solution A(z, x 4+ m(t)) converges uniformly to the wave profile Fy_, with the shift m(z)
having asymptotic speed vpin. These results have been generalized to include a wider class of initial conditions, a more
detailed description of the lower order terms of the wave position, and tail behavior of the wave shape; see [3,4,19,20].

Because the FKPP equation is noiseless, it can be thought to represent a mean field approximation of a microscopic
reaction-diffusion process as motivated from a statistical physics perspective [6]. Consequently, there has been recent
interest in understanding analogous questions regarding propagating speed of waves for solutions to the FKPP equation
with Wright-Fisher noise, given by the SPDE on R} x R:

(1.3) du=0%u+ f(u)+eyu(l —u)W,

where f is a continuous function on [0, 1] with f(0) = f(1) = O satisfying some regularity conditions, and W is a
space-time white noise on R x R. Similar to (1.1), the solution u represents the proportion of the population exhibiting
the gene, but now the equation incorporates the random interaction among the populace. The noise term e+/u(1 — W
is motivated by the assumption that these interactions are affected by i.i.d. mean zero random variables independent of
time and space, while the variance of the outcome is proportional to the rate of interaction between those with the gene
and those without the gene, which is (1 — u). The function f continues to describe the deterministic evolution of the
population exhibiting the gene.

The example of f(u#) = u(l — u) was extensively studied in the literature and weak uniqueness, compact interface
property, finite speed of the front propagation and other properties were established (see [8,23,26,28]). Moreover there
has been a great interest in the asymptotic behavior of the speed of the front propagation, V.. For a large class of
Lipschitz functions f, including f(u#) = u(l — u), and also for more general noise coefficients, Mueller, Mytnik, and
Quastel, in [21], proved the Brunet-Derrida conjecture (see [5]) on the asymptotic of V. for small €.

Another motivation for the study of the stochastic reaction diffusion equation is its duality relation to the branching-
coalescing Brownian motion. Consider a system of particles moving as independent one-dimensional Brownian motions
on R with generator 8)%. Assume that each particle independently branches with rate 1 into a random number of particles
according to an offspring law (gx)rez., , and each pair of particles independently coalesce at rate €2 according to their
intersection local time. Denote by (x;(z) : ¢ > 0,i < N;) the positions of the particles where N; is the number of all
particles at time ¢ > 0. In the case of binary branching, i.e. go = 1, the following duality relation is due to [26] (see also
[10]): Let u be a solution to the SPDE (1.3) with f(u) = u(1 — u). Assume that the random field u, as well as its driving
noise W, is independent of the particle system. Then

No Ny
(1.4) E[l‘[(l -~ ut,xi<0))} = E[]‘[u -~ uo,x,.m)}, 1>0.
i=1 i=1

This duality relation was first constructed to study the weak uniqueness of the stochastic FKPP equation. It can also
be used to study the propagation of the extremal particle in the branching-coalescing Brownian motion. Assume that the
particle system starts with a single particle at the position 0. Let R(¢) be the position of the rightmost particle in the system
at time ¢. From the above duality, by taking uo . = 1(—c0,0) and using symmetry, one can get P(R(t) > x) = E[u, ,] for
every (¢,x) € Ry x R. Then from the existence of the speed of front propagation V. for u, one can derive the upper
bound on the speed of R(¢): for any § > 0,

P(R(t) < (Vje + 1) — L

One expects that the duality (1.4) holds also for more general drift function f when it takes the form
(1.5) f@=1-z-g(1-2), z€[0,1],

where g(z) = > .2 02"qn, z € [0, 1], is the probability generating function of the offspring law in the branching-
coalescing system. This is established for some offspring laws with finite first moment, see [2, Theorem 1]. The case
of the offspring law being heavy-tailed, without existence of the first moment, is of particular interest. For example, if
one considers the following heavy-tailed offspring law

n—2

g0=q1=0; Cln=mg(k—l7)7 neZnl2,o00),
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where p € (0, 1) is a given constant, then, the drift function f defined via (1.5) takes the form
(1.6) f@=221-2), ze€l[0,1],

which is not Lipschitz at 0. This (g,,);,2, is also known (see [7] for example) as the law of 1 + S, where S, is a Sibuya
random variable with parameter p. As far as we know, the Shiga duality relation (1.4) for such cases has not been proved
yet. However, we do conjecture that this duality holds for some Holder drift functions f having representation (1.5), and
this gives us another motivation to study the SPDE (1.3) with non-Lipschitz drift functions.

In fact, one of such cases has been studied recently in [22], where weak solutions u to the SPDE (1.3) are investigated

under the conditions that

(47 f is continuous, and sup |f @I

—_— <
ze0.1] vVz(1 —2)

and that the initial value has compact interface, that is, ug,—x — 1 = ug x = 0 for large enough x. This includes examples
like (1.6) with parameter p € [1/2, 1). Note that in the deterministic case of € = 0, the solution to the reaction diffusion
equation (1.1), with f given by (1.6) and with a non-trivial initial value, does exist, but it does not exhibit propagating
waves with a finite linear speed as in the case when f is Lipschitz. Intuitively, this is clear from (1.2) as f'(0) is in-
finite. In fact, such solutions % do not have super-linear speed either, as it follows from a similar argument in [1] that
infyer h(¢, x) — 1 as t — co. However, this behavior changes drastically when introducing the Wright-Fisher noise. In
[22], the authors established the weak uniqueness, compact interface property, and finiteness of front propagation speed
for (1.3) when € > 0. In particular, they proved that there exists a deterministic V¢, € R, which only depends on the drift
function f and the noise strength €, so that

sup{x € R:u; x # 0}

t t—00

(1.8) Vie. as.

It is then natural to study the asymptotics of the speed of this propagation in terms of the strength of the noise. In [22],
the authors studied the asymptotic behavior of V¢, when € goes to oo, under a condition slightly stronger than (1.7). As
for the small €, the case of Lipschitz f was treated already in [21], and it was shown there how fast V. converges to Vo
as € | 0. In this paper, we complement the above results and consider the asymptotic behavior of V. when € converges
to 0 and f is not necessarily Lipschitz. According to our discussion about the deterministic case of € = 0, it is intuitively
clear that if, for example, f is given by (1.6), then V. should converge to oo as € | 0. Our main result shows this, but
also answers the much more delicate question: At what rate does Vi, converge to oo as € |, 07

1.2. Main result

To state our main result we need to introduce the following conditions on f.

(1.9) f is non-negative and there exists po € [1/2, 1) such that liminf, o f(z)/z7° > 0.
(1.10) There exists p € [1/2, 1) such that limsupzw f(2)/zP < o0.

Note that (1.6) is an example of f satisfying (1.7)—(1.10) with py = p. Let us now state our main result.

Theorem 1.1. Suppose that f is a function on [0, 1] satisfying (1.7). For every € > 0, denote by V.. the propagation
speed of the SPDE (1.3) given as in (1.8).

1-p
() If f satisfies (1.9), then liminf, ;g€ 770V, > 0.
1—p

(b) If f satisfies (1.10), then limsupew 21 Vie < 00.

If the drift function f satisfies (1.7)—(1.10) with pg = p, then Theorem 1.1 implies that there exists g > 0 and ¢, C > 0
such that

_ol=p _pl=p
ce T <Vy.<Ce "THr, €€e(0,¢p).

Note that the exponent —2:—Z shows up in both the upper bound and the lower bound, and therefore cannot be improved.
This exponent appears when we analyze the free-boundary travelling wave problem (1.11) below. In the next subsection,
we give some comments on the proof strategy for our main result.
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1.3. Proof strategy

For the lower bound, we simply replace the drift f by some smaller Lipschitz drift H < f. The comparison principle
then gives us a lower bound Vg ¢ < Vy.. Of course, by choosing different Lipschitz functions H, one can obtain a family
of lower bounds. To obtain the optimal one, we take H depending on the noise strength € in a certain way so that H'(0)

is comparable to 6_4%. (Recall that +/2H’(0) is the minimal traveling wave velocity for the FKPP equation (1.1) with
drift f being replaced by H.) We then use a known result on the propagation speed of stochastic FKPP equation [21] to
get the desired lower bound.

For the upper bound, the strategy of replacing the drift by Lipschitz functions is not fruitful because for any Lipschitz
function H greater than a drift function f satisfying (1.7)—(1.10), it always holds that H(0) > 0. For a solution u cor-
responding to such a drift H, the state O is not locally stable anymore, and typically, sup{x : u; » # 0} is not even finite.
Instead, we use a similar strategy as in [21] to decompose our solution u as

Uu=v+uw,

where v is a weak solution to the SPDE (1.3) with a moving Dirichlet boundary condition on the line {(¢, x) : x = vt}, i.e.

v = 8%1) + f) + e/l =)W', x <vt,

U:O’ X > VL.

For the details on the above decomposition of u see Proposition 5.2. Let us just note that since u, v, w are defined on the
same probability space, then the white noises W? and W are also defined on the same probability space. Also, note that
the velocity of the moving boundary v is left to be chosen.

It is intuitively clear that if one chooses v to be larger than V. then the deviation between u and v, which is w,
should be small and not propagate; and if one chooses v to be smaller than V., then w will be large and will propagate.
Therefore, by searching for a balanced value v so that w lies in between those two phases, one can obtain a good estimation
on Vy..

An insight from [21] suggests that such a value v can be predicted by finding the solution (F, v) to a free-boundary
travelling wave problem

Oirx =F(x —vt) >0,
do=23+ f(o), X < Vi,
0=0, X > Vi,

lim 0y 0; x = —e2.
x vt

(1.11)

Replacing the drift f in (1.11) by some approximating Lipschitz functions, the solution (F, v) is computable using a
similar argument used in [21, Proof of Proposition 2.1], and one can calculate that the balancing value v should be

_pl-p . . s . =
comparable to € 2T for small €, which gives us another intuitive explanation for the exponent —Zh—i.

ol . . . .
To analyze the behavior of w under this balancing value v ~ € 2T50 | we observe that it satisfies the following equation

dw=0 w4 f) — f) +ey/u(l —u)W — e/v(l =)W' + 4,8y (x),

where A; is the accumulated mass of v being “killed” at its boundary before time ¢ > 0; note that, as it is shown in
Proposition 5.2, up to a certain stopping time, w can be constructed in a way that it satisfies an SPDE similar to the above
but driven by a single noise W*. Note that f is typically not Lipschitz, so unlike in [21] we cannot control the drift term
f@)— f() by | fllLipw. To overcome this, we use Dawson’s Girsanov transformation and remove this drift term under a
new probability measure. However, similarly to what often happens for finite dimensional diffusion processes, one cannot
control the Radon-Nikodym derivative in Dawson’s Girsanov transformation for a long time. So we need to chop off the
time into small intervals {[nT, (n+1)T) : n € Z4}, and only perform Dawson’s Girsanov transformation on each of those
intervals. By choosing the parameter 7 small enough, the transformed w will then serve as a good approximation of the
original w on each of those intervals. On the other hand, in order to get a reasonably good upper bound for the long time
propagation speed, we cannot take 7' too small either. So a balanced value has to be chosen for this interval length T'.
Our philosophy of choosing such a value for T works as follows. Consider the random field w by standing at the
moving boundary {(¢, x) : x = vt}, that is to say, consider the random field (w; vi+x : (t, x) € R4 x R). Say L is a typical
distance for the support of this random field to travel in a time interval of length 7. We want our T to be chosen so that
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this L not only can be explained by the (parabolic) thermal diffusivity, but also does not give excess speed. That is, we
_pl=p 1-p
want both L ~ /T and L/ T < v. Recalling our choice of v ~ ¢ 2 I+ we end up choosing T ~ €*77 . It turns out that

this is also a time span on which Dawson’s Girsanov transformation argument works. We hope this idea, of performing
Dawson’s Girsanov transformations on time intervals with a balanced length, can also be useful for finding propagation
speed in other spacial stochastic models.

Note that we only considered the Wright-Fisher noise +/u(1 — u)W. It would be interesting to also consider more
general noise U(u)W. We comment here that both in the proofs of our result Theorem 1.1 and of [22, Theorem 1.1], the
Wright-Fisher noise is not essential: what has been really used is the property that /z(1 — z) ~ /z for small z. However,
to explore the most general conditions for the noise term o is out of the scope of the current paper.

1.4. Paper outline

The rest of the paper is organized as follows. In Section 2, we recall some preliminary terminology including the solution
concept for the SPDE (1.3). In Section 3, we give the proof of Theorem 1.1(a). We give the proof of Theorem 1.1(b) in
Section 4 while the proofs of the results used for its proof are given in Sections 5—-10.

2. Preliminary

In this section, we recall some preliminary terminology including the solution concept to the SPDE (1.3). We first give
some notation. We say a filtered probability space (2, G, (F;):>0, P) satisfies the usual hypotheses if (2,G,P) is a
complete probability space with right-continuous filtration (F;);>¢ satisfying {A € G : P(A) = 0} C Fo. We impose the
usual hypotheses on every filtered probability spaces that will be considered in this paper. Given such a space, denote
by .o the family of adapted continuous local martingales. For any continuous semi-martingale M, denote by (M) its
quadratic variation. Given two continuous semi-martingales M, N, let (M, N) denote their quadratic covariation. In this
paper, we say g is a random field if it is an R-valued stochastic process indexed by R, x R. Denote by .Z?> . the family

loc
of predictable random fields g satisfying
t
// gsz_y dsdy <oo, t>0,as.
0 o

Let Br(R) be the collection of Borel subsets of R with finite Lebesgue measure. We say W = (W(A) : A € Br(R), s €
R.) is a white noise if it is an adapted orthogonal martingale measure so that for any A, B € Br(R) almost surely

(W.(A), W.(B)), =1-Leb(ANB), >0,

where Leb(:) is the Lebesgue measure on R. Given a white noise W, Walsh’s stochastic integral for W is a map from
L2, t0 Mioc which will be denoted by
g // g5,y W(dsdy).
0
We refer our reader to [15,29] for more details.
Let us now be precise about the solution concept for the SPDE (1.3). Denote by Cier the space of continuous functions
g on R such that

—Alx|

Igll(~2) == sup|e **lg(x)| <00, VA>O0.
xeR

Let Ciem be equipped with the topology generated by the norms (|| - [|(=x) : A > 0), and set Cttm as the collection of
non-negative elements in Cip. Let C(R4, Ciem) be the space of continuous Ciep-valued paths with the topology of
uniform convergence on bounded time sets. We say a Borel function f on R satisfies the linear growth condition if
sup,cgr | f(2)|/(1 + |z]) < oo. Assume that Borel functions f and o on R satisfy the linear growth condition. We say that
(2,G, (Ft)r>0, P, u, W) is a weak solution to the SPDE

(2.1) du=0%u+ f(u)+o@W,

if (2, G, (F1)r>0, P) is a filtered probability space on which a predictable random field «# and a white noise W are defined
so that (u;,. : ¢ > 0) € C(Ry4, Ceem) and

t
(2.2) Uy oy = f / GyyuxM"(dsdy) as. (t,x) € (0,00) x R,
0
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where
_a—p?
e Hi—s)
(2.3) Gy yitx = ml‘mt, (5,9, x)e Ry xR
and

M"(dsdy) := uo,y80(ds) dy + f(uy,y) dsdy + o (us,y) W(ds dy).

Here, the right hand side of (2.2) is a mixture of the classical integral and Walsh’s stochastic integral defined in an obvious
way using linearity. With some abuse of notation, we sometimes just use the random field u to represent the weak solution
if there is no risk of confusion. We refer our reader to [27, Theorem 2.1] for an equivalent definition.

Given a subset C C Ciem, We say a weak solution u to the SPDE (2.1) is a C-valued weak solution if (us.:t>0)isa
C-valued process. We say the weak existence of the SPDE (2.1) holds in C for an initial condition g€ C if there exists a
C-valued weak solution u to (2.1) such that ug,. = g. We say the weak uniqueness of the SPDE (2.1) holds in C for an
initial condition g € ¢ if, whenever u and u’ are two C-valued weak solutions to the SPDE (2.1) such that up. = g and
ué)y, = g, the Ciem-valued processes (u;.. : ¢t > 0) and (u;’_ :t > 0) induce the same law on C(R, Cem)-

The weak existence, weak uniqueness, and compact propagation property of the SPDE (1.3) under condition (1.7)
and € > 0 is studied in [22]. Denote by Cjo,1 the space of continuous functions on R taking values in [0, 1]. Denote
by C; the family of functions g in Cjo,1; with compact interface, i.e. g € Cjp,1] and —oo < L(g) < R(g) < 0o where
L(g):=inf{x e R:g(x) # 1} and R(g) :=sup{x e R: g(x) # 0}.

Theorem 2.1 ([22]). For any € > 0 and function f satisfying (1.7), the following holds.

(1) For any initial condition g € C;, the weak existence and weak uniqueness of (1.3) holds in Co 1.
(2) For any Cjo,17-valued weak solution u to (1.3) with ug,. € Cy, it holds that

E[ sup |R(u5,.)—L(us,.)|] <00, 1>0.
s€[0,1]

In particular, for any initial condition g € Cy, the weak existence and weak uniqueness of (1.3) holds in C;.
(3) There exists a deterministic Ve € R such that for any Cy-valued weak solution u to (1.3),

Remark 2.2. We refer to Vi, as the speed of the traveling front of the SPDE (1.3). We emphasize here that V¢ . depends
only on the drift function f and the noise strength €. To see that it is independent of the initial value g, we note that for
any other g € Cy, there exists a constant ¢ € R such that

gx+o)<gx)<glx—c¢), xeR.

Therefore, using the comparison principle and the weak uniqueness, for any weak solutions # and # to the SPDE (2.1)
with uo,. = g and .. = g respectively, random field # will be dominated stochastically by (u; x— : (¢, x) € Ry x R)
from above, and by (#; x. : (¢, x) € Ry x R) from below. This indicates that the fronts of « and # have the same speed.

Note that in Remark 2.2 we used the comparison principle in the absence of the Lipschitz condition. This is justified
by the following lemma whose variants have already appeared in the literature, see [27, Theorem 2.6] and [21, p. 412] for
example.

Lemma 2.3 (Comparison Principle). Ler f, f and o be continuous functions on R satisfying the linear growth condi-
tion. Assume that f < f on R. Let g, g € Ciem satisfy g < g on R. Then, there exists a weak solution u to the SPDE (2.1)
with ug,. = g, and a weak solution u to the SPDE

(2.4) dit = 024> + f (@) + o (W)W

with iig,. = g, so that the random field ii is stochastically dominated by the random field u, i.e. i and u can be coupled in
one probability space so that ii; x < u; x for everyt > 0 and x € R almost surely.
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Remark. Under the condition of the above lemma, if we further assume that the weak uniqueness holds for both the
SPDEs (2.1) and (2.4), then the weak solution & to SPDE (2.4) with initial value g is stochastically dominated by the
weak solution u to the SPDE (2.1) with initial value g.

One can prove the above lemma by following the routine arguments in the proof of [27, Theorem 2.6]. Note that when
f (0) =0(0) =0and g =0, it actually follows directly from [27, Theorem 2.6].

Another general result that will be used very often is the following rescaling lemma of the SPDE (2.1) which can be
proved using a similar argument as in [22, Section 4.1].

Lemma 2.4 (Rescaling). Suppose that Borel functions f and o on R satisfies the linear growth condition. Suppose that
u is a weak solution to the SPDE (2.1). Let a, B > 0, and v; x := Bugy-4, 2, for each (t, x) € Ry x R. Then there exists
a white noise WV such that v is a weak solution to the SPDE

dv=0%v +ot_4,3f(ﬂ_1v) +oe_1,30(,3_1v)W“.

We end this section by collecting some notations for function spaces. Given a locally compact separable metric space
E, we denote by C(E) the space of continuous functions on E. We write Cy(E), Co(E), and C.(E), respectively, for the
space of continuous functions on E that are bounded, vanishing at oo, and having compact support, respectively. Use
C.(E) to represent one of C(E), Cp(E), Co(E) or C.(E). If E C R?, we define C?(E) :=C,4(E), and inductively

CHE):={¢p €Cu(E): 8y ¢ €CI N (E),Vk=1,...,d}, neN,
and C°(E) := ﬂ;‘lil CH(E).If E =T x R with the time interval T C R, we define

CL(E):=|¢ €Cu(E): 810, 87¢ € Ca(E)}.

3. Proof of Theorem 1.1(a)

Note that we only have to prove the result for every f € {f®) : § € (0, 1/2]} where
FO@) =2 lo<<s + (267 — 677 2)15.<05. 2 €0, 1].
This is because for any general function f satisfying (1.7) and (1.9), there exists ¢ > 0 and 0 < é < 1/2 such that
f@=cf%@, zelo,11.
Using Lemmas 2.3 and 2.4 we have
Vie=c'l? Vel g e-1/ae = c!/? Ve o—1/4¢-
Therefore, to show liminfe o 62}%; Ve 1s positive we only have to show liminfe 62:%; Vi@ ¢ is positive. So in the
remainder of this section, without loss of generality, let us fix an arbitrary § € (0, 1/2] and assume that f = f (OF

The idea of the proof is to use the comparison principle and the rescaling lemma for the SPDEs to replace our non-
Lipschitz drift f by some continuous tent function

0, z € (—00,0],
?z, z€(0,0),
H(z;l,h):=1h, z=1,
Zh—%z, ze (1,2,
0, z€l, 00).

Here, the parameters / € (0, 1/2] and & > 0 of this tent function will be chosen more precisely later. This will allow us to
analyze the speed of the system using the following result from [21]. For any B > 0, define C; g := {Bg : g € C1}.

Lemma 3.1 ([21]). There exists a yy > 0 so that the following statement holds. Suppose that
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o v €0, y0) and B > 0;
e o is a non-negative function on R_. such that o'* is Lipschitz and that 62 (z) < z for every z € Ry;
e for any initial condition g € Cy g, the weak existence and the weak uniqueness of the SPDE

(3.1) dv=02v+H(®;1/2,1/2) + yo(v)W

holds in Cy g.

Then for any Cy g-valued weak solution v to (3.1), it holds that

R(v,,. 2 272[111og |1 —log(1/2
(32) liming R0) oo 7 271 logllogy] — log(l/2)
tmoo [logy~| [log y2|

)

Remark 3.2. Lemma 3.1 is a corollary of [21, Theorem 1.1] except that now the function o is not required to satisfy [21,
(1.5)] and the parameter yy is universal. We justify this by observing that condition [21, (1.5)] is actually not needed in
the proof of the lower bound of [21, Theorem 1.1], and that the parameter yy, chosen as the ¢y from [21, Lemma 4.1], is
only related to the drift function f, which, in our case, is the fixed tent function H(-; 1, 1/2).

Proof of Theorem 1.1(a). Step I. Let us fix the value y := min{yy, e~} where yp is given as in Lemma 3.1. One can
easily check now the right hand side of (3.2) is larger than 1.

Step 2. Let g :=4/(1 + p) and define €y > 0 so that (eo/(ﬁy))q = 4. Fix an arbitrary € € (0, ¢9) and define ¢ :=
e/(ﬁy). Observe that €7 < §. As a consequence, we have that the tent function H(-; ¢4, e97) < f(-).

Step 3. Let u be a Cy-valued weak solution to the SPDE (1.3). Now, from Step 2 and the comparison principle, we can
construct a Cy-valued weak solution u to the SPDE

(3.3) B = 07u + H(u; e, 6) + ey/u(1 — W) W™,

where WY is a white noise, so that the random field u is stochastically dominated by u.
Step 4. Define the random field

Urx i= BUy-ag g2, (1,X) ERp xR,

where o := e~ (1=P4/4 and B :=1/(2¢7). Then, we can easily verify from Lemma 2.4 that there exists a white noise W
such that v is a C; g-valued weak solution to the SPDE

(3.4) dv=202v+ H(v; 1/2,1/2) + y,/v(1 — 2e9v) W".

Step 5. We now verify from Lemma 3.1 and Step 1 that liminf;_, o W > 1 almost surely. Note that the weak

uniqueness of the SPDE (3.4) in C; g is inherited from the weak uniqueness of the SPDE (3.3) in C;, which is justified by
Theorem 2.1(2).
Final Step. Note that for any t > 0,

R(u, )=suplx €R:u,  #0} =sup{ex € R: Buy 444 o2 # 0}
=a2sup{x eR: Vyds y 70} = oe_zR(va4t7,).
Therefore,

. RGu;)Sep3 . R, ) . a?R(vg)
Vie= lim (wr,.) > liminf —== = liminf ———%%~
. t—00 t t—00 t t—00 t

2
.. " R(vgs4; ) Steps _ol-p ol=p  _pl-p
=liminf —— %L > @2 =¢ 7T = (V2y) TFr L CTEp,
t—>00 ()(4[

Finally, noticing that € is arbitrarily chosen from (0, €p), and that y = min{yy, e’4} is independent of the choice of this
€, by taking € | 0, we get

1— —
limiz)nfezﬁi Vie> (V2y) 2T > 0. 0
€
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4. Proof of Theorem 1.1(b)

From now on, we write 0 (z) = +/z(1 — z) for z € [0, 1] since we will only consider the Wright-Fisher noise. We first
assume without loss of generality that f = f where

f@=z" AV1-2z, z€[0,1].
We can do this because for any general f satisfying (1.7) and (1.10), it holds that

K:= sup f(2)/f(z) <o0.
z€[0,1]

By using Lemmas 2.3 and 2.4, we can then verify that

217 1-p 1 21*]1

€T pr,EZEZH'”\/?Vf/K,s/KU“SKH-pg T+

=

Vie
where € = ¢/K!/*. From here, it is clear that if Theorem 1.1(b) holds for f = f, then it also holds for every f satisfying
(1.7) and (1.10).

To get an upper bound for the speed, we will construct a sequence of updating frontiers and control the propagation
of u using an updating procedure. The updating frontiers are shifts of a non-increasing function F € C; which will be
specified below in (4.7). More precisely, the n-th updating frontier will be defined as

F™(x):=F(x —ndvT), xeR,ne Z,

where d, v, T > 0 are parameters that will be specified below in (4.4) and (4.5). Define &£y = 0, and inductively for each
n € Z, construct a stopping time &, and a C;-valued process ¢ > it; on [§,, §,+1), with a driving space-time white
noise W*, such that

i = 020+ f (@) +ea MW, 1 €&, Enr1),
ﬂgns' = ﬁ'(")()’
Enp1=En+T)Ainflt = &, it > F"*D(x) for some x € R}.

Note that the C;-valued process (ii;);>0 is not continuous anymore, because it may jump at the stopping times (&,),eN.
By the comparison principle, # will travel faster than the original process. This allows us to get an upper bound of V()
by calculating the speed of the new process #. However, in order to get a reasonably good upper bound, we need to
choose F, d, v and T, parameters in this updating procedure, carefully according to the noise strength €. So, for the
sake of precision, let us first give our choice of F ,d, vand T here, along with several other quantities that will be used
throughout the rest of the paper.

(4.1) Letus fix a constant 6 € (1/2, 1) and define

1 r

1
—pTr)orT(1—6)rT.

_p_
I-p

K::(p

Since p € [1/2, 1) we can verify that ¥ > 0 and kPl <1,
(4.2) Fix a K > 0 large enough so that

o0
75 Zexp(—2_22e_20(2_9)ICe(29_1)”) <1/8.

n=1

(4.3) Letus fix a constant y > 0 small enough so that
2 vexpByvy<1/8; v <v/4 Ky =2,

where v :=2% + (22K + 214172y 1.
(4.4) Definek:=K/y andd :=k+v+1.
(4.5) For each € > 0 let us define ¢, v, T and L so that the following hold:

) p+l1 ) —1
e=Yye€e", e=KkvrT, T=v ~, L=v .
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(4.6) Letus fix an ¢y > 0 small enough so that for any € € (0, ),

veL <1/4 and 2VVe2L <1/4.
(4.7) For each € > 0, define F(x) := 98—\/(6_9‘”‘ — 1)1,<p and F(x):=1A F(x) for every x € R.

Remark. The constants 6, «, IC, v, v, k, d and €y above are independent of the noise strength €. We are choosing those
constants in a technical way, far from their optimal choice, in order to simplify several formulations below.

Remark. The variables ¢, v, T, L, F(-) and F (-) are chosen depending on the noise strength €. The intended intu-
ition behind those variables are discussed in Section 1.3. In particular, one can verify from (4.5) that the speed of the

B el e . . .
moving boundary is v = (k" ly) e 21+P, the length of the time interval to apply the Girsanov transformation is

1— 1-
T ="' y)zﬁ e4ﬁ, and the typical distance for the solution to travel in a time interval of length T is L = /T = vT.
With the choice of the above quantities, we can verify the following proposition whose proof is postponed to Section 5.

Proposition 4.1. For any € € (0, €9) and any Cy-valued weak solution u to the SPDE (1.3) on a filtered probability space
(2, G, (Fi)i>0, P) with ug,. = F, it holds that

P(V(t,x) €[0,T1 x R,u,» < FP(x)) > 1/2.
Below we show that this proposition is sufficient for the proof of Theorem 1.1(b).

Proof of Theorem 1.1(b). Fix an arbitrary € € (0, €p), and let u be a C;-valued weak solution to the SPDE (1.3) with
up,. = F. Let the process u be constructed using the updating procedure described at the beginning of this section with
parameters F,d,vand T given as in (4.1)-(4.7). The corresponding updating times are denoted by (§,),>0. By the
comparison principle, without loss of generality, we assume that i and u are constructed on the same filtered probability
space (2, G, (F1)i>0, P) such that i, , > u, , for each (z,x) € Ry x R. Note, from the strong Markov property, that
(611 —&nnez, is asequence of i.i.d. random variables. Also note from Proposition 4.1 that

P& =T)>P(V¥(t,x) €[0, T x R,urx < FV(x)) > 1/2.

So by the strong law of large numbers, we have almost surely
lim n =E5]=T -P1=T)=T/2.
n—-oo n
Also observe that from the way # is constructed, we always have
R(iig, )= R(F™) =ndvT, neN.

Now we can verify that

R R R(il
Vie:= lim ) <liminf (@) Snminfﬂ
11— 00 t —00 t n—> 00

n
<2dv= 2d(/<—1y62)*1%5.

Finally, note that d, k and y are independent of the choice of € € (0, €p), and hence we are done. U

5. Proof of Proposition 4.1

Let us fix an arbitrary € € (0, €g). Lete, v, L, T, F, k and v be given as in (4.1)—(4.7). The function F plays an important
role in the updating procedure described in Section 4. The main reason we choose F as in (4.7) is given by the following
analytical lemma. Let us define

(5.1) orxi=F(x—vt), t>0,xeR; f(z):=(1—-0)0vz+(1—0)ve, zeR,.

As explained in the beginning of Section 4, we only consider the case f = f .
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Lemma 5.1. For every z € [0, 1], it holds that f(z) > f(2). Moreover, (0;,x :t > 0, x € R) is the solution to the PDE

00 = Bfg + f(g), X < Vt,

52
(5-2) 0=0, X > Vt,

with initial condition g¢,. = F.
Proof. Step 1. It can be verified directly that o satisfies (5.2).
Step 2. To finish the proof, we show that f(z) > z? for all z > 0. Note that

e f is alinear function with slope (1 — 8)6v?; and
e z > zP is a concave function on [0, c0).

So we only have to show that f(zg) > zg where zo > 0 solves 9;z”|;—;, = (1 — 0)0v2. Actually, it is easy to calculate that
1 —
z0 = (p~1(1 —6)0v?) 7T . From this, and how « and ¢ are defined in (4.1) and (4.5), we can verify that f(zo) — zg =0.0

Recall that o (z) = /z(1 — z) for z € [0, 1]. To build a connection between ¢ and u we use the following two SPDEs:

(5.3) 3,v=8fv+f(v)+eo(v)W”, X < Vvt,
’ v=0, X >Vt

and

5.4 =020+ f(0) +ea(®W?, x <vt,
’ v=0, X > Vt.

Let us be precise about the solution concept of (5.3) and (5.4) by first introducing a kernel G™). For each (s, y) €
R4+ x R, let B = (B;);>s be a one dimensional Brownian motion with generator 83 initiated at time s and position y
defined on a filtered probability space with probability measure denoted as Iy y. In the sequel, we will use Iy, for the
expectation with respect to the measure IT; , in addtion to for the measure itself. Let us define

(5.5) p:=inf{t : B, > vt}.

Denote by bZA(R) the space of all bounded Borel functions on R. It can be verified that for each 0 < s <t < oo and

y < vs there exists a unique continuous map x > Gg ; o from (—o0, vt) to (0, co) such that

/ G(ytx‘p(x)dle—[s,y[(ﬂ(Bz);t <,0], © € bABR).

The precise expression of G*) can be calculated using the reflection principle and the Girsanov transformation for the
Brownian motion (see [21, Proof of Lemma 6.2]). We define GEV; o
convention.

We say (2, G, (F1)i=0, P, v, W?) is a weak solution to the SPDE (5.3), if (2, G, (F:)i>0, P) is a filtered probability
space on which a predictable random field v and a white noise WV are defined so that (v;.: ¢ > 0) is a Cem-valued
continuous process satisfying

=0on{(s,y;t,x):0<s <t,y <vs,x < vt} for

Vrx = // GEV; (xM°(dsdy), as.1>0,x€R,
where
(5.6) M?(ds dy) :=vo,y80(ds) dy + f(vs,y)dsdy + o (vs,,) W¥(ds dy).

With some abuse of notation, we sometimes only use the random field v to represent a weak solution to the SPDE (5.3)
if there is no risk of confus10n Given a subset C C Ciem, We say a weak solution v to the SPDE (5.3) is a C-valued weak
solution if (v;,.:t >0) isa C-valued process. The concept of weak solution to the SPDE (5.4) is given in a similar way.
The main idea behind the proof of Proposition 4.1 is that v can be shown to satisfy the property which is similar to
that desired for u in Proposition 4.1; and if # and v have the same initial value F then they can be coupled in such a way
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that they don’t deviate from each other “too much” before time 7'. This coupling is described in the following proposition
whose proof is postponed to Section 6. The difference between u and v in the coupling will be controlled by a random
field w.

Proposition 5.2. There exists (v, W'; v, WP w, WY u, W) defined on a filtered probability space (2, G, (Fi)i>0, P)
such that the followings holds.

(1) WY, WY, WY and W* are space-time white noises adapted to the same filtration (Ft)i>0. Furthermore, W* and WV
are independent of each other, that is to say, the two families of random variables {W}'(A) :t >0, A € Br(R)} and
{W”(A):t >0, A € BF(R)} are independent.

(2) v is a Cjo,17-valued weak solution to the SPDE (5.3) with vo,. = F.

B)visa Cttm-valued weak solution to the SPDE (5.4) with vg. = F.

(4) Almost surely v > v on Ry x R.

(5) u is a Cr-valued weak solution to the SPDE (1.3) with W = W" and ugp,. = F.

(6) w is a non-negative predictable random field such that (w;. : t > 0) is a Ceem-valued continuous process, and for
every ¢ € C°(Ry x R) and t >0,

t t
/¢t,xwt,x dx = // ws,y(as‘f’s,y + a)2~¢s,y) dsdy +f s, vs dA;
5.7) 0 0

t
+ // ¢S,y(f;f)y dsdy +eog’, W"(ds dy)), a.s.
0

Here, f* and o™ are random fields defined as follows: for every (s,y) € Ry x R,

swy = ’f(vx,y +wy,y) — f(Us,y)|1ye[7L,VT+Ll,vs,y+wx,ySveL’

Ws,y
bl
2

oy = \/‘U(vs,y + wy,y)2 — 0 (vg,y)?| v

and (A;):>0 is an adapted non-decreasing continuous process such that for every t > 0,

A = //Ot I ,(p <)M"(dsdy), a.s.,
where MV is defined in (5.6).
(7) It holds almost surely that
u=v+w onl0, 7] xR.
Here the optional time
Tt :=min{T, 71, 70}

is defined using

t
71 :=inf{te[0, T]:/ dsf wxyydy>0},
0 [—LVT+LI

)= inf{t €[0,T]: v x +ws x >vel for some x € [-L,vT + L]},
with the convention that the infimum of the empty set is infinite.

Remark. In the above proposition, 71 and 7> are the stopping times for the field w getting too large. In particular, t; is
the stopping time when the support of w can not be contained in [—L, vT + L], and 1, is the stopping when the maximum
of v+ won [—L,vT + L] exceeds the level veL.

We will show that v satisfies a similar property which we desired for u. This is done in the following proposition
whose proof is postponed to Section 9.
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Proposition 5.3. Let v be given by Proposition 5.2. Then P(13 < T) < 1/8 where

T3 1= inf{t €[0,T]: v x> F(x —vt)+ keLeiGV(X*W)lew for some x € (—o0, vt]}.

From Proposition 5.2 (7), the difference between u and v can be controlled by the process w up to the stopping time
7. We use the following two propositions to control this stopping time. Their proofs are postponed later to Sections 7 and
10 respectively.

Proposition 5.4. Let t| be given by Proposition 5.2. Then it holds that P(t; < T) < 1/8.

Proposition 5.5. Let t; and t; be given by Proposition 5.2. Let 13 be given by Proposition 5.3. Then it holds that
P(m<T,z>T,11>T)<1/8.

We are now ready to give the proof of Proposition 4.1 using Propositions 5.2-5.5.

Proof of Proposition 4.1. Thanks to the weak uniqueness, we only have to prove the desired result for a specific C;-
valued weak solutions with initial value F. So, let us take the weak solution u to the SPDE (1.3) given as in Proposi-
tion 5.2. Let also v, w, 11, T2 be as in Proposition 5.2, and 73 as in Proposition 5.3. To get the desired result we only have
to verify that

(5.8) () {m=Thc {Vt.x) €0, T] x R,u; e < FO ()},
i=1,2,3

since by Propositions 5.3-5.5,
P< ﬂ {t; zT}) :1—P({11 <T}U{np<T,11>T,13>T}U{r3 <T})
i=1,2,3

zl—(P(rl <T)+P(nr<T,nq 2T,1:32T)+P(1:3<T))21/2.

In the rest of the proof, we verify (5.8). First note that for any x € R and [ > 0,

& &
F(x—1)— F(x)= a(e—ev(x—” — 1) L—s<0 — a(e—m —1)l<o

(5.9)
&

> e—e—avx (™ = 1)1y<0 > ele™ " 1,20 > el1,<o.
v

Then notice that almost surely on the event ﬂi: 1’2’3{r,~ > T}, we have
Urx =Vrx + Wy, 1€[0,T]x€eR;
Wr x < VngxE[—L,vT+L]s tel0,T], x eR;
Vix < F(x —vt) +keLe Y"1, 1t€[0,T],x €R.
Therefore, almost surely on event ﬂi:1!2’3{r,- > T}, we have that for any (¢, x) € [0, T] x R,
Up x =V x + W x < F(x —vt —kL)+ VngxE[—L,VT+L]
<F(x—vl —kL)+velLly_yr—ir<0 < F(x —vT — (k+ v)L).
In the second inequality above, we used the fact that F is non-increasing and that k > 1. The third inequality follows

easily by (5.9).
Finally, noticing that u; , <1 and according to (4.5) that L =vT, (5.8) follows. U

6. Proof of Proposition 5.2

The main idea is that the SPDE (5.3) can be written equivalently as

v =0v+ f(v) + oMW’ — 8y (1) A,
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where (A;);>0 is this adapted, real-valued, continuous, non-decreasing process for Proposition 5.2 (6). We will refer to
(Ap)s>0 as the killing process of v at its boundary. The existence of this killing process is given by the next lemma. Recall
that, under probability Iy y, (B;),>s is a Brownian motion with generator 33 initiated at time s and position y, and p is
given by (5.5).

Lemma 6.1. Suppose that v is a Cjo,11-valued weak solution to the SPDE (5.3) with vy,. = F. Then

(1) foreach ¢ € CC1 ’2(R+ X R) and t > 0 it holds almost surely that,

t t
/¢t,xvt,x dx = //0 ¢s,yMU(ds dy) + //0 Us,y(as(pv,y + 8§¢s,y) dsdy

(6.1) t
—//0 [s.y[¢p.8,:t = pIM"(ds dy),

where MV is given by (5.6) and p is defined in (5.5);
(2) there exists an adapted, real-valued, almost surely non-decreasing continuous process (A;);>o satisfying that for each
t > 0 and bounded Borel measurable function ¥ on R,

t '
(6.2) / Yy dAg = // [ [Vt > pIMY(dsdy), a.s.
0 0

Proof of Lemma 6.1(1). Step I. Using the stochastic Fubini theorem (cf. [15, Lemma 2.4] for example) we can verify
that for all + > 0

t t
/v,,x@,x dx = / dx / i ¢t,xG£"’;;t’xM”(ds dy) = //0 MY (ds dy) / $1x G 1 e, as.
Step 2. Using the stochastic Fubini theorem again we can verify that for all + > 0
t t r
[ 6o+ B0nyvnsaras= / arax | / (0 +026,.) G, MV(dsdy)
0
// MV (ds dy) /f GEV; o (B fr + 02 ) drdx,  as.

Step 3. We show that for each (s, y) e Ry x R,
/GEV;txqbtde‘i‘nsy[qsp Bp,l>/)] ¢s) // Givirx 3¢r’x+8f¢r’x)drdx.
In fact, according to Ito’s formula (see [24, p. 147] for example), we know that under probability ITj y,
t ) t
¢t,B, - ¢s,y _/ (8r¢r,x + ax¢r,x)|x=Br dr :/ 8x¢r,x|x=Br dB,, t=s,
S S

is a zero-mean L2-martingale. Then, according to optional sampling theorem (see [16, Theorem 7.29] for example) we
have

t
Hs,y[d’t/\p,BMp] = ¢s,y + / Hs,y[(ar(br‘x + a§¢r,x)|x=3,.; r< ,0] dr.
N
Step 4. We note from the fact ¢ € CLI.’Z(R+ x R) and that v, f, o take values in [0, 1], the following stochastic integral

t t t
/ fO Bs.y MV (dsdy) = / G005 dy + / /O By f(v50)ds dy + / [ b0 wasdy)

is well-defined.
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Final Step. We verify that almost surely,

sepl [’
[oatsa™ 2 [[arrasa [0, ounas

Step 3
ep / Mv(dS dy) <¢‘Y y \// GiV; X 3r¢r,x + a)%qb"»x) drdx — Hssy[d)p‘B/’; b=z p]>
S 2 and 4
teps 2an //o By M" (ds dy) + f/o (3 rx + 03 br.x ) vr dr dx

t
- //0 [.y[¢p.8,:t > pIM"(ds dy)
as desired. O

Proof of Lemma 6.1(2). For each t > 0, choose a ¢ € Ccl’z(R+ x R) such that ¢, s = 1 for every s € [0, ¢]. Use this ¢
in (6.1) to get that for each ¢ > 0 the following random variable is well defined:

t
A= / / M y[t > p]M®(ds dy)
0

t t
_ f B cvex dx + f fo Boy MY (ds dy) + / /0 sy (B + 325 5) ds dy.

It’s easy to see that (A,) +>0 has a continuous modification which will be denoted by (A;);>¢. To see that (A;);>¢ is almost
surely non-decreasing, define

,(";’C) = Qu—vom, (t,x)€RE xR meN,

where
0, x €[1,00),
_J(8xr +6x +1)(1 —x)%, xe[0,1],
LGRS PRSI xe[-1,0],
0, x € (—o0, —11.

Use ¢>(’") instead of ¢ in (6.1) to get that, for each m € N and t > 0,

A =1" 411" as,

VO /f o™ M (ds dy) — / & vp  dx

" = / /O vs.y (359 + 82¢")) ds dy.

where

and

Observe that ¢§m) J0asm 1t ooon{(s,y) e Ry xR:y < vs}. This allows us to use the monotone convergence theorem

and [16, Proposition 17.6] to get that for each # > 0, IE’") converges to 0 in probability as m — oo. Fix arbitrary r < ¢
in R,. [16, Lemma 4.2] allows us to choose an unbounded N C N so that It(m) —m

m — oo, m € N. Now we have almost surely

convergence to 0 almost surely as

Ar—A,=  lim (1™ — 1)

m—o00,meN

t Vs
6.3) = lim / ds /VS,L v,y - 3(1+ (v — vo)m) (—vm(1 + (y — vs)m) + 2m2) dy

m—o00,meN J,.

t vs
> lim / dsf vs,y - 3(1 4 (v — vs)m) (—vm + 2m*) dy > 0.
m—o00,meN J, S,%
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From this and the fact that (A;);>¢ has continuous sample path, we have that ¢ — A; is non-decreasing almost
surely.

Denote by bZ(R-) the space of bounded Borel functions on R.. Fix a time 7 > 0 and define 7 := {¢y e bBRy) :
(6.2) holds for vr}. From the definition of (A;);>0 and the fact that it has non-decreasing sample path almost surely, we
can verify that % C .7 where % is given by (7.5). One can verify from monotone convergence theorem and [16,
Proposition 17.6] that J# is a monotone vector space in the sense of [25, p. 364]. Also observe that % is closed under
multiplication. Therefore using monotone class theorem ([25, Theorem A0.6]) we get bR ) = o (H) C H. O

Proof of Proposition 5.2. Step 1. Using a strategy similar to the proof of [21, Proposition 5.1], we can verify that there
exists a filtered probability space (2, G, (F;)r>0, P) and stochastic elements (v, W"; v, W¥; w, W¥) on it such that

e WU, WY and WY are white noises where W is independent of WV; and
e (2), (3), (4) and (6) of Proposition 5.2 hold.

Lemma 6.1 is used here to justify that the second term on the right hand side of (5.7) is well-defined.
Step 2. Define optional time 7 as in Proposition 5.2 (7) using v and w constructed in Step 1. Extending the space
(2, G, (F1)i>0, P) if necessary, we can construct a pair (u, W) so that

e W is a white noise independent of (v, W¥; v, W¥; w, W¥);
e u is a Cjp,1;-valued weak solution to the SPDE

u=v+w, on [0, 7] x R,
du=0u+ f(u) +eo@W, onl[r,o0) xR.

The existence of such u after the optional time t is due to [27, Theorem 2.6].
Step 3. We will show that almost surely

(6.4) a;f)y =/0(vsy +wsy)>—0(vsy)? (s,y) €0, 7] xR

and

f:g‘lf}y = f(vs,y + ws,y) - f(vS,y)’ (Sv )’) € [07 T] X R

This is obvious for (s, y) € [0, 7] x [—-L, vT + L]° since in this case wy,y = 0. Let us now consider the case (s, y) €
[0, 7] x [-L,vT + L]. Note that in this case, from the definition of T and (4.6) we have v, , + wy y < veL < 1/4. We
also observe that for any v, w € [0, 1] satisfying v+w < 1/4, we have w/2 < o (v+w)> —o(v)? and 0 < f(Vv+w) — f(v),
and therefore

/|o<v+w>2 —oWP| v 3 =Vo+w? —ow?

and |f(v+w) — f(v)| = f(v+w) — f(v). Thus, the desired result in this step follows.
Step 4. We can verify that there exists a white noise W* so that for any g € .,Zj

oc’

// g5,y W (ds dy) = f/ 8y Lby BB (g0, ) WO ds dy) + 0, W (ds dy)
6.5) U(Usy‘l‘ws»)

+// gs,le;,VW(dsdy), t>0,a.s.,
o )

where for each (s, y) € Ry x R the event By y := {s < 7,0 (vs5,y + ws,y) > 0}. To see this, one only have to calculate the
quadratic variation of the right hand side of (6.5) using (6.4) and the fact that W*, W" and W are mutually independent.
Final step. Observe from Step 4 that for any (¢, x) e Ry x R,

t t
/ /0 Gy (1) W (s dy) = / fo G yerx (0/(0s ) WH(ds dy) + 02, W¥(ds dy))

holds almost surely on the event {r < t}; also

t t
// Gs,y;t,xa(us,y)wu (ds dy) = // Gs,)';t,xa(ux,y)w(ds d)’)
T T
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holds almost surely on the event {t > t}. We can then verify that u is a C[o,1)-valued weak solution to the SPDE (1.3) with
W = W*, up,. = F. Thus, Proposition 5.2(5) follows from Theorem 2.1(2). U

7. Proof of Proposition 5.4

Let us write (5.7) in the following short form:
dw=0 w4+ ¥ +VWY +8,(x)A;.

The first step of the proof is to remove the drift term f» using Dawson’s Girsanov transformation. We summarize this
transformation in the following lemma. We refer the reader to [9, Section 10.2.1] for its proof. Notice that in this section,
since we are dealing with more than one probability measure, we sometimes write “P- [/ for the stochastic integral to
emphasize the underlying probability measure P.

Lemma 7.1. Suppose that W is a white noise defined on a filtered probability space (2, G, (F;)i=0, P). Suppose that h
is a real-valued predictable random field satisfying

ol 0]

Then under the probability measure Q given by

dQ _exp{f/ thW(dsdy)——// dsdy} dpP,

there exists a white noise W satisfying that for each g € ,Zﬁc

t t t
Q' // 8s,y W(dS dy) =P- f/ 8s,y W(dS dy) - // hs,ygs,y ds dy-
0 0 0

Remark. Let Q and P be the probability measure in Lemma 7.1. One can verify that Q and P are mutually absolute
continuous. In other word, A C Q2 is a Q-null set if and only if A is a P-null set. Therefore, the filtered probability space
(2, G, (F1)i>0, Q) also satisfies the usual hypotheses; and there is no need to distinguish between “P-a.s.” and “Q-a.s.”.

almost surely

Later in the proof of Proposition 5.4, we will construct a new probability measure Q, using Lemma 7.1, under which
w will satisfy

dow = 02w + 0" W + 8y (1)A;, 1€[0,T].x €R,

where WY is a white noise under Q. In order to study the support of w under this new probability, we will need the
following proposition. In what follows, we say that a random measure p on a Polish space S has finite mean if its mean
measure (Eu)(-) :=E[u(-)] is a finite measure on S. For more on random measures see [17].

Proposition 7.2. Let T > 0 be arbitrary. Suppose that i is an adapted non-negative continuous random field, defined on

a ﬁlterefl probability space ~(Q, G, (F1)t>0,Q), such that (w;,. :t > 0) is a Ciem-valued continuous process, and for each
t€[0,Tland ¢ € C°([0,T] x R),

t t
.1) / P f f iy (Bybsy + 0%bs.y) dsdy + / By (Gs.y W(dsdy) + u(dsdy)),  as.
0 0

Here & is a predictable random field, W is a white noise, and | is a random measure on [0, T] x R with finite mean.
Suppose that there exist deterministic ¥ > v > 0 satisfying that almost surely IV > 6 > 9/ on R4 x R. Then for
each —o0 < a < b < oo it holds that

7 T
~ Q 9 9
Q</O ds /[a,h]c W,y dy > 0) <E Ufo (;T_s’b_y + gf_w_a)u(ds dy)],
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where
0, s >0,y =o00;
285 2
.
Gyi= 1 gmyse 2 520y =0
00, s>0,y<0.

The proof of Proposition 7.2 will be given in Section 8. In order to control the support of w using the above proposition,
we will investigate the expectation of A; under the new probability measure Q which is absolutely continuous with respect
to the original probability measure. Recall that A; is given in Lemma 6.1(2) and can be considered as the amount of mass
of v killed at the line {(s, y) e R4 x R:y =vs,s <t}. We will show that under the new probability Q, v is still a weak
solution to the SPDE (5.3), and, in fact, for any such weak solution, we can derive the upper bound on the expectation of
A; using the following lemma.

Lemma 7.3. Suppose that v is a Cjo,11-valued weak solution to the SPDE (5.3) defined on a filtered probability space
(2,G, (Ft)i>0, Q) with vg,. = F.Let (At)i>0 be given as in Lemma 6.1(2). Then,

EQA, — A, ]<e(t—r), 0<r<t<oo.

Proof. Step 1. Let o be given as in (5.1). Note that from Lemma 5.1, g is a solution to PDE (5.2). We define
t
A7 = // I, y[p <t1M®(dsdy), >0,
0

the killing process of g at its boundary, where M€ (ds dy) := 0o, y80(ds) dy + f (0s,y) ds dy. Similar to Lemma 6.1, we can

verify that t — A,Q is a real-valued non-decreasing continuous function on R, and for eachr > 0 and ¢ € C‘}’Z(RJr x R),
it holds that

t t t
(1.2) [ tsercai= [ fo buyhoasdy) + [ /0 00y (B5hs.y + 0204y ds dy — /0 B vs AL,

Step 2. We show that Af = ¢t for each t € R;. To do this, we use an argument similar to the one we used for (6.3),
and obtain from (7.2) that

m— 00

t Vs
A% = lim ds/ [ Osy 3(1+4 (y — vs)m) (=vm (1 + (y — vs)m) +2m?) dy.
0 vs— oo
Now we can verify from bounded convergence theorem that

t 0
A7 = lim ds/ F(u/m)-3(14u)(—=v(l +u) +2m) du
0 -1

m—0oQ

t 0
= f ds/ F'(0=)-6(1 + u)udu = et.
0 —1

For the following Steps 3—5, we fix an arbitrary t € R} and x € (—oo, vt].
Step 3. It holds that EQ[v, ] < EQ[I] where

t
I:= .//(.) Gz!y;t’x(vo,yzio(ds)dy—i—f(vs,y) dsdy).

In fact note that almost surely v, , =14 II; where

u
11, ::e// Gy y.,xU(Us,y)WU(dS dy), u=>0
o St

is a local martingale. Therefore, we can choose a sequence of stopping time (0,),en so that for each n € N, (Il p, )u>0
is a martingale; and almost surely p, 1 oo when n 1 co. Now from the fact that v; , is non-negative, we can verify from
Fatou’s lemma that E?[v; ] < liminf, 0o EQ[I + 11,1, ] = E[I].
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Step 4. We show that EQ[vt, x] < U x where

t —_
Uy = //0 Gz’y;m (vo,y80(ds)dy + f(EQ[vs,y]) dsdy).

In fact, noticing from Lemma 5.1 that f > f, we have

t
Uy x :EQ[//() G;’)y;t’x(vo,)ﬁo(ds) dy + f(vs,y)ds dy):| > EQ[I],

where I is given as in Step 3. Now the desired result in this step follows from Step 3.
Step 5. It holds that EQ[U,,X] < 0r,x- To see this, we first observe from Lemma 5.1 that o admits the following mild
form

t
Q1 = / /0 G, (e0y80(ds)dy + (@oy.y + B)ds dy),

where o 1= 6(1 —0)v? and B := (1 — 0)ve. Using Feynman-Kac formula (cf. [11, Lemma 1.5. on p. 1211]) we have that

1
01 =€ / / GV, v~ (00.yd0(ds) dy + Bdsdy).
0

Similarly, using Feynman-Kac formula for v, we get

'
Uy = e // GE’V;;t’Xe_‘“ (vo,y80(ds) dy + (—ady,y + aEQ[vS,y] + B) dsdy).
0

Observing from the above two equations and Step 4, we have that U; , < o x. Using Step 4 again, we get the desired
result in this step.

Step 6. We show that for any 0 <r <t < 00, it holds that EQ[A, — A,]< A,Q — A%. To do this, note that almost surely
0<A;,— A, =11 +1V,; where

t
e / / M, [ = 11(v0,,80(ds) dy + £ (v, ds d);

Unt
v, = // I y[p <tlo(vs,y)WP(dsdy), u>r.
r

Since (IV,),>, is a local martingale, we can choose a sequence of stopping time (p;)nen SO that for each n € N,
(IVynp,Ju=r is a martingale; and almost surely 6, 1 co when n 1 co. From Fatou’s Lemma we have EQ[A; — A/l <
liminf,— 0o EQ[II + IV, 1 5,1 = EQ[III]. From Lemma 5.1 that f > f, Steps 1 and 5, we can verify that

t
EQ[IT) < / / My lp < 11(00.,80(ds) dy + F(0s.y)ds dy) = AZ — AC.
r

The desired result in this step then follows.
Final Step. The desired result in this lemma follows from Steps 2 and 6. (]

As for showing that v is a weak solution to the SPDE (5.3), under the new probability Q, this will be done with the
help of the following lemma whose proof is standard and therefore is omitted (one can replicate the analogous classical
proof for Brownian motions).

Lemma 7.4. Suppose the conditions of Lemma 7.1 hold. Further suppose that there exists another (F;):>o-adapted
space-time white noise W' which, under the probability P, is independent of W. Then W' is still a white noise under the
probability Q. Moreover, for eacht > 0 and g € .,Zﬁc, it holds that

t t
Q- // gs,yW'(dsdy) =P- // gs,yW (dsdy) a.s.
0 0
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We are now ready to give the proof of Proposition 5.4.

Proof of Proposition 5.4. Step 1. Noticing from (4.6) that ve L < 1/4, and the fact that for any x, y € [0, 1 /4],

y
f pzP~ldz
X

[y—x| |
5/ pzP~ dz =y —x|?,
0

|f () = f)| = [y —xP| =

we have almost surely for each (¢, x) e Ry x R,

fw

. tx

ht,x = w 10,“;(>0,th
EUt,x ’

< |f(vl,x + wt,x) - f(vl,x)|1xe(—L,vT+L),v,_X+w,,X§vsL

lw, x>0,<T
6‘/w,,x/2 " T

1
-1, P—3 -1 -
<+V2e Wy “Vxe(=LvT+L),wr <veL,1<T < V2e Y weL)P 2 e p vy <7

Step 2. We construct a probability measure Q on (€2, G) such that

(1.3) dQ_exp{ // hy WY (dsdy)——// dsdy}

We can do this thanks to Step 1 that gives

P 1 > 2
E"|exp 7 hyydsdy ¢ | <oo.
0

Step 3. We verify that for any ¢ € C°(R4 x R) and ¢ € [0, T'], almost surely

t t
/Cbt,xwt,x dx = //(; ws,y(as¢s,}* + 8)27¢s,y) dsdy +/(.) Os,vs dAs
[ ~
+ Q- // d)s,yeaslf’wa(ds dy),
0

where W¥ is a white noise on the filtered probability space (2, G, (F;):>0, Q) given as in Lemma 7.1 so that

Q//O gs,wa(dsdy)=P-//0 gs,yww(dsdy)Jr/fo hsygsydsdy, as.ge L2

Step 4. We will show that for each ¢ > 0 and non-negative continuous function ¥ on R, the following holds:

t t
(7.4) EQ[ / o dAS] < / s ds.
0 0

To see this, we verify from Lemma 7.4 that with respect to the filtered probability space (2, G, (F;)r=0, Q):

o WYV is still a white noise; ~
e v is still a weak solution to the SPDE (5.3) with vy . = F;
o (Ay);>o0 is still the killing process of v; see Lemma 6.1(2).

Therefore from Lemma 7.3, we have EQ[A; — A,] < e(r — r) for each 0 < r < < 0o. From this we can verify that (7.4)
holds for each ¢t > 0 and each non-negative ¥ € %" where

H o= {Z”kl(tk,tk+1] : (np)keN C R is bounded,
(7.5) keN

(tt)ken C Ry is unbounded and strictly increasing}.
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Now the desired result in this step follows from monotone convergence theorem and the fact that for any non-negative
continuous function 1 on R there exists a non-negative sequence ("),en C 2 such that ¢ 4 ¢ pointwise as

n 1 oo.
Step 5. We will show that Q(t; < T) < 2147/. Note that almost surely

€
€/ Wrx > ea;f’x > ﬁ‘/w,,x, t>0,xeR.

So from Step 3, Step 4, and Proposition 7.2, we get that

T
V2 /V2
Qm <T) < EQ[ / /O (i + ;;_S,x_(_L))évxdx)dAs}

T T
e/ﬁ e/\/i e/ﬁ
= 8/0 (gT—s,(vT+L)—Vs + CT—s,Vs—(—L)) ds < 25/0 Cpg . ds.

€/V2

Here in the last inequality, we used the fact that for any given s > 0, the map x +— ¢/ ~ is non-increasing on R. Now we
have

T 29 T — 1/2 12 210 T 2
Q(r1 <T) < 28/ %e 21-5) ds = —Z/ sl/ze_gT ds
0 € 0
10,,75/2 74 ps=T |2 2 14,,75/2 2
< 27y 17 2" e 25 d L < 2y e 21 <2y,
- L3 L? J—o 245 ) — L5 -

Final Step. Noticing that W is a white noise under Q, we can verify that for each g € [1, co) the expectation of

oo 5 6]2 oo
m@ — exp{q/f hg,yW" (dsdy) — 5 // hg,y dsdy}
0 0

under Q equals to 1. Also note from (7.3) and Lemma 7.1 we have that

dp 0 , L[,
ﬁ = exp A hsyW (dsdy)—i—i A hy ydsdy
o - 1 o
=exp{f/ hSwa(dsdy)——// h? dsdy} =mW.
o 2o

Now we can verify using Cauchy—Schwartz inequality that

1

P(11 < T) = EQ1(, crym V] < Q(z1 < T)EQ[(m V)]

1
o0 2
=Q(11 < T)éEQ[m(z) exp{// hf’ydsdy” .
0

Finally, using (4.1), (4.3), (4.5) and Steps 1, 5 we have that
1 -2 2p—1
P(r) <T) =Q(t1 < T)2exp{(vT +2L)Te *(veL)*’~"}

=Q(r1 < T)? exp{3yx2P 2021} <27 fyexp(3yv} < 1/8. O

8. Proof of Proposition 7.2

In this section we will give the proof of Proposition 7.2 following a strategy similar to that used in [28, Proof of Proposi-
tion 3.2]. Notice that, in the special case when o = Vo , the solution w to the SPDE (7.1) can be considered as the density
of a super-Brownian motion with space-time immigration w. Next lemma deals with properties of the solutions to the so-
called log-Laplace equations which play very important role in studying properties of superprocesses (see e.g. [13]). In
the general case when the noise coefficient o is comparable to Vb, we can still use this log-Laplace equation to obtain
properties of the random field w.
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Lemma 8.1. Let T > 0,9 >0and ¢ € Cg (R) be non-negative. There exists a unique non-negative ¢ € Ctl)’z([O, f] x R)
such that

1 -
Oy = —02r x + 5(0¢,,x)2 — Yy, (%) €[0, T x R;
¢7~",x =0, x eR.

8.1)

Furthermore, if b € R and v = 0 on (—o0, b], then

(8.2) $ra<tp_,, . @0el0.TIxR
where
0, s >0,y =o00;
9 28 =
Cs,yz 192 25, SZO,y>0,
00, s>0,y<0.

Proof. The existence and uniqueness for (8.1) is given in [13]. Note that although the proof of the upper bound (8.2) is
also pretty standard (see e.g. derivation of (5) in the proof of Proposition 3.2 in [28], or the relevant steps in the proof of
Lemma 2.6 in [22]), we decided to include it for the sake of completeness.

We give the upper bound for ¢ in (8.2) provided ¥ = 0 on (—oo, b] for an arbitrary b € R. First, using the connection
between solutions to (8.2) and super-Brownian motion and due to [14, Theorem 1] we can derive

(8.3) (]bY y < o (s,y)€l0,T] x (=00, b).

b)z’
Now, let (B;);>s be a one-dimensional Brownian motion with generator 82 initiated at time s and position y; it induces

the probability measure Iy y on the canonical path space. Then, from the fact that ¢ € Cb ([O T] x R), we can use Ito’s
formula and the optional sampling theorem to get

Pl
(8.4) b5y =Ty [«pﬁ,gﬁ - / (50@%3, -~ wg,) dr]

for each optional time p € [s, T], defined on the probability space where B is defined. Choose an arbitrary z € (y, b).
Denote by p; the first time for the Brownian motion B hitting {z}. Replacing p in (8.4) by T A p., we get from (8.3) that

18

(8.5) @5,y < Hs,y[¢TApZ,BTApZ] =< m

Iy (o, < T).

From the reflecting principle we have

2

M, (p; < T) =2To0[Br_s >z — ] e~ T du

00 1
- 2/Z_y V(T =)

(8.6)
<2/°° 1 u u? 2 JT —s -y
- 4a(T —s)z—Yy

e T dy < — *Y>.
T ozZ—y

Note that z € (y, b) is chosen arbitrarily. So taking z = 232 +b in (8.5) and (8.6), we get

é 18 2 JT -, Tﬁf 28 T z(4b<rv)f)
S R i T2 0~ y>3 0

In order to study the property of w using the above testing function ¢, we need the following lemma.

Lemma 8.2. Under the conditions of Proposition 7.2, it holds that

sup EQ[/ Wy x dx] < 0.
te[0,T1]

Furthermore, (7.1) holds almost surely for each t € [0, T and ¢ € C;’z([O, T]x R).
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Proof. Step 1. It is routine (cf. [27, Theorem 2.1]) to verify that
t
Wy x = //0 Gy yitox (&S,yW(ds dy) 4+ u(ds dy)), as. (t,x)e[0,T] x R.

Step 2. For an arbitrary fixed (¢, x) € [0, T] x R, we will show that

t
Q[ ] < EQ [ / /0 Goyirpt(ds dy)}.

To do this, for each r > 0, define I, :=1II, + III,, where

r r
II, := // Gy, y;r,xp(ds dy); I, := // Gy, y:1,x0s,y W(ds dy).
0 0

We can verify that if r > ¢, then I, = W, ,, and if 7 € [0, ), then from stochastic Fubini theorem we get

I,:/Gt,x;,,zu?r,zdz, a.s.

In particular, (I,),>0 is a non-negative process. Note that (IIl,),>¢ is a local martingale. So there exists a sequence of
stopping time (p,)neN such that for each n € N, (Ill, o, )r>0 is a martingale, and p, 1 oo almost surely as n 1 co.
Now for any fixed r > 0 we can verify from Fatou’s lemma that Q[I,] < liminf,,_, o Q[I;1p,] < Q[II]. In particular

Q[w;,x] = Q] < Q[II,] as desired. i
Step 3. From Fubini’s theorem we can verify from Step 2 that for each ¢ € [0, T],

t T
EQ[/ Wy dx:| sEQ[//O M(dsdy)/Gs,y;t,xdx} EEQ[//O ,u(dsdy)j| < 0.

This proves the first part of the lemma.
Step 4. Let g and sequence (g,),en be R-valued Borel functions on a Polish space S. We say (g,)neN converges to

g bounded pointwise if (g,)neN converges to g pointwise, and sup, <y ses 18n(s)| < co. Fix any ¢ € Cé’z([O, T] x R).

Then it is easy to get that there exists a sequence of (¢ :n € N) in c(lo, T] x R) such that, @MY en, (0:0™)en,
(3™ ,en and (83(]5("))”61\; converges bounded pointwise to ¢, 9;¢, d,¢ and 83(]), respectively.

Final Step. From Steps 3, 4, bounded convergence theorem, [16, Proposition 17.6] and the fact that 52 < 31 on
[0, T] x R, we can verify that (7.1) holds almost surely for each ¢ € [0, f] and ¢ € C}l’z([O, T] x R). U

We are now ready to give the proof of Proposition 7.2.
Proof of Proposition 7.2. Step I. We only need to prove the desired result for the case —oo =a < b < co. In fact, in the

case of a = —00, b = 00, nothing needs to be proved. And if the desired result holds for the case —oco =a < b < oo, then
by symmetry, it also holds for the case —0o < a < b = oo. For the only remaining case —0o < a < b < 0o, we use

T T a T 00
Q([ ds/ ﬁ)s,ydy>0> fQ(/ ds/ ws,ydy>0)+Q</ ds/ li)‘v,ydy>0).
0 (a,b)¢ 0 —00 0 b

Step 2. Fix b € R and a non-negative ¢ € Cé(R) with support {x € R: ¢, > 0} = (b, 00). For each n > 0, let oM €

Cg’z([O, T] x R) be given by Lemma 8.1 with ¥ replaced by ny and @ from Proposition 7.2. For any n > 0, define
process

t
M™ =n / / Wy Yy ds dy + / W p" dx, tel0,T].
0

‘We note that

Q(/OTdS/booﬁ)s,ydy>O> =Q<//0Tu~)s,ywydsdy>0>

T Q)
= lim EQ<1 —exp{—n// &)S,ytﬁydsdy}) = lim ]EQ(l —e M7 )-
n—oo 0 n—oo
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Step 3. We will verify that

(n) T
IEQ(I—e_Mf )S]EQU/O ¢_§7y>u(dsdy)], n>0.

In fact, from Lemma 8.2 we have for each ¢ € [0, f] almost surely

t t
7.1 - -
Mf”)‘:)n// ws,ywydsdy+// .y (820") + 0,¢")) ds dy

/ / G5y @)W (ds dy) + / [ ¢") (ds dy).

Therefore, we have almost surely
(M™), /f a”¢§”,2 )"dsdy, te[0,T].

Now, we use Itd’s formula and get that for any ¢ € [0, T almost surely,

n ! n ! n

L f (—e—Mf))dM§">+1f =M (™)

0 s 2 Jo s
t n
N // (=) (i, v, + g,y (0700) + d54))) ds dy
0
! n
(8.7) + / /0 (—e™ M ) (5., W (ds dy) + pe(ds dy)) + / / M (5,.,6)? ds dy

W[ e oy 62, - 0% asar

+ [ e omiawasan+ [[ (e ouasan.

Note that the second integral on the right hand side of (8.7) is a L?-bounded martingale on [0, T] since from Lemma 8.2,

Q e M2 (5. )2 |2 52Q g
E U/O (—e ™™ M) (5y.) dsdy:|§ o™ | P°E [//0 ws,ydsdy] < o0.

Noticing that 5% > 9% on Ry x R, we can take expectation on (8.7) and get that

EQ[1 — ¢ 1]

_poll T M (22 5 ?)dsd " g dsd
= B 0 € (¢s,y) (l9 ws,y_(ffs,y)) sdy + 0 € by, M( sdy)
T @
EIEQ[// e Ms ¢(”’u(dsdy)}<lEQU ¢<”)u«(dsdy)}
0

Final step. The desired result now follows from Steps 3, 4 and Lemma 8.1. O

9. Proof of Proposition 5.3
We first need the following lemma to control the small time fluctuation of certain random fields. This lemma is modified
from [21, Lemma 6.1] in order to incorporate the small time intervals. Its proof follows the lines of the proof of [21,

Lemma 6.1] and therefore is omitted.

Lemma 9.1. Suppose that
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(D) T> 0, L> 0, a € R are arbitrary and H := [0, 7~"] X a,a + Z];
(2) (gs,y;r,x:(5,¥), (t,x) e Ry xR) and (s, : (¢, x) € Ry x R) are deterministic non-negative functions satisfying

© il ! — ) 2 ¢ de
B o= sup ffo (gs,y,t,x gs,y,t,x) Ns,y y < 00

Mox )y tloty1/2
(t'.x').(t.x)eH =1+ 1=

(3) W is a white noise defined on a filtered probability space (2, G, (F1)i>0,P);
(4) & is a predictable random field on Q2 such that almost surely 5> <n on Ry x R;
(5) Z is a continuous random field on 2 such that for all (¢, x) € H,

00
Zix = f/ gs,y;t,xf}s,yw(dS dy) a.s.
0

Then for each 7 > 0,

2 /~712
P( sup  |Zyx — Zi x| > 2V B) <2%e7%/27,
(t,x),(¢',x")eH

Next result is a simple corollary of the above lemma.

Corollary 9.2. Lemma 9.1 still holds if its conditions (1) and (2) are replaced by:

(1"Y V> 0 and a € R are arbitrary and
H:= {(t,x) eRy xR:re [0, \Nf_z],x —Vt € [a,a +\7_1]};
(2) (8s,y:t.x 1 (5,¥), (t,x) e Ry x R) and (n; x : (1, x) € Ry x R) are (deterministic) non-negative functions satisfying

B sup v! ffooo(gs,y;t’,x’ - gs,y;t,x)27)s,y dsdy
L waaoen | =) = (x = V)| + [t/ —1]|1/2

In order to control the quantity B in Lemma 9.1 and Corollary 9.2 we will be using the following analytical lemma.

Lemma 9.3. For any V > 0 and (¢, x), (t', x") € Ry x R satisfying

9.1) 1,0 €[0,97;  x—x =¥ e(—00,0; (¥ —)—(x—)| =V,

it holds that

0 s = ~ ~
// (Gg;ﬂ,x’ - Gi‘,/;;t,x)ze_v(y_vs) dsdy
<207V (|(x =) = (c = 90| + | — 1] ).

Proof. Let us fix an arbitrary ¥ > 0 and arbitrary (¢, x), (t/, x’) € Ry x R satisfying (9.1). Define z :=x — ¥z and 7’ :=
x"—Vt’. By the symmetry between (¢, x) and (¢/, x), we can assume without loss of generality that %(z’ -2+ 94—2 ' —1)>
0.
Step 1. Note that one can give the precise expression of G using the reflection principle and Girsanov transformation
for the Brownian motion (see [21, Proof of Lemma 6.2]). In fact, for each (s, y) € Ry x R, we have
G(V) _ M _ =D

s, yit,x T 'Os,y—f/s;t,z ps,y—Vs;t,Z’
where

: AR P .
Py = e TEITRONG a0, i el -1

Now from the fact that the squares of the sum of two numbers is bounded by twice the sum of the squares of those two
numbers, we have

W) v) 2 @) @) 2
(Gs,y;t’,x’ - Gs,y;t,x) <2 Z (ps,yfifs;t/,z’ - ps,yﬂ?s;t,z) » (s, y)eRy xR

i=1,—1
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Step 2. We show that for each i € {—1, 1} we have
e} . 2 ~
bim ([0 A0 e 00 a0y < a4,
0 itz
where
II; := // ((V - 1)Gs,y;t’,iz’) dsdy; II1; ::/ (Gs,y;t’,iz’ - Gs,y;t,iz) dsdy
0 0

and y = e_%(Z,_Z)__(t ~" _In fact we can verify that

o0 - 2 .
li= // eiwzjy)i?(tis)lySO(J/Gs,y;t’,iz’ - Gs,y:t,iz)zefv(yiz) dsdy
0

ﬁ|t’—t\ *© 2
<e? f (VGs,y;t’,iz/ - Gs,y;t,iz) dsdy.
0

The desired result in this step then follows from (9.1) that -1 <.
Step 3. We show that for each i € {—1, 1} we have

< (|2 <]+ | = o)

where II; is given in Step 2. In fact,

zfv)2
— (12 T e MY
=@ -1 // I = dsdy—(y l)m
g 2 25t g 2! 72 2 5!
(e D) e eaSema) S a(Le-a) L
(Ge-a+ 50 >)m (36-9) Z=+2(F0-0) T2
:V|Z ‘ ’ ~?’Il‘/—l‘|3/ | 1}1/2
821

Here, in the first inequality, we used the fact that %(z/ —2)+ ;(t/ —t) > 0. The desired result in this step then follows
from (9.1) that ¥|z — 2’| <1 and ¥?|r — /| < 1.

Step 4. We note from [27, Lemma 6.2(1)] that there exists a universal constant C > 0, independent of our choice
of (¢,x), (,x') and ¥, such that IIl; < C(|z/ — z| + |t’ — #|'/?) for each i € {—1, 1}. In fact, one can take C = 27 (cf.
Lemma 10.1).

Final Step. From Step 1, we know that

) —U(y—s)
@) @ 2
//0 Gs yit' x' GS»}’;IJC) e—f/(x—\'/t) ds dy

0 0 20 V0TV
= Z // v y—vs;t',7 - ps,y—\?s;t,z) e_vz ds dy = Z Ii'
ie{—1,1} ie{—1,1}

The desired result in this Lemma then follows from Steps 2, 3 and 4. O
We are now ready to give the proof of Proposition 5.3.
Proof of Proposition 5.3. Step I. Define
Li=ekLe O ¥01 . (r,x) eRy xR,

Let v be as in Proposition 5.2. Then by part (4) of that proposition we have that v > v on R} x R almost surely. Therefore,
in order to prove Proposition 5.3, we only have to show that P(73 < T') < 1/8 holds with

T3:=inf{t € [0, T]: 0 x > F(x — vt) + 1, for some x € (—o0, vi]}.
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Step 2. Define Z,x = e ¥ (U x — 01.x) for each (¢, x) € Ry x R where ¢ is given in (5.1) and & := 6(1 — 0)v2. Then
it can be verified from Lemma 5.1 that

Zix =// Gﬁvi € e o (U5, )W (dsdy), as.(,x)eRy xR.

From this we immediately get that
T3 =inf{r €[0, T]: Z;x = e 1, , for some x € (—o0, vr]}.
Step 3. We show that almost surely

Ee_alg(l_)t,x) =< Ea(ﬁt,x) = Mtxs (t,x) [0, 73] xR,

where

—9v(x—vt)1

Nex 1= 2kLe’ce x<vt, (t,x)eRy xR,

In fact, almost surely for each (¢, x) € [0, T3] x R,

0 (U )? <Vpy < F(x —vD) + 1, 4

&
< O_(e—év(x—vt) _ l)lxsvt + SkLe—Hv(x—vt) levt
v

< Q2+k)Lee VL .

Note from (4.3) and (4.4) that k > 2. The desired result in this step follows.
Step 4. From Step 3 we can verify that almost surely Z = Z on [0, 73] x R where Z is a continuous random field so
that

Zix= //Ot G (Vg A (e 0 (i) WPds dy) s, (1, x) € Ry x R
Thus from Step 2, we get that
=inf{r €[0,T]: Z; x = ¢™*'], , for some x <vt}, as.
Step 5. Define
Tp:={(t,x)€[0,TIxR:x —vt € (—nL,—(n — L]}, neN.
We can verify from (4.5) that for eachn e N and (¢, x) € ',
e, > e TekLe®Y" VL = ChekLe™ =:11,,,

where Cy := =920,

Step 6. For each n € N, we can get from Lemma 9.3 and (4.5) that
- v) v)
v ! ./fO G ' GS\’/y;t/’x/)an,y ds dy

t,
SV <210k 12e2g0m,

B, = sup
o aner, 1 —=vt) — (x —v)| + [t/ —t]1/2

In fact, for (¢, x), (t/, x") € I';,, since (9.1) holds, we have from Lemma 9.3 that

/ / (Gt = Gl ) s,y ds dy < Pk Le%s / fo (Gylhir = Gor ) €O dsdy
< 2kL€2829€_V(x_W)(|()C/ —vt') = (x =v)|+ |/ - t\l/z)
< 210kL628e"VL(|(x’ —vt') = (x —v)| + |t — t!l/z)

Noting from (4.5) that vL = 1, the desired result in this step follows.
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Step 7. From Step 6, (4.5) that & = y€?, (4.4) that yk = K, and Corollary 9.2 we can obtain
P(supZ > IIn) < P(sup Z>27Cy /8/62\/126(0—1/2),,\/?’1)
r, e
<P(supZ =275 Cov/ICe® 121 /B, )
Ty

<2’ exp(—2_22C(§lCe(29_1)").

Final Step. Using Steps 4, 5 and 7, we can verify that

o
P(;3<T) < P(El(t,x) el Jrn:zi,= e—ml,,x>

n=1

o0 o0
< ZP(s;lpZ > Iln) <2 Zexp(—Z_DC@zICe(zg_l)”) <1/8,

n=1 n=1

where we used (4.2) in the last inequality. (I

10. Proof of Proposition 5.5
We will need the following analytical lemma.
Lemma 10.1. For any V > 0 and (¢, x), (', x') € Ry x R satisfying
t,t e [0,\772]; x,x' € [—2\771,2\771]
it holds that
o 7 1/2
// (Gyyurrwr = Gy i) e dsdy < 27(|x" — x| + |t/ = 1'?).
0
Note that the upper bound in the above lemma is uniform in v.

Proof. Let us fix an arbitrary v > 0. First note that

OO ~
f f (Gyyur ot — Gy yux)?e ™ dsdy
0

w ~ ~
<2 [[ G = Guas P a5y 2 [ [ Gy = Gy P sty
0
=:21+20, (t,x), (t/, x/) eR. xR.
To finish the proof it is sufficient to show that

(10.1) [<20)x —x

, te0, ¥ xx e[—2v 297,

(10.2) m<20¢ —¢|'? 1,1 e[0,97%], % e[-207",277"].

We will prove only (10.1), and leave the proof of (10.2), which is tedious but not much different, to the reader.
To prove (10.1) we assume without loss of generality that z := x” — x > 0. Note that

2731 < el :/ (Gy,yirx — Gs,y;t,x)zeiv(y*x) dsdy = ‘/:/(Gs,y;t,z — Gs,y;t,())zefoy dsdy.
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From the expression of G in (2.3), we have

| 0-2?2 2
2_315// —(e_ En —e_F)ze_V»"dsdy
0
| 2 y20-2)2 -2 !
:// 4—(3_)27 e Je™ " dsdy
TS

2 2
/ 4 /.e 2TV 2e 2A+(23 —V)y= s + e 23 ( V)yiiis)dy‘
TS

From the fact that

2 2 2
fe_ay2+bydy=fe_a(y_%)2+% dy:eﬁ_a/e_“yzdyz /zez_a, a>0,beR,
a

! ds s 2 o 2 ..
2731 E/ —( 2S7T€7V2 —2e A/ 257‘[e7(2_s_v)2 +e_2_~v\/2s_ne7(5_v)2)
0

we can get

1 [en o ds 1! 2y . ds
55/0 (1+e )$+§/ZZN(2“—€ 52|+ e —1|)$~

Now using the fact that |1 — e™%| < z for z € R, we have

27I<(1+e )z +1 /t i—i—v &
= z2+1.,, 5 Z NG

<2 +/ ds t 2+1+2«/— <23
v
=L 2 SS\/_ f 4 <

This gives us (10.1). As we have mentioned we omit the proof of (10.2) and thus we are done. O
Let us now give the proof of Proposition 5.5.

Proof of Proposition 5.5. Step 1. it is easy to see that on the event {r; > T, 13 > T}, the following holds almost surely:
for each (s, y) € [0, 2 AT] X R,

vs,y S F(s —vy) + skLe_OV(X_V’)lxsw < 2keLe OVO—V9),
f;f)y = wf,ylyE[—L,vT+L],wS,ygng < (veL)?,

2 2
Uslf)y =0 (vs,y + Wy,y)" — 0 (vs5,y)” S ws,y S veLlye—L vT+L]-

Step 2. Note that v + w admits the following mild form (cf. [27, Theorem 2.1]):
t
Vpx + Wrx = /:/(; Gs,y;t,x (UO,y dy‘SO(ds) + (f(vs,y) + f;f)y) ds dy
+ €0 (vy,y, )W (dsdy) + ecr;f}wa(ds dy)), a.s. V(t,x) € (0,00) x R.

Therefore,' almost surely on the event {t; > T, 13 > T}, we have v+ w = on [0, 1) A T] x R. Here, u := Ziszl z®
where {Z(‘) :i=1,...,5} is alist of continuous random fields defined so that for each (¢, x) € Ry x R,

20 =1, F () + 110 / Goyrx () dy,
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t
Zr(?)z = /:/ Gs,y;t,xf(vs,y A (2k8L€70V(y7VS)))dS dy, a.s.
0
t
3
Zt(x> = // Gy yitox (st,Uy A ((veL)PLye—r vr417)) dsdy, as.
0
" t
Z,()? —¢ /[ Gs,y;t‘xo(vs,x A (2k8Le_9V(y_”))) W'(dsdx), a.s.
0

t
5
Zt(,)z =€ // Gy yit,x (O’Su’)y A (USLlyE[_LVVT_;_L]))Ww(dS dx), a.s.
0

Step 3. Clearly, 12 = 7 holds almost surely on the event {r; > 7,13 > T} where 7, := inf{r € [0, T] : it; x >
veL for some x € [—L,vT + L]}.
Step 4. We will show that

sup Z,(l)z <viel,
(t,x)eH

where vy :=23 and H:= [0, T] x [—-L, vT + L]. Note that from (4.7), (2.3) and (4.5), for any (¢, x) € H, we have

2
b
— - +0vy
€ _pyuy & _ e 4 / & _ 2.2
Zt(lx)f Go,y;t.x——e€ Vrdy= "¢ 0 [ ———dy=—¢ W/
’ ov ov Va4t A%

1 op2
<6 1e? +96‘L§V18L.

Step 5. We will show that

sup Z,(iggvzeL, a.s.,
(t,x)eH

where vy := 2%k. Note that from (4.1) that kPl <1, (2.3) and (4.5) we can verify that,

t t
Zt(zx) < // Gy yit x (2k€L679V(y7VS))pds dy < (2k5L)p/ POV’ ds/Gx,y;,,xe*P("Vy dy
0 0

t

_ 20922 2_ 20242 _ 2

— (2k8L)pe p@vxep 0°v t/ e(pé)v poOV)s ds < (2k8L)p€ p@vxtepé)vt
0

< QkeL)PePVETPOV'T — oPpP 2P0 P=\ oI < 2kl = vyeL, ¥(1,x) € H, as.
Step 6. We will show that

sup Z,(igglgsL, a.s.,

(t,x)eH

where v3 := v”. In fact, from (2.3) and (4.5) we can verify that

t t
Zl(? < // G,y x(veL)P dsdy = (vsL)p/ ds/‘Gs,y;l,x dy
0 0
<T(veL)? =vPikP~YeL <v3eL, V(t,x)eH, as.
Step 7. We will show that

P( sup Zl(ft? > V48L> < 2*4,
(t,x)eH

where vy :=213/C1/2)y =1 First note that almost surely for each (s, y) € Ry x R,

€20 (vs.y A (2keLe P OT9))? < 2e2ke Le VOO =i ),
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Then note that for each (¢, x), (¢, x") € H, using Lemma 10.1,

1 © "
2¢2kel / (Gs.yirrxr = Gsyirx) 77( ) dsdy
/ (Gsy[’ ’_Gsytx) e—v(y VS)dey<27(ix _X|+|[ t|1/2)

Therefore,

00 (4)
BY .=  sup JIo" Gy v = G,y )5y ds dy <2102 er2 . B,

T T
(t.0).(" x)eH |57 |+ |51

Taking z = 28, we get from Lemma 9.1 that

P( sup Zl(4,2 >z 3(4)) < P( sup |Ht(,4))c, - Hl(;?| > 7V B(4)) <2572 <4,
(t,x)eH (t.x), (' x)eH '

To finish this step we note that
VB® =213/ 2ke L2 = vyeL.
Step 8. We will show that

P( sup Z( ) > vseL) <27
(t,x)eH

with vs = v/4. First note that almost surely for each (s, y) e Ry x R,
2
ez(aslf’y A (veLlye[_L,VT_s_L])) <e2)2? 2 = n§5;
Then note that for each (¢, x), (t', x") € H, using [27, Lemma 6.2(1)] (cf. Lemma 10.1),

! - (5 T(1+ 1/2
m/o (Gs,yitx — y}t)c) N dsdy§2 (|x —X|+|t | )

Therefore,

00 2.(5)
BO .— sup ff() (Gy,y:rr,x' — G y;0,0) M5,y dsdy

t'—t =< 29621)282L3 =: B(S).
(t,x),(t’ ,x")eH x | + 15 |1/2

Taking z = 28, we get from Lemma 9.1 that

P( sup Z) >z B(S)> < P( sup |Z(5) —ZP)| > 2y B(5>) <252 <074,
(t,x)eH (t,x),(t',x")eH

To finish this step we note from (4.6) that

VBO® =28Ve212e213 =213/ 2 Lve L < vseL.

Final step. We note from (4.3) and (4.4) that

5
Zvi =23 4 2%k 40P 428K 2 oy 4 <y,
i=1

Also note from Steps 2 and 8 that
Pop<T,t1=>2T,3>T)=P(tr<T, 11 >T,13>T)<P(1, < T)
=P({it <veL on [0, T] x [-L,vT + L]})

5
< P(U{Z(i) <vieLon[0,T]x[-L,vT + L]}C),

i=1
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Now from Steps 3—7, we have

Pmy<T,ui>T,13>T)

5

<> P({z¥ <vieLon [0, T] x [-L,vT + L]}*) <27°. -
i=1
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