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Consider a system of Brownian particles on the real line where each pair
of particles coalesces at a certain rate according to their intersection local
time. Assume that there are infinitely many initial particles in the system.
We give a necessary and sufficient condition for the number of particles to
come down from infinity. We also identify the rate of this coming down from
infinity for different initial configurations.

1. Introduction.

1.1. Motivation and background. Coming down from infinity is a property observed for
certain stochastic population dynamics models, where the population begins with infinitely
many members, and where members undergo competitive interactions that inevitably bring
the entire population to a finite size in positive time. Kingman’s coalescent, perhaps one of
the simplest such examples, is a continuous time Markov process taking values in the set of
partitions of N. If one thinks of blocks in a partition of N as particles, then Kingman’s coa-
lescent is a particle system where each pair of particles coalesce into one particle with unit
rate, independently of other pairs. If initially there are infinitely many particles, the coming
down from infinity property says that almost surely, after any positive amount of time, there
are only finitely many particles in the system. In 1999, Aldous showed that Kingman’s coa-
lescent comes down from infinity [1]. There are two goals when addressing the coming down
from infinity for a given stochastic process. The first is to show whether, and under what con-
ditions, the coming down from infinity property holds. The second, and perhaps more central,
goal is then to find the rate with which the number of particles approaches infinity as time
goes to zero.

Let Nt be the number of particles at time t > 0 in Kingman’s coalescent with infinitely
many initial particles. It is known in [1] that Nt behaves like v(t) := 2/t when t ↓ 0. More
precisely, it is shown in [5] that Nt/v(t) converges to 1 as t ↓ 0, almost surely, and in Lp

for any p ≥ 1. Here the rate function v(t) arises as the solution to the nonlinear ordinary
differential equation (ODE) with the singular initial condition,

(1.1)

⎧⎨⎩
d

dt
v(t) = −1

2
v(t)2, t > 0,

v(0) = ∞.

For more references on coalescent theory, we refer our readers to [6] and the references
therein.

The phenomenon of coming down from infinity is also considered in [2] and [23] for
spatial Kingman’s coalescent, extending the notion of Kingman’s coalescent to the discrete
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spatial setting. In this model each particle undergoes continuous-time simple random walk on
a connected graph with uniformly bounded degree, and each pair of particles located at the
same vertex coalesce into one particle with unit rate. It is proved in [2] and [23] that the spatial
Kingman’s coalescent comes down from infinity if and only if the underlying graph is finite.

In 1988, Shiga [28] proposed a model which is naturally considered an analogy of King-
man’s coalescent in the continuum spatial setting. In this particle system, particles move as
independent Brownian motions on R, and each pair of the particles coalesce into one particle
with rate 1/2 according to their intersection local time. We will refer to this model as (slowly)
coalescing Brownian motions. Coalescing Brownian motions has drawn much attention due
to its connection to the stochastic heat equation with Wright–Fisher white noise [3, 4, 7–15,
26, 28].

It is perhaps natural to ask the following question:

(1.2) Does coalescing Brownian motions come down from infinity? If it does, what is the
rate of this coming down from infinity?

Hobson and Tribe [15] consider this question for coalescing Brownian motions on the unit
circle S1, with initial particles sampled according to a Poisson point measure with intensity n

times the uniform measure of S1. Denote by N̂
(n)
t the total number of particles in the system

at time t ≥ 0. They proved that, as n ↑ ∞, N̂
(n)
t has a finite weak limit N̂t for every strictly

positive t . They also showed that N̂t/v(t) converges to 1 in probability as t ↓ 0 with the rate
function v(t) = 2/t . However, their proofs rely on the compactness of the circle S1 that does
not extend to coalescing Brownian motions on the real line R. In this paper, we will give an
answer to (1.2) in a more general setting.

1.2. Definition and main results. Let N be the space of locally finite atomic measures
on R equipped with the vague topology. In this paper the coalescing Brownian motions (with
possibly infinite many initial particles) will be defined as N -valued càdlàg Markov processes
on (0,∞) whose entrance laws and transition probabilities will be specified later. To motivate
that formal definition; however, we want to first construct an essentially equivalent particle
system which describes the trajectory of each particles. This construction, due to Tribe [30],
Section 2, assign integer labels to the particles so that when particles labeled i and j coalesce,
the remaining particle is labeled min{i, j}. This labeling rule has the convenient consequence
that the lifetime of a particle labeled i is determined by the trajectories of the particles whose
labels are no larger than i. It is worth noting that how we label the particle does not effect
their spatial movements due to the strong Markov property of the Brownian motions.

Let I0 be the collection of labels of the initial particles: if there are finitely many initial
particles, then I0 = {i : 1 ≤ i ≤ n} for some n ∈ N∪{0}; otherwise, if there are infinitely many
initial particles, then I0 = N. Denote by xi ∈ R the location of the initial particle labeled by
i. If I0 = ∅, then (xi)i∈I0 is the empty list, and nothing needs to be constructed. Otherwise,
if I0 	= ∅, the construction is formulated as follows:

(1.3) Let {(B(i)
t )t≥0 : i ∈ I0} be a list of independent Brownian motions on R, defined on

a complete probability space (�,F ,P), such that B
(i)
0 = xi for each i ∈ I0.

(1.4) Let {e(i) : i ∈ I0} be a family of i.i.d. exponential random variables with mean 2,
defined on (�,F ,P), independent of the Brownian motions in (1.3).

(1.5) For each i, j ∈ I0 with i > j , denote by (L
(i,j)
t )t≥0 the local time at zero of the

process (B
(i)
t − B

(j)
t )t≥0.

(1.6) Define ζ1 := ∞, and inductively for each i ∈ I0 with i > 1,

ζi := inf

{
t ≥ 0 :

i−1∑
j=1

L
(i,j)
t∧ζj

≥ e(i)

}
.
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We call the stopping time ζi the lifetime of the ith particle, and we define

X
(i)
t :=

{
B

(i)
t if t ∈ [0, ζi),

† otherwise,

for every i ∈ I0. Here † is called the cemetery state and is not contained in R. Now, we
say the set of random variables X := {X(i)

t : t ≥ 0, i ∈ I0} is a coalescing Brownian particle
system with initial configuration (xi)i∈I0 . The space of all the possible initial configurations
is denoted by

X := {∅} ∪ ⋃
n∈N∪{∞}

Rn.

After we have constructed the trajectory of each particles, it is natural to consider the
counting measure formed by the locations of the particles at a fixed time. Denote by It :=
{i ∈ I0 : t ∈ [0, ζi)} the set of the labels of the particles alive at time t ≥ 0. For any open
set A ⊂ R, let B(A) be Borel σ -algebra on A. For every U ∈ B(R) and t ≥ 0, define a
N∪ {0,∞}-valued random variable

(1.6) Zt(U) := ∑
i∈It

1U

(
X

(i)
t

)
,

which is the number of living particles contained in U at time t . Let us also define a filtration
(Ft )t≥0 so that

(1.7) Ft := σ
(
Zs(U) : s ≤ t,U ∈ B(R)

)
, t ≥ 0.

At this point, however, it is not clear whether (Zt )t>0 is an N -valued process. Before we
show that this is indeed the case, let us define

Ta := {
(�,μ) : � is a closed subset of R, μ is an atomic Radon measure on R \ �

}
,

and introduce a map � from X to Ta so that (�,μ) = �((xi)i∈I0), provided

� =
{
y ∈R : ∑

i∈I0

1(y−r,y+r)(xi) = ∞,∀r > 0
}
,(1.8)

μ = ∑
i∈I0

1R\�(xi)δxi
.(1.9)

We call (�,μ) = �((xi)i∈I0) the initial trace of the coalescing Brownian particle system
with initial configuration (xi)i∈I0 . Note that when there are infinitely many initial particles,
� is the set of the limiting points of the sequence (xi)i∈N. Also, note that μ is a Radon mea-
sure on R \ �, but not necessarily a Radon measure on R. It is clear that Ta is the collection
of all the possible initial traces of the coalescing Brownian particle systems, in the sense
that � : X → Ta is a surjection. In what follows, we denote by supp(�,μ) := � ∪ supp(μ)

the support of a given (�,μ) ∈ Ta. Recall that a set S ⊂ R is said to be bounded if
diam(S) := inf{K : |x − y| < K,∀x, y ∈ S} < ∞. We are now ready to state our first result.

THEOREM 1.1. Let (�,μ) = �((xi)i∈I0), and let U ⊂ R be an arbitrary open interval.

(i) If U ∩ supp(�,μ) is unbounded, then P(Zt (U) = ∞,∀t ≥ 0) = 1.
(ii) If U ∩ supp(�,μ) is bounded, then P(Zt (U) < ∞,∀t > 0) = 1.
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If U is bounded, then Theorem 1.1 (ii) shows that Zt(U) is finite for all time t > 0, al-
most surely. This implies that (Zt )t>0 is an N -valued process. We will verify that (Zt )t>0
is a càdlàg Markov process and characterize its law through its duality with Wright–Fisher
stochastic partial differential equation (Wright–Fisher SPDE),

(1.10) ∂tut,x = 1

2
∂2
xut,x +

√
ut,x(1 − ut,x)Ẇt,x, t > 0, x ∈R.

Let us briefly review some results about (1.10) here. Denote by C[0,1] the collection of
[0,1]-valued continuous functions on R, equipped with the topology of uniform convergence
on compact sets. Let f be an arbitrary [0,1]-valued Borel measurable function on R. Ac-
cording to [29], there exists a filtered probability space (�,G , (Gt ),Pf ), and on this space,
an adapted C[0,1]-valued continuous process (ut,·)t>0 and a space-time white noise W , sat-
isfying the mild form of the Wright–Fisher SPDE (1.10) with the initial condition u0 = f .
Namely, for every (t, x) ∈ (0,∞) ×R,

(1.11) ut,x =
∫

Gt,x−yfy dy +
∫∫ t

0
Gt−s,x−y

√
us,y(1 − us,y)W(ds dy) a.s.

Here G is the heat kernel, given by Gt,x := e−x2/(2t)/
√

2πt , for every (t, x) ∈ (0,∞) × R,
and the second term on the right-hand side of (1.11) is given by Walsh’s stochastic integral
driven by a space-time white noise [31]. The law of the C[0,1]-valued continuous process
(ut,·)t>0 is uniquely determined by the initial value f [28], Theorem 5.1(2). The duality
relation between the coalescing Brownian particle systems and the Wright–Fisher SPDEs
is given by Shiga [28]: Suppose that there are only finitely many initial particles for the
coalescing Brownian particle systems X, that is, I0 = {0, . . . , n} for some n ∈N, then

(1.12) E

[∏
i∈It

(
1 − f

(
X

(i)
t

))]= Ef

[
n∏

i=1

(
1 − ut (xi)

)]
, t ≥ 0.

Let us now give the formal definition of the coalescing Brownian motions. For any
(�,μ) ∈ Ta, we say that a process (Yt )t>0, living in a filtered probability space with filtration
(F Y

t )t≥0 and probability P(�,μ), is a coalescing Brownian motions process with initial trace
(�,μ), if the following statements hold:

(1.13) (Yt )t>0 is an N -valued càdlàg Markov process.
(1.14) For any t > 0 and [0,1]-valued Borel function f on R,

E(�,μ)

[
exp

{〈
log(1 − f ),Yt

〉}]= Ef

[
1{ut,x=1,∀x∈�} exp

{〈
log(1 − ut),μ

〉}]
.

(1.15) For any t > s > 0 and [0,1]-valued Borel function f on R,

E(�,μ)

[
exp

{〈
log(1 − f ),Yt

〉}|F Y
s

]= 

f
t−s(Ys),

where 

f
t−s(κ) := Ef [exp{〈log(1 − ut−s), κ〉}] for κ ∈ N .

Here we denote by E(�,μ) and Ef the expectations for the probabilities P(�,μ) and Pf , re-
spectively. Notice that (1.14) and (1.15) characterize the entrance laws and the transition
probabilities of the coalescing Brownian motions through the Laplace transform. In partic-
ular, if such process (Yt )t>0 exists, then its law is uniquely determined by its initial trace
(�,μ).

Our next result is to show the existence of such processes.

THEOREM 1.2.

(i) Let (xi)i∈I0 ∈ X , (�,μ) = �((xi)i∈I0) and let {Zt(U) : t ≥ 0,U ∈ B(R)} be random
variables in a filtered probability space (�,F ,Ft ,P) constructed through (1.3)–(1.7). Then
the process (Zt )t>0 is a coalescing Brownian motions process with initial trace (�,μ).
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(ii) For any (�,μ) ∈ Ta , there exists a coalescing Brownian motions process with initial
trace (�,μ).

REMARK 1.3. Since � : X → Ta is a surjection, for any (�,μ) ∈ Ta , there exist I0 and
(xi)i∈I0 ∈ X such that (�,μ) = �((xi)i∈I0). Thus, part (ii) of Theorem 1.2 is an immediate
corollary of part (i) of that theorem.

To present our result on the coming down from infinity of the coalescing Brownian mo-
tions, we will discuss briefly the one-dimensional nonlinear partial differential equation

∂tvt,x = 1

2
∂2
xvt,x − 1

2
v2
t,x, t > 0, x ∈R.

(See [22], and [24] for a more comprehensive treatment.) Denote by C1,2((0,∞) × R) the
collection of functions (ht,x)t>0,x∈R, which is continuously differentiable in t and twice con-
tinuously differentiable in x. For every open U ⊂ R, denote by Cc(U) the collection of con-
tinuous function, whose support is a compact subset of U . According to [22], Theorem 4,
for any closed set A ⊂ R and nonnegative Radon measure ν on Ac, there exists a unique
nonnegative v(A,ν) ∈ C1,2((0,∞) ×R) such that

(1.16)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tv
(A,ν)
t,x = 1

2
∂2
xv

(A,ν)
t,x − 1

2

(
v

(A,ν)
t,x

)2
, (t, x) ∈ (0,∞) ×R;{

y ∈ R : ∀r > 0, lim
t↓0

∫ y+r

y−r
v

(A,ν)
t,x dx = ∞

}
= A;

lim
t↓0

∫
φxv

(A,ν)
t,x dx =

∫
φxν(dx), φ ∈ Cc

(
Ac).

Notice that the PDE (1.16) is a spatial analogy of the ODE (1.1). The pair (A, ν) is known as
the initial trace of the solution v(A,ν); see also [24] for more details.

The property of coming down from infinity of the coalescing Brownian motions with initial
trace (�,μ) ∈ Ta is closely related to the solution v(�,μ) of PDE (1.16). We observe this in
our next result.

THEOREM 1.4. Let (�,μ) ∈ Ta be arbitrary. Suppose that (Yt )t>0 is a coalescing Brow-
nian motions process with initial trace (�,μ) living in a filtered probability space with prob-
ability P(�,μ). Then the following two statements hold for arbitrary open interval U ⊂ R:

(i) If U ∩ supp(�,μ) is unbounded, then P(�,μ)(Yt (U) = ∞,∀t > 0) = 1.
(ii) If U ∩ supp(�,μ) is bounded, then P(�,μ)(Yt (U) < ∞,∀t > 0) = 1.

Moreover, in the latter case when U ∩ supp(�,μ) is bounded, the following three statements
hold:

(iii) E(�,μ)[Yt (U)] < ∞ for every t > 0.
(iv) If U ∩ � =∅, then lim supt↓0 E(�,μ)[Yt (U)] < ∞.
(v) If U ∩ � 	=∅, then as t ↓ 0, E(�,μ)[Yt (U)] → ∞ and(∫

U
v

(�,μ)
t,x dx

)−1
Yt (U) −→ 1 in L1 w.r.t. P(�,μ).

Here U is the closure of U .
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By taking U = R, the above theorem says that the total population in a coalescing Brow-
nian motions process is finite for all positive time, provided its initial trace (�,μ) is com-
pactly supported. Conversely, if the initial trace is not compactly supported, then the total
population remains infinite. This answers the first part of the question (1.2). Furthermore,
in the case when the initial trace is compactly supported and � 	= ∅, the total population
(Yt (R))t>0 comes down from infinity, and its small times behavior is described “approx-
imately” by

∫
R v

(�,μ)
t,x dx. This answers the second part of the question (1.2). Let us also

mention that even if the initial trace is not compactly supported, Theorem 1.4(ii) implies that
the population is locally bounded at all positive times.

1.3. Examples of rate functions. Theorem 1.4 says that the total population comes down
from infinity if and only if the initial trace (�,μ) is compactly supported and � 	= ∅. In
this case the rate in which the total population comes down from infinity is given by the
rate function t �→ ‖v(�,μ)

t,· ‖L1(R). It turns out that this rate function is related to the fractal
structure of the set �. In this section we will give some examples where this rate can be
explicitly calculated.

To present our result, we want to introduce the concept of Minkowski dimension. Let λ

denote Lebesgue measure on R, and let #A denote the cardinality of a given set A. Define the
Minkowski sum

A + Ã := {a + ã : a ∈ A, ã ∈ Ã}
for any subsets A and Ã of R. Define

rA := {ra : a ∈ A}
for any r ∈ R and A ⊂ R. Denote by Bo := (−1,1) the unit open ball centered at the origin.
For every A ⊂R, if there exists a (unique) δ ∈ [0,1] such that

1 − (log r)−1 logλ
(
A + rBo)→ δ

as r ↓ 0, then we say A has Minkowski dimension δ. For many examples and applications on
the Minkowski dimension, see [20].

The proof of the following Proposition is postponed in Section 4.

PROPOSITION 1.5. Let A be a compact subset of R:

1. If A has positive finite cardinality, then
√

t‖v(A,0)
t,· ‖L1(R) converges to C1#A as t ↓ 0,

where C1 := ‖v({0},0)
1,· ‖L1(R) ∈ (0,∞).

2. If A has positive Lebesgue measure, then t‖v(A,0)
t,· ‖L1(R) converges to 2λ(A) as t ↓ 0.

3. If A has Minkowski dimension δ ∈ (0,1), then (log t)−1 log‖v(A,0)
t,· ‖L1(R) converges

to −(1 + δ)/2 as t ↓ 0.

EXAMPLE 1.6 (Infinitely many initial particles at one point). For instance, assume that
there are infinitely many initial particles which are all located at the origin, that is, xi = 0 for
every i ∈ N. In this case � is the singleton {0}, and μ is the null measure 0 on R\{0}. Now,
Theorem 1.4(v) and Proposition 1.5 says that that

√
tYt (R) converges to C1 in L1 as t ↓ 0.

REMARK. In Example 1.6 the total population Yt (R) is comparable to C1/
√

t , which
decreases even faster than the rate function 2/t of Kingman’s coalescent. One might find this
surprising since one might expect the spatial movement of the particles, if not slowing down
the coalescing, should not speed it up. However, this is only an illusion, due to the different
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clocks used by the two models for their coalescing mechanisms—one uses the ordinary clock,
while the other uses the local time. For a better comparison, one might choose to observe
(Yt (R))t≥0 according to the clock of the local time. Recall that, if (Lt )t≥0 is the local time of
a Brownian motion at zero, then E[Lt ] = √

2t/π . Denote by Ñl the total population Zt(R)

when the expected local time E[Lt ] is at the level l. Now, from Example 1.6 we have that Ñl

is of order 1/l for small l, which behaves similar to Kingman’s coalescent.

EXAMPLE 1.7 (� with positive Lebesgue measure). Suppose that � is compact and
has positive finite Lebesgue measure, and μ is the null measure supported on �c. Then by

Proposition 1.5(2), we have tYt (R)
L1→ 2λ(�) as t ↓ 0.

EXAMPLE 1.8 (� with known Minkowski dimension). Suppose that � is compact and
has Minkowski dimension δ ∈ (0,1). Suppose also that μ is the null measure supported on
�c. Then by Proposition 1.5(3), we have (log t)−1 logYt (R) converges to −(1 + δ)/2 in
probability as t ↓ 0.

1.4. Proof strategy. Instead of comparing coalescing Brownian motions with the PDE
(1.16) directly, the idea is to consider their dual counterpart. There are two duality relations
used in this paper. One is the moment duality (1.12), given by Shiga [28], between coalescing
Brownian motions and the Wright–Fisher SPDE (1.10). The other is the classical duality
established between the PDE (1.16) and the super-Brownian motion as well as the Brownian
snake (see [22]). Brownian snake was introduced by Le Gall [21] to study the genealogical
structure of the super-Brownian motion, whose density, in the one-dimensional case satisfies
the following SPDE (see [19, 27]):

(1.17) ∂t ũt,x = 1

2
∂2
x ũt,x +

√
ũt,xẆt,x, t > 0, x ∈ R.

The duality between the PDE (1.16) and the super-Brownian motion can be expressed as
follows: for any nonnegative ũ solving (1.17) with a deterministic initial value ũ0,· and any
locally bounded nonnegative function f on R, satisfying some mild conditions, one has

E

[
exp

(
−
∫

ũt,yf (y)dy

)]
= exp

(
−
∫

ũ0,yv
(0,μ)
t,y dy

)
∀t ≥ 0,

where μ(dy) = f (y)dy. Observe that the SPDE (1.17) is quite similar to (1.11), in the sense
that their noise coefficient are very close to each other for small values of u. In particular, one
expects that the distribution of the nonnegative random fields (ut,x) and (ũt,x) stay close to
each other on finite time intervals if they share the same small initial conditions u0 = ũ0 � 1.

In the actual proof, we build a connection between Wright–Fisher SPDE (1.10) and the
PDE (1.16) by searching for the Doob–Meyer decomposition of the process

s �→ exp
(
−
∫

us,yv
(�,μ)
t−s,y dy

)
, s ∈ [0, t).

This idea was already explored by Tribe [30], where he established the compact support
property of the Wright–Fisher SPDE (1.10). The challenge here is that it is not clear how to
apply Itô’s formula directly to the above process up to time t , because vt−s,y approaches a
singular value when s → t and y ∈ �. So we will use a sequence of so-called nonsingular
initial traces {(∅,μn) : n ∈ N} to approximate the singular initial trace (�,μ) (trace with
� 	= ∅), following the techniques developed in [24].

1.5. Paper outline. The rest of the paper is organized as follows. In Section 2 we give the
proof of Theorems 1.1 and 1.2. In Section 3 we give the proof of Theorem 1.4. In Section 4
we give the proof of Proposition 1.5.
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2. Proof of Theorems 1.1 and 1.2.

2.1. Initial traces. Let us first review some concepts and notations from [24]. Denote by
T the collection of pairs (A, ν), where A is a closed subset of R and ν is a nonnegative Radon
measure on Ac. Then T is the space of all the possible initial traces for the PDE (1.16). For
any (A, ν) and (Ã, ν̃) in T , we say (A, ν) � (Ã, ν̃) if A ⊂ Ã and ν(B) ≤ ν̃(B) for every
B ∈ B(Ãc). Note that � is a partial order on T . Denote by M +

reg the space of outer regular

(not necessary locally bounded) Borel measures on R. Define a map η : (A, ν) �→ η(A,ν) from
T to M +

reg so that, for every B ∈ B(R),

(2.1) η(A,ν)(B) =
{∞ B ∩ A 	= ∅,

ν(B) B ∩ A = ∅.

For any η ∈ M +
reg, denote by Sη the set of singular points of η, that is,

Sη := {
x ∈R : η(U) = ∞ for every open neighborhood U of x

}
,

and by Rη := Sc
η the set of regular points of η. For an M +

reg-sequence (ηn)n∈N, we say it
converges m-weakly to an η ∈ M +

reg if the following two conditions hold:

(2.2) If U is an open subset of R with η(U) = ∞ then limn→∞ ηn(U) = ∞.
(2.3) For every compact K ⊂ Rη, the sequence (ηn(K))n∈N is eventually bounded and

limn→∞
∫

φ dηn = ∫
φ dη for every φ ∈ Cc(Rη).

Let us now list some properties of the solutions to (1.16), given their initial traces. The
following two statements can be verified from [24], Proposition 3.10 and [22], Theorem 4:

(2.4) For every (A, ν), (Ã, ν̃) ∈ T , if (A, ν) � (Ã, ν̃), then v
(A,ν)
t,x ≤ v

(Ã,ν̃)
t,x for every t > 0

and x ∈R.
(2.5) For any T -sequence ((An, νn))n∈N and (A, ν) ∈ T , if η(An,νn) converges m-weakly

to η(A,ν), then v
(An,νn)
t,x converges to v

(A,ν)
t,x for every t > 0 and x ∈ R.

The following three statements can be verified directly from the uniqueness of the solution to
(1.16):

(2.6) v
(R,0)
t,x = 2/t for every t > 0 and x ∈R.

(2.7) v
(A,0)
t,x = v

(A+{z},0)
t,x+z for every closed A ⊂ R, t > 0, x ∈ R, and z ∈ R.

(2.8) v
(A,0)
t,x = v

(−A,0)
t,−x for every closed A ⊂R, t > 0 and x ∈ R.

According to [16], Proposition 3.2 & Lemma 3.4, there exists a constant C2 ≥ 2 such that

(2.9) v
((−∞,0],0)
t,x ≤ C2

t

(
1 + x√

t

)
e− x2

2t , t > 0, x ≥ 0.

Using (2.4), (2.6), (2.7), (2.8), and (2.9), it is straightforwad to verify that

v
([−k,k],0)
t,x ≤ C2

t

(
1 + d(x, [−k, k])√

t

)
e− d(x,[−k,k])2

2t , k ≥ 0, t > 0, x ∈ R,(2.10)

where d(x, [−k, k]) := inf{|x − z| : z ∈ [−k, k]}.

2.2. Proof of Theorem 1.1(i). For two lists of real numbers (xi)i∈I0 ∈ X and (x̃i)i∈Ĩ0
∈ X ,

we say (x̃i)i∈Ĩ0
is a sublist of (xi)i∈I0 if there is an strictly increasing map ι from Ĩ0 to I0 so

that x̃i = xι(i) for every i ∈ Ĩ0.
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LEMMA 2.1. Let (x̃i)i∈Ĩ0
be a sublist of (xi)i∈I0 . Suppose that X̃ = {X̃(i)

t : t ≥ 0, i ∈ Ĩ0}
is a coalescing Brownian particle system with initial configuration (x̃i)i∈Ĩ0

. For every U ∈
B(R) and t ≥ 0, denote by Z̃t (U) the number of living particles contained in U at time t

in the particle system X̃. Then for every U ∈ B(R), the process (Z̃t (U))t≥0 is stochastically
dominated by the process (Zt (U))t≥0.

Lemma 2.1 can be verified by a straightforward coupling method. We omit the details.

PROOF OF THEOREM 1.1(i). We construct another particle system that is easily seen to
have infinitely many particles in U for all time, and is dominated by that of coalescing Brow-
nian motions. Notice that supp(�,μ) is also the support of the set {xi : i ∈ I0}. The condition
of the theorem implies that supp(�,μ) is unbounded, and therefore there are infinitely many
initial particles, that is, I0 = N. Since U is an interval and U ∩ supp(�,μ) is unbounded,
there exists a subsequence (x̃i)i∈N of (xi)i∈N such that {(x̃i − 2, x̃i + 2) : i ∈ N} is a family
of disjoint subsets of U . Let X̃ be a coalescing Brownian particle system with initial config-
uration (x̃i)i∈N. Let Z̃t (U) be the number of the particles contained in U at time t ≥ 0 in the
particle system X̃. From Lemma 2.1, (Z̃t (U))t≥0 is stochastically dominated by (Zt (U))t≥0.
Now, we only have to show that Z̃t (U) = ∞, for every t ≥ 0, almost surely.

To do that, we want to construct another Brownian particle system. Let {(B̂(i)
t )t≥0 : i ∈ N}

be a sequence of independent Brownian motions such that B̂
(i)
0 = x̃i for each i ∈ N. Define

ζ̂i := inf{t ≥ 0 : |B̂(i)
t − B̂

(i)
0 | ≥ 1} and

X̂
(i)
t =

{
B̂

(i)
t if t ∈ [0, ζ̂i),

† otherwise,

for each i ∈ N. Now, X̂ := {X̂(i)
t : t ≥ 0, i ∈ N} is a system of independent Brownian particles,

where each particle is killed when the distance it travels reaches 1, that is, the ith particle is
killed at time ζ̂i . Denote by Ẑt (U) the number of the particles contained in U at time t ≥ 0 in
the particle system X̂. Since the initial particles in X̂ are located away from each other with
distance at least 4, each particle in X̂ is killed before it can meet with any other particles.
Therefore, (Ẑt (U))t≥0 is stochastically dominated by (Z̃t (U))t≥0.

To finish the proof, we only have to show that Ẑt (U) = ∞ for every t ≥ 0 almost surely.
First, observe that Ẑt (U) is the total population of the system X̂, since for every i ∈ N,
particle i are killed before it can leave [xi − 1, xi + 1] ⊂ U . In particular, we have Ẑt (U) =∑

i∈N 1{ζ̂i>t}, which is a nonincreasing process in t ≥ 0. Also, observe that (ζ̂i)i∈N is a family

of i.i.d. random variables with P(ζ̂i > t) > 0 for every t ≥ 0. Now, the desired result follows
from the second Borel–Cantelli lemma. �

2.3. Proof of Theorem 1.1(ii). Recall that X = {X(i)
t : t ≥ 0, i ∈ I0} is a coalescing Brow-

nian particle system with initial configuration (xi)i∈I0 and initial trace (�,μ) = �((xi)i∈I0).
If there are finitely many initial particles, that is, #I0 < ∞, then the statement in Theorem
1.1(ii) holds automatically because Zt(U) ≤ #I0 by definition. Therefore, in the rest of this
subsection, we assume that there are infinitely many initial particles, that is, I0 = N.

Let θ be a nonnegative increasing continuous function from [0,1) to [1,∞) such that
θ(0) = 1 and θ(γ ) = − log(1 − γ )/γ for every γ ∈ (0,1). Let us state several lemmas that
will be proved later in this subsection.

LEMMA 2.2. Let U ⊂ R be an open interval and ε ∈ (0,1). Let (ut,x)t≥0,x∈R be the
solution to the Wright–Fisher SPDE (1.10) with initial condition u0 = ε1U . Let F be a closed
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interval containing the set {xi : i ∈ N}. Then for any t > 0 and γ ∈ (ε,1), we have

(2.11) E
[
(1 − ε)Zt (U)]≥ Eε1U

[
exp

(
−θ(γ )

∞∑
i=1

ut,xi

)]
− Pε1U

(
sup

s≤t,y∈F

us,y > γ
)
,

and

(2.12) E
[
(1 − ε)Zt (U)]≤ Eε1U

[
exp

(
−

∞∑
i=1

ut,xi

)]
.

For every t > 0, closed interval F , and (A, ν) ∈ T , define

(2.13) V(A,ν,F )
t :=

∫ t

0

∫
F c

(
v(A,ν)
r,z

)2 dz dr,

where v satisfies (1.16).

LEMMA 2.3. Let t > 0:

1. If U is an open interval so that U ∩{xi : i ∈ N} is bounded, then
∫
U v

(�,μ)
t,y dy is finite.

2. If F is a closed interval containing
⋃

i∈N(xi − 1, xi + 1), then V(�,μ,F )
t is finite.

LEMMA 2.4. Let U be an open interval. Let F be a closed interval containing
⋃

i∈N(xi −
1, xi + 1). Let t > 0 and 0 ≤ ε ≤ γ < 1. Suppose that (ut,x)t≥0,x∈R is a solution to the
Wright–Fisher SPDE (1.10) with initial condition u0 = ε1U . Then

Eε1U

[
exp

(
−θ(γ )

∞∑
i=1

ut,xi

)]
(2.14)

≥ exp
(
− ε

1 − γ

∫
U

v
(�,μ)
t,y dy

)
− ε

2(1 − γ )
V(�,μ,F )

t − Pε1U

(
sup

s≤t,y∈F

us,y > γ
)
,

and

(2.15) Eε1U

[
exp

(
−

∞∑
i=1

ut,xi

)]
≤ exp

(
−ε

∫
U

v
(�,μ)
t,y dy

)
.

LEMMA 2.5. Let U be an open interval, and F be a closed interval. Let t > 0 and
0 < γ < 1. Suppose that U ∩ F is bounded. Then

C3(U,F, t, γ ) := sup
ε∈(0,γ /2)

1

ε
Pε1U

(
sup

s≤t,y∈F

us,y > γ
)

< ∞.

We use the above lemmas to prove the next proposition.

PROPOSITION 2.6. Suppose that F is a closed interval containing
⋃

i∈N(xi − 1, xi + 1).
Suppose that U is an open interval such that U ∩ F is bounded. Then for any t > 0 and
γ ∈ (0,1),

(2.16) E
[
Zt(U)

]≤ 1

1 − γ

[∫
U

v
(�,μ)
t,y dy + 1

2
V(�,μ,F )

t

]
+ 2C3(U,F, t, γ ) < ∞.
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PROOF. Let ε ∈ (0, γ /2) be arbitrary and (ut,x)t≥0,x∈R be a solution to the Wright–
Fisher SPDE (1.10) with initial condition u0 = ε1U . From the condition of the proposition, it
is easy to see that U ∩ {xi : i ∈ N} is bounded. By Lemmas 2.2, 2.4 and 2.5, we have

E
[
(1 − ε)Zt (U)]≥ exp

(
− ε

1 − γ

∫
U

v
(�,μ)
t,y dy

)
− ε

2(1 − γ )
V(�,μ,F )

t − 2εC3(U,F, t, γ ).

We extract the first moment of Zt(U) by taking the derivative of its moment generating
function, that is,

E
[
Zt(U)

]= lim
ε→0+

1 −E((1 − ε)Zt (U))

ε

≤ 1

1 − γ

[∫
U

v
(�,μ)
t,y dy + 1

2
V(�,μ,F )

t

]
+ 2C3(U,F, t, γ ),

which is finite for every t > 0 by Lemmas 2.3 and 2.5. �

REMARK 2.7. Let U be an open interval such that U ∩ supp(�,μ) is bounded. Take F

to be the smallest closed interval containing
⋃

i∈N(xi −1, xi +1). Since supp(�,μ) = cl({xi :
i ∈ N}), where cl(A) denotes the closure of a set A, it is clear that U ∩ F is bounded. Now,
the above proposition implies that, for fixed t > 0, E[Zt(U)] < ∞ and, therefore, P(Zt (U) <

∞) = 1.

For any open subset G of [0,∞) ×R, let us define random variable

Z(G) := ∑
i∈I0

1{∃t>0 s.t. (t,X
(i)
t )∈G},

which is the number of particles whose time-space trajectory intersects G.

PROPOSITION 2.8. Let U be an open interval such that U ∩ supp(�,μ) is bounded. Let
0 < δ < T < ∞ be arbitrary. Then E[Z((δ, T ) × U)] < ∞.

PROOF. Let us consider covering the space R by open intervals Lj := (j − 1, j + 1),
j ∈N and show that E[Zδ(Lj )] is uniformly bounded in j . In fact, fixing arbitrary 0 < γ < 1
and j ∈ N, by Proposition 2.6 we have

E
[
Zδ(Lj )

]≤ 1

1 − γ

[∫ j+1

j−1
v

(�,μ)
δ,y dy + 1

2
V(�,μ,R)

δ

]
+ 2C3(Lj ,R, δ, γ ).

Notice that, by (2.4) and (2.6),∫ j+1

j−1
v

(�,μ)
δ,y dy ≤

∫ j+1

j−1
v

(R,0)
δ,y dy = 4

δ
,

and that V(�,μ,R)
δ = 0. It is also clear from the definition of C3 in Lemma 2.5 that

C3(Lj ,R, δ, γ ) = C3(L0,R, δ, γ ).

Therefore, we have

E
[
Zδ(Lj )

]≤ 4

(1 − γ )δ
+ 2C3(L0,R, δ, γ ) =: C4(δ, γ ).

Define β
(i)
t := B

(i)
δ+t − B

(i)
δ for every i ∈ N, t ≥ 0. From the Markov property of Brownian

motions, {(β(i)
t )t≥0 : i ∈ N} is a family of independent Brownian motions which are indepen-

dent of (B
(i)
δ )i∈N. Therefore,

Nj := Zδ(Lj ) = #
{
i ∈ N : ζi > δ,B

(i)
δ ∈ Lj

}
, j ∈ N
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is independent of

M
(i)
T −δ := sup

t∈[0,T −δ]
∣∣β(i)

t

∣∣, i ∈N.

One can verify the following inequality:

Z
(
(δ, T ) × U

)≤ Zδ(U) + ∑
j∈N:Lj 	⊂U

∑
i∈N:δ>ζi,B

(i)
δ ∈Lj

1{M(i)
T −δ≥dist(Lj ,U)}.

Here dist(Lj ,U) denotes the distance between sets Lj and U , which is also the distance a
Brownian particle at least needs to travel from Lj to U . Taking expectations, we have

E
[
Z
(
(δ, T ) × U

)]≤ E
[
Zδ(U)

]+ ∑
j∈N:Lj 	⊂U

E

[ ∑
i∈N:δ>ζi,B

(i)
δ ∈Lj

1{M(i)
T −δ≥dist(Lj ,U)}

]
.

It follows from Proposition 2.6 and Remark 2.7 that the first expectation on the right-hand
side is finite. Now, from the independence of (Nj )j∈N with the collection of the i.i.d. random

variables (M
(i)
T −δ)i∈N, we can apply Wald’s lemma to calculate the second expectation on the

right-hand side. Thus,

E
[
Z
(
(δ, T ) × U

)]≤ E
[
Zδ(U)

]+ ∑
j∈N:Lj 	⊂U

E[Nj ] · P(M(0)
T −δ ≥ dist(Lj ,U)

)

≤ E
[
Zδ(U)

]+ C4(δ, γ )
∑

j∈N:Lj 	⊂U

C5(T − δ) exp
(
−dist(Lj ,U)2

2(T − δ)

)
< ∞,

as desired. Here C5(T − δ) is a finite constant only depending on T − δ. �

PROOF OF THEOREM 1.1(ii). Clearly, Zt(U) ≤ Z((δ, T ) × U), for every t ∈ (δ, T ),
almost surely. Thus, it suffices to show that P(Z((δ, T ) × U) < ∞) = 1 for arbitrarily fixed
0 < δ < T . Now, the desired result follows from Proposition 2.8. �

Let us now give the proofs of Lemmas 2.2–2.5.

PROOF OF LEMMA 2.2. Noticing that, for every n ∈ N, X(n) := {X(i)
t : t ≥ 0, i =

1, . . . , n} is a coalescing Brownian particle system with initial configuration (xi)
n
i=1. De-

note by I
(n)
t the random set of the indexes of the particles alive at a given time t ≥ 0 in the

particle system X(n). From Shiga’s duality [28], Theorem 5.2,

E

[ ∏
i∈I

(n)
t

(
1 − ε1U

(
X

(i)
t

))]= Eε1U

[
n∏

i=1

(1 − ut,xi
)

]
, n ∈ N.

Taking n ↑ ∞, we get by monotone convergence theorem that

E

[∏
i∈It

(
1 − ε1U

(
X

(i)
t

))]= Eε1U

[ ∞∏
i=1

(1 − ut,xi
)

]
.

We can rewrite the above as

E
[
(1 − ε)Zt (U)]= Eε1U

[
exp

( ∞∑
i=1

log(1 − ut,xi
)

)]
.

On one hand, from the fact that log(1 − z) ≤ −z for every z ∈ [0,1], we have (2.12)
holds, as desired. On the other hand, from the fact that z �→ θ(z) = − log(1 − z)/z is a
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positive increasing function on (0,1), we can verify that − log(1 − z) ≤ θ(γ )z for every
z ∈ [0, γ ]. Note that almost surely on the event {sups≤t,y∈F us,y ≤ γ }, for every i ∈ N, we
have ut,xi

∈ [0, γ ] and, therefore, − log(1 − ut,xi
) ≤ θ(γ )ut,xi

. So we can verify that

E
[
(1 − ε)Zt (U)]≥ Eε1U

[
exp

(
−θ(γ )

∞∑
i=1

ut,xi

)
1{sups≤t,y∈F us,y≤γ }

]

≥ Eε1U

[
exp

(
−θ(γ )

∞∑
i=1

ut,xi

)]
− Pε1U

(
sup

s≤t,y∈F

us,y > γ
)
,

as desired. �

PROOF OF LEMMA 2.3. Notice that, for the statement (2), we only have to show that
V(�,μ,F )

t is finite when F is the smallest closed interval containing
⋃

i∈N(xi − 1, xi + 1).
So let us denote by F this smallest closed interval, and by F̃ the smallest closed interval
containing {xi : i ∈ N}. From the condition that U ∩ {xi : i ∈ N} is bounded, it is easy to see
that U ∩ F̃ is bounded. It is also clear that (�,μ) � (F̃ ,0). There are four cases to consider,
for which we derive both statements (1) and (2):

Case (1), F̃ = R: In this case U must be a bounded interval, say (α,β). From (2.6) we
know that

∫
U v

(�,μ)
t,x dx ≤ 2(β − α)/t is finite. It is also obvious that V(�,μ,R)

t = 0 is finite.
Case (2), F̃ = (−∞, b] for some b ∈ R: In this case F = (−∞, b + 1], and U must be the

subset of (α,∞) for some α ∈ R. From (2.4) and (2.7), we have∫
U

v
(�,μ)
t,x dx ≤

∫ ∞
α

(
v

(R,0)
t,x 1x<b + v

((−∞,0],0)
t,x−b 1x≥b

)
dx.

One can verify that the integral on the right-hand side is finite using (2.6) and (2.9). One can
also verify that

V(�,μ,F )
t ≤

∫ t

0

∫ ∞
b+1

(
v

((−∞,0],0)
r,z−b

)2 dz dr,

where the right-hand side is finite by (2.9).
Case (3), F̃ = [a,∞) for some a ∈ R: This is similar to Case 2, thanks to the spatial

symmetry of the PDE (1.16).
Case (4), F̃ = [a, b] for some −∞ < a < b < ∞: Now, F = [a − 1, b + 1]. From (2.4)

and (2.7), we have ∫
U

v
(�,μ)
t,x dx ≤

∫
v

([− b−a
2 , b−a

2 ],0)

t,x− a+b
2

dx.

One can verify that the integral on the right-hand side is finite using (2.10). One can also
verify that

V(�,μ,F )
t ≤

∫ t

0

(∫ a−1

−∞
+
∫ ∞
b+1

)(
v

([− b−a
2 , b−a

2 ],0)

r,z− a+b
2

)2 dz dr,

where the right-hand side is finite by (2.10). �

PROOF OF LEMMA 2.4. Let n ∈N be arbitrary. Define a stopping time,

τ := inf
{
s ≥ 0 : sup

y∈F

us,y > γ
}
,
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and a process,

M(γ,n)
s :=

⎧⎪⎪⎨⎪⎪⎩
1

1 − γ

∫
us,yv

(∅,μ(γ,n))
t−s,y dy s ∈ [0, t),

1

1 − γ

∫
ut,yμ

(γ,n)(dy) s = t,

where μ(γ,n)(dy) = (1 − γ )θ(γ )
∑n

i=1 δxi
. One can show that {M(γ,n)

s : s ∈ [0, t]} is a con-
tinuous semimartingale. In fact, using the stochastic Fubini’s theorem for space-time white
noise (c.f. [17], Lemma 2.4), it is standard to verify that almost surely, for every s ∈ [0, t],

M(γ,n)
s − M

(γ,n)
0

= 1

1 − γ

(
1

2

∫∫ s

0

(
v

(∅,μ(γ,n))
t−r,z

)2
ur,z dr dz +

∫∫ s

0
v

(∅,μ(γ,n))
t−r,z

√
ur,z(1 − ur,z)W(dr dz)

)
.

By Ito’s formula we can verify that, almost surely for every s ∈ [0, t],
e−M

(γ,n)
s − e−M

(γ,n)
0

= − 1

2(1 − γ )2

∫∫ s

0
e−M

(γ,n)
r

(
v

(∅,μ(γ,n))
t−r,z

)2(
u2

r,z − γ ur,z

)
dr dz(2.17)

− 1

1 − γ

∫∫ s

0
e−M

(γ,n)
r v

(∅,μ(γ,n))
t−r,z

√
ur,z(1 − ur,z)W(dr dz).

To show (2.14), let us take the expectation on (2.17), while setting s = τ ∧ t . Notice that

Eε1U

[∫∫ τ∧t

0
e−M

(γ,n)
r v

(∅,μ(γ,n))
t−r,z

√
ur,z(1 − ur,z)W(dr dz)

]
= 0

and ∫∫ τ∧t

0
e−M

(γ,n)
r

(
v

(∅,μ(γ,n))
t−r,z

)2(
u2

r,z − γ ur,z

)
dr dz

≤ (1 − γ )

∫ t

0
dr

∫
F c

(
v

(∅,μ(γ,n))
t−r,z

)2
ur,z dz a.s.

The last inequality follows by the observation that u2
r,z − γ ur,z ≤ 0 for r ≤ τ and z ∈ F . By

the above and noticing that from (1.11) that Eε1U
[ur,z] ≤ ε, for every r ≥ 0, z ∈ R, we get

E
[
e−M

(γ,n)
τ∧t

]− e−M
(γ,n)
0 ≥ − ε

2(1 − γ )

∫ t

0
dr

∫
F c

(
v(∅,μ(γ,n))
r,z

)2 dz.

Now, we have

E
[
e−M

(γ,n)
t

]+ P(τ ≤ t) ≥ E
[
e−M

(γ,n)
τ∧t ; τ > t

]+E
[
e−M

(γ,n)
τ∧t ; τ ≤ t

]
(2.18)

≥ e−M
(γ,n)
0 − ε

2(1 − γ )

∫ t

0
dr

∫
F c

(
v(∅,μ(γ,n))
r,z

)2 dz.

We want to take the limit in (2.18), as n → ∞. Notice that the T -sequence ((∅,μ(γ,n)))n∈N
is increasing with respect to the partial order �. Recall the map η, given by (2.1). Define
μ(γ ) := η(�,(1−γ )θ(γ )μ). From (1.8) and (1.9), it is straightforward to verify that (μ(γ,n))n∈N
converges to μ(γ ) m-weakly as n → ∞. Therefore, from (2.4) and (2.5), the increasing se-

quence (v
(∅,μ(γ,n))
r,z )n∈N converges to v

(�,(1−γ )θ(γ )μ)
r,z for every r > 0 and z ∈ R. From (2.4)

and the fact that (1 − γ )θ(γ ) ≤ 1, we have v
(�,(1−γ )θ(γ )μ)
r,z ≤ v

(�,μ)
r,z for every r > 0 and
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z ∈ R. Taking the limit in (2.18) as n ↑ ∞, we can now verify from the monotone conver-
gence theorem that

M
(γ,n)
t −→ θ(γ )

∞∑
i=1

ut,xi
,

M
(γ,n)
0 −→ ε

1 − γ

∫
U

v
(�,(1−γ )θ(γ )μ)
t,y dy ≤ ε

1 − γ

∫
U

v
(�,μ)
t,y dy,(2.19)

∫ t

0
dr

∫
F c

(
v(∅,μ(γ,n))
r,z

)2 dz −→ V(�,(1−γ )θ(γ )μ,F )
t ≤ V(�,μ,F )

t ,

which implies the desired (2.14).
To show (2.15), let us take the expectation on (2.17) while replacing s by t and the arbitrary

γ ∈ [0,1) by 0. This gives us

(2.20) E
[
e−M

(0,n)
t

]≤ e−M
(0,n)
0 .

Taking the arbitrary n ↑ ∞, we can get the desired (2.15) from (2.19) and (2.20). �

PROOF OF LEMMA 2.5. Take ε < γ/2, and assume that (ut,x)t≥0,x∈R solves the Wright–
Fisher SPDE (1.10) with initial condition u0,· = ε1U . From (1.11) we have that

(2.21) us,y ≤ ε + Ns(y), s ≥ 0, y ∈ R,

where

Ns(y) :=
∫∫ s

0
Gs−r,y−z

√
ur,z(1 − ur,z)W(dr dz).

Since ε < γ/2, we see from (2.21) that us,y is less than γ if |Ns(y)| is less than γ /2. Hence, it
suffices to show that there exists a constant C6(U,F, t, γ ) > 0, independent of ε ∈ (0, γ /2),
such that

(2.22) Pε1U

(
sup

s≤t,y∈F

∣∣Ns(y)
∣∣> γ

2

)
≤ εC6(U,F, t, γ ).

Since F is a closed interval, there are four cases:

1. F = [a,∞) for some a ∈R.
2. F = (−∞, b] for some b ∈ R.
3. F = R, and
4. F = [a, b] for some −∞ < a ≤ b < ∞.

Case (1): Since U is an interval and U ∩ F is bounded, we have U ⊂ (−∞, β) for some
β ∈ R. Now, we can apply [30], Lemma 3.1, and get that there exists a constant C7 > 0,
independent of U , F , t , γ , and ε such that

Pε1U

(
sup

s≤t,y∈[a,∞)

∣∣Ns(y)
∣∣> γ

2

)

≤ C7

(
γ

2

)−20(
t ∨ t22) ∫ ε1U(x)dx

∫
Gt,x−z1[a,∞)(z)dz(2.23)

≤ ε
C7√
2πt

(
γ

2

)−20(
t ∨ t22) ∫ β

−∞
dx

∫ ∞
a

Gt,x−z dz < ∞,

which implies the desired result (2.22) for this case.
Case (2): This case is similar to Case (1) due to the spatial symmetry of the SPDE (1.10).
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Case (3): Since U ∩ F is bounded, we have U = (α,β) for some −∞ < α ≤ β < ∞. In
this case by [30], Lemma 3.1, (2.23) still holds for arbitrary a ∈ R. Taking a ↓ −∞, we get
from monotone convergence theorem that

Pε1U

(
sup

s≤t,y∈R
∣∣Ns(y)

∣∣> γ

2

)
≤ C7ε

(
γ

2

)−20(
t ∨ t22)(β − α).

Therefore, the desired result (2.22) also holds for Case (3).
Case (4): In this case F = [a, b] is bounded. Let p > 4. From [29], Lemma 6.2, there

exists a constant C8 > 0 such that, for any s, s′ ≥ 0 and y, y′ ∈ R,

Ks,y;s′,y′ :=
∫∫ ∞

0
|Gs′−r,y′−z − Gs−r,y−z|2 dr dz ≤ C8

(∣∣y′ − y
∣∣+√∣∣s′ − s

∣∣),
where G := 0 on (−∞,0) × R for convention. From (1.11), Burkholder–Davis–Gundy in-
equality [18], Theorem 20.12, and Jensen’s inequality, there exists a constant C9(p) > 0,
depending only on p, such that, for every s, s′ ≥ 0 and y, y′ ∈ R,

Eε1U

[∣∣Ns′
(
y′)− Ns(y)

∣∣2p]
= Eε1U

[∣∣∣∣∫∫ ∞
0

(Gs′−r,y′−z − Gs−r,y−z)
√

ur,z(1 − ur,z)W(dr dz)

∣∣∣∣2p]
≤ C9(p)Eε1U

[(∫∫ ∞
0

|Gs′−r,y′−z − Gs−r,y−z|2ur,z dr dz

)p]
= C9(p)Kp

s,y;s′,y′Eε1U

[(
1

Ks,y;s′,y′

∫∫ ∞
0

|Gs′−r,y′−z − Gs−r,y−z|2ur,z dr dz

)p]

≤ C9(p)Kp

s,y;s′,y′Eε1U

[
1

Ks,y;s′,y′

∫∫ ∞
0

|Gs′−r,y′−z − Gs−r,y−z|2up
r,z dr dz

]
≤ C9(p)C

p
8 ε
(∣∣y′ − y

∣∣+√∣∣s′ − s
∣∣)p.

Here in the last inequality, we used the fact that Eε1U
[up

r,z] ≤ Eε1U
[ur,z] ≤ ε for every r ≥ 0

and z ∈ R. Now, from Kolmogorov continuity theorem for random fields [31], Corollary 1.2,
there exists a constant C10(t,p,F ) > 0, depending only on t , p and the bounded F such that

Eε1U

[
sup

(s′,y′),(s,y)∈[0,t]×F

∣∣Ns′
(
y′)− Ns(y)

∣∣2p
]
≤ C10(t,p,F )ε.

Finally, for some y0 ∈ F , by Markov’s inequality and the fact that N0(y0) = 0,

Pε1U

(
sup

(s,y)∈[0,t]×F

∣∣Ns(y)
∣∣≥ γ

2

)
≤ Pε1U

(
sup

(s,y)∈[0,t]×F

∣∣Ns(y) − N0(y0)
∣∣≥ γ

2

)

≤ Eε1U
[sup(s,y)∈[0,t]×F |Ns(y) − N0(y0)|2p]

(γ /2)2p

≤ C10(t,p,F )

(γ /2)2p
ε.

The desired result (2.22) in Case (4) now follows. �

2.4. Proof of Theorem 1.2. As we have mentioned in Remark 1.3, it is enough to proof
Theorem 1.2(i), since Theorem 1.2(ii) is an immediate corollary of it.

PROOF OF THEOREM 1.2(i). From Theorem 1.1 (ii), we already know that (Zt )t>0 is
an N -valued process. Let us now verify that it is a càdlàg process. Fix an arbitrary 0 < δ <
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T < ∞ and l > 0. From Proposition 2.8 we have E[Z((δ, T ) × (−l, l))] < ∞. This implies
that almost surely there are only finitely many particle whose trajectory intersects with the
time-space region (δ, T ) × (−l, l). Denote by I(δ,T )×(−l,l) the labels of those particles, that
is,

I(δ,T )×(−l,l) := {
i ∈ I0 : ∃t ∈ (δ, T ) s.t. X

(i)
t ∈ (−l, l)

}
.

Then in other words, the event �δ,T ,l := {I(δ,T )×(−l,l) has finite cardinality} has probability 1.
Notice that if t ∈ (δ, T ) and ϕ is a continuous testing function supported on (−l, l), then

〈ϕ,Zt 〉 = ∑
i∈It

ϕ
(
X

(i)
t

)= ∑
i∈I(δ,T )×(−l,l)

ϕ
(
X

(i)
t

)
with a convention that ϕ(†) = 0. Now, on the event �δ,T ,l , for every continuous function
ϕ supported on (−l, l), we have (〈ϕ,Zt 〉)δ<t<T is a càdlàg process because it is the sum
of finitely many càdlàg processes. From this it is straightforward to verify that (Zt )t>0 an
N -valued càdlàg process.

We still needs to verify that (1.14) and (1.15) hold for the process (Zt )t>0. Let us first
consider the case when there are only finitely many initial particles, that is, #I0 < ∞. Equiv-
alently, speaking in terms of the initial trace, � = ∅ and μ(R) < ∞. In this case (1.14) holds
for the process (Zt )t>0 because it degenerates to Shiga’s duality formula [28], Theorem 5.2

E

[∏
i∈It

(
1 − f

(
X

(i)
t

))]= Ef

[∏
i∈I0

(1 − ut,xi
)

]
.

Similarly, (1.15) also holds for the process (Zt )t>0 and filtration (Ft ) by applying Shiga’s
duality to conditional expectation.

Let us now verify that (1.14) holds for the process (Zt )t>0 when #I0 = ∞. Notice that
in this case for every n ∈ N, X(n) := {X(i)

t : t ≥ 0, i = 1, . . . , n} is a coalescing Brownian
particle system with initial configuration (xi)

n
i=1. Denote by I

(n)
t the random set of the index

of the particles alive at a given time t > 0 in the particle system X(n). Let f be an arbitrary
[0,1]-valued Borel measurable function on R. From Shiga’s duality [28], Theorem 5.2,

E

[ ∏
i∈I

(n)
t

(
1 − f

(
X

(i)
t

))]= Ef

[
n∏

i=1

(1 − ut,xi
)

]
, n ∈ N.

Taking n ↑ ∞, we get by monotone convergence theorem that

(2.24) E

[∏
i∈It

(
1 − f

(
X

(i)
t

))]= Ef

[ ∞∏
i=1

(1 − ut,xi
)

]
.

From the fact that ut,x is continuous in x, we can verify the following analytical fact:
∞∏
i=1

(1 − ut,xi
) = 1{ut,x=0,∀x∈�}

∏
i∈N:xi /∈�

(1 − ut,xi
).

From this we can rewrite (2.24) into

E
[
exp

{〈
log(1 − f ),Zt

〉}]= Ef

[
1{ut,x=1,∀x∈�} exp

{〈
log(1 − ut ),μ

〉}]
,

as desired.
Similarly, we can verify that (1.15) holds for process (Zt )t>0 and filtration (Ft )t≥0. In

fact, by applying Shiga’s duality with conditional expectation to the particle system X(n), we
have

E

[ ∏
i∈I

(n)
t

(
1 − f

(
X

(i)
t

))∣∣∣Fs

]
=
∫
C[0,1]

( ∏
i∈I

(n)
s

(
1 − g

(
X(i)

s

)))
Pf (ut−s ∈ dg), n ∈N.
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Here Pf (ut−s ∈ dg) is the law of the random function ut−s under the probability Pf . Taking
n → ∞, we get

E

[∏
i∈It

(
1 − f

(
X

(i)
t

))∣∣∣Fs

]
=
∫
C[0,1]

(∏
i∈Is

(
1 − g

(
X(i)

s

)))
Pf (ut−s ∈ dg),

which can be rewritten as

E
[
exp

{〈
log(1 − f ),Zt

〉}|Fs

]= 

f
t−s(Zs).

This also implies the Markov property of (Zt )t>0. �

3. Proof of Theorem 1.4. From Theorem 1.2 we know that a coalescing Brownian mo-
tions process with initial trace (�,μ) can be realized by the process (Zt )t>0 constructed
through (1.3)–(1.7) by taking a list of real numbers (xi)i∈I0 ∈ X so that (�,μ) = �((xi)i∈I0).
Therefore, we only have to prove that the statements (i)–(v) hold for this precise realization
(Zt )t>0. First, notice that this is trivial if #I0 < ∞. In fact, if #I0 < ∞, then � = ∅ and
μ =∑n

i=1 δxi
for some finite n. In this case statements (ii)–(iv) hold for the process (Zt )t>0

simply because Zt(U) ≤ n for any t ≥ 0 and any open interval U , and there is no open inter-
val U satisfying the conditions of statements (i) and (v). Therefore, in the rest of this Section,
we will assume that I0 =N. This also allows us to use the lemmas from Section 2.3.

Let us first list some lemmas whose proofs are postponed at the end of this section.

LEMMA 3.1. Let F be a closed interval:

1. If U is an open interval such that U ∩ F is bounded, then

lim sup
t↓0

C3(U,F, γ, t) < ∞, γ ∈ (0,1),

where C3(U,F, γ, t) is given as in Lemma 2.5.
2. If F contains

⋃
i∈N(xi − 1, xi + 1), then

lim sup
t↓0

V(�,μ,F )
t < ∞.

LEMMA 3.2. Let U be an open interval such that U ∩ supp(�,μ) is bounded:

1. If Ū ∩ � =∅, then lim supt↓0
∫
U v

(�,μ)
t,x dx < ∞.

2. If Ū ∩ � 	=∅, then limt↓0
∫
U v

(�,μ)
t,x dx = ∞.

LEMMA 3.3. Let U ⊂ R be an open interval such that U ∩ supp(�,μ) is bounded.
Suppose that Ū ∩ � 	=∅. Then as t ↓ 0,(∫

U
v

(�,μ)
t,x dx

)−1
E
[
Zt(U)

]−→ 1.

LEMMA 3.4. Let U ⊂ R be an open interval such that U ∩ supp(�,μ) is bounded.
Suppose that Ū ∩ � 	=∅. Then as t ↓ 0,(∫

U
v

(�,μ)
t,x dx

)−1
Zt(U) −→ 1 in probability.
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PROOF OF THEOREM 1.4. As mentioned at the beginning of this section, we only have
to show that the statements (i)–(v) hold for the process (Zt )t>0 with the assumption that
#I0 = ∞. For statements (i) and (ii), this is done in Theorem 1.1. For statements (iii) this is
done in Proposition 2.6 and Remark 2.7.

Let us now verify that statement (iv) holds for the process (Zt )t>0. Let γ ∈ (0,1) be
arbitrary. Let F be the smallest closed interval containing

⋃
i∈N(xi − 1, xi + 1). From the

condition that U ∩ supp(�,μ) is bounded, we immediately get that U ∩ F is bounded. From
Lemma 3.1 we know that both lim supt↓0 V

(�,μ,F )
t and lim supt↓0 C3(U,F, t, γ ) are finite.

With this at hand, the desired result follows from Proposition 2.6 and Lemma 3.2(1).
Finally, from Lemmas 3.2 (2), 3.3, 3.4, and [18], Theorem 5.12, we can verify that the

statement (v) holds for the process (Zt )t>0. �

Let us now give the proofs of Lemmas 3.1–3.4.

PROOF OF LEMMA 3.1. From the definition of (V(�,μ,F )
t )t>0 and (C3(U,F, t, γ ))t>0

(see (2.13) and Lemma 2.5, respectively), we know that they are nondecreasing in t > 0.
Now, the desired results follow from Lemma 2.5 and Lemma 2.3(2). �

PROOF OF LEMMA 3.2(1). Since U is an open interval, there are four cases to consider:
Case (1), U = R: This case won’t happen, because from the condition of the lemma we

have supp(�,μ) is bounded and � = ∅. Now, μ is a locally finite measure on R with com-
pact support, and in particular, #I0 = μ(R) < ∞. This contradicts the assumption we made
at the beginning of this section.

Case (2), U = (α,β) for −∞ < α ≤ β < ∞: From the condition that Ū ∩ � = ∅, we get
that the closed interval Ū = [α,β] is contained in the open set �c. Therefore, there exists a
small δ > 0 such that [α − δ,β + δ] is also contained in �c. It can be verified that

Z0
([α − δ,β + δ])= #

({xi : i ∈ N} ∩ [α − δ,β + δ])< ∞,

since if it is infinite, then there exists a limiting accumulation point of {xi : i ∈ N} in �c,
which contradicts (1.8). Let us take a continuous [0,1]-valued function φ supported on [α −
δ,β + δ] such that φ = 1 on [α,β]. Now, as t ↓ 0, from (1.16) we have∫ β

α
v

(�,μ)
t,x dx ≤

∫
�c

v
(�,μ)
t,x φ(x)dx −→∑

i∈N
φ(xi) ≤ Z0

([α − δ,β + δ])< ∞,

as desired for this case.
Case (3), U = (α,∞) for some α ∈ R: From the condition that U ∩supp(�,μ) is bounded,

one can get that there exists β ∈ U big enough such that (β − 1,∞) ∩ supp(�,μ) = ∅. It is
then clear that (�,μ) � ((−∞, β − 1],0). Therefore, from (2.4), (2.7), and (2.9), we have∫ ∞

β
v

(�,μ)
t,x dx ≤

∫ ∞
β

v
((−∞,β−1],0)
t,x dx =

∫ ∞
1

v
((−∞,0],0)
t,x dx

≤ C2√
t

∫ ∞
t−1/2

(1 + z)e− 1
2 z2

dz ≤ C2√
t

∫ ∞
t−1/2

(
z

t−1/2 + z

)
e− 1

2 z2
dz(3.1)

= C2

(
1 + 1√

t

)
e− 1

2t −→ 0, t ↓ 0.

Also, note that, by taking Ũ := (α,β), we have Ũ ∩ supp(�,μ) is bounded and Ũ ∩ � = ∅.
So from what we proved in Case 2, we know that lim supt↓0

∫ β
α v

(�,μ)
t,x dx < ∞. Combining

this with (3.1), we get the desired result for this case.



86 C. BARNES, L. MYTNIK AND Z. SUN

Case (4), U = (−∞, β) for some β ∈ R: This is the same as Case 3, thanks to the spatial
symmetry. �

PROOF OF LEMMA 3.2(2). Since U ∩� 	= ∅, there exists x̃ ∈ U ∩�. By shifting (�,μ)

and U together, we can assume without loss of generality that x̃ = 0. Now, since U is an
open interval whose closure contains 0, we know that there exists δ > 0 such that either
(−δ,0) ⊂ U or (0, δ) ⊂ U holds. Define set −U := {−y ∈ R : y ∈ U}, it is then clear that
(−δ,0) ∪ (0, δ) ⊂ U ∪ (−U). Now, from (1.16), (2.4), (2.8), and the fact that ({0},0) �
(�,μ), we have, as t ↓ 0,∫

U
v

(�,μ)
t,x dx ≥

∫
U

v
({0},0)
t,x dx = 1

2

(∫
U

v
({0},0)
t,x dx +

∫
−U

v
({0},0)
t,x dx

)

≥ 1

2

∫
U∪(−U)

v
({0},0)
t,x dx ≥ 1

2

∫ δ

−δ
v

({0},0)
t,x dx −→ +∞,

as desired. �

PROOF OF LEMMA 3.3. Let F be the smallest closed interval containing
⋃

i∈N(xi −
1, xi + 1). Let 0 < γ < 1 be arbitrary. From the condition that U ∩ supp(�,μ) is bounded,
we know that U ∩F is also bounded. From Proposition 2.6 we know (2.16) holds for any time
t > 0. From Lemma 3.1 we know that both lim supt↓0 V

(�,μ,F )
t and lim supt↓0 C3(U,F, t, γ )

are finite. These and Lemma 3.2 (2) easily imply that

lim sup
t↓0

(∫
U

v
(�,μ)
t,y dy

)−1
E
[
Zt(U)

]≤ 1

1 − γ
.

Since γ ∈ (0,1) is arbitrary, we can replace the right-hand side of the above inequality by 1.
On the other hand, by Lemmas 2.2 (see (2.12)) and 2.4 (see (2.15)), for any t > 0, we have

E
[
Zt(U)

]= lim
ε↓0

1 −E((1 − ε)Zt (U))

ε

≥ lim
ε↓0

ε−1
(

1 − exp
(
−ε

∫
U

v
(�,μ)
t,y dy

))
=
∫
U

v
(�,μ)
t,y dy.

This implies that

lim inf
t↓0

(∫
U

v
(�,μ)
t,y dy

)−1
E
[
Zt(U)

]≥ 1.

Thus, the desired result follows. �

PROOF OF LEMMA 3.4. Let ϑ > 0 be arbitrary. Define

ε(U,ϑ, t) := 1 − exp
(
−
(∫

U
v

(�,μ)
t,x dx

)−1
ϑ

)
, t > 0.

From Lemma 3.2(2), it is easy to see that

ε(U,ϑ, t)

∫
U

v
(�,μ)
t,y dy −→ ϑ as t ↓ 0.

Also, notice that

(3.2) E

[
exp

(
−ϑ

(∫
U

v
(�,μ)
t,x dx

)−1
Zt(U)

)]
= E

[(
1 − ε(U,ϑ, t)

)Zt (U)]
, t > 0.
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By Lemmas 2.2 (see (2.12)) and 2.4 (see (2.15)), we have

E
[(

1 − ε(U,ϑ, t)
)Zt (U)]≤ exp

(
−ε(U,ϑ, t)

∫
U

v
(�,μ)
t,y dy

)
, t > 0,

which implies that

(3.3) lim sup
t↓0

E
[(

1 − ε(U,ϑ, t)
)Zt (U)]≤ e−ϑ .

Let us now take F to be the smallest closed interval containing
⋃

i∈N(xi − 1, xi + 1) and take
an arbitrary γ ∈ (0,1). From Lemma 3.2 (2) we have

(3.4) ε(U,ϑ, t) → 0 as t ↓ 0,

and, therefore, there exists t0(U,ϑ, γ ) such that 2ε(U,ϑ, t) < γ for every 0 < t ≤ t0(U,ϑ, γ ).
Now, by Lemmas 2.2 (see (2.11)) and 2.4 (see (2.14)), for every 0 < t ≤ t0(U,ϑ, γ ), we have

E
[(

1 − ε(U,ϑ, t)
)Zt (U)]

≥ exp
(
−ε(U,ϑ, t)

1 − γ

∫
U

v
(�,μ)
t,y dy

)

− ε(U,ϑ, t)

2(1 − γ )
V(�,μ,F )

t − 2Pε(U,ϑ,t)1U

(
sup

s≤t,y∈F

us,y > γ
)
.

Noticing that, by (3.4) and Lemma 3.1,

ε(U,ϑ, t)

2(1 − γ )
V(�,μ,F )

t −→ 0 as t ↓ 0,

and that by Lemma 2.5,

Pε(U,ϑ,t)1U

(
sup

s≤t,y∈F

us,y > γ
)

≤ ε(U,ϑ, t)C3(U,F, t, γ ) −→ 0 as t ↓ 0,

we can verify

lim inf
t↓0

E
[(

1 − ε(U,ϑ, t)
)Zt (U)]≥ e

− ϑ
1−γ .

Since γ ∈ (0,1) is arbitrary, we can replace the right-hand side of the above inequliaty by
e−ϑ . From this, (3.2), and (3.3), we have

lim
t↓0

E

[
exp

(
−ϑ

(∫
U

v
(�,μ)
t,x dx

)−1
Zt(U)

)]
= e−ϑ .

Since ϑ > 0 is arbitrary, we are done. �

4. Behavior of the rate function. For the proof of Proposition 1.5, we will use Le Gall’s
probabilistic representation [22], Theorem 4, for the solutions of the PDE (1.16). In the
lemma below, we give a weak version of [22], Theorem 4, avoiding the technical details
of the Brownian snake. We include its proof later in this section for the sake of completeness.
Denote by K the collection of compact subsets of R equipped with the Hausdorff metric.
Denote by K the identity map on K. Notice that K can be considered as a K-valued random
variable on the measurable space (K,B(K),P), where P is a probability measure that will
be specified in the following lemma. Define A − Ã := {a − ã : a ∈ A, ã ∈ Ã} for any subsets
A and Ã of R.
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LEMMA 4.1. There exists a unique probability measure P on K such that

P(K ∩ A 	=∅) = v
(A,0)
2,0 , A ∈ K.

Furthermore, the following statements hold:

1. v
(A,0)
t,x = 2t−1P(x ∈ (A − √

t/2K)) for every t > 0, x ∈ R, and compact A ⊂ R.
2. Extending the probability space (K,B(K),P) if necessary, there exist real valued

random variables Y , Ỹ , and strictly positive random variables R, R̃, such that E[R̃] < ∞
and that P((Y − R,Y + R) ⊂ −√

1/2K ⊂ (Ỹ − R̃, Ỹ + R̃)) = 1.

Here E is the corresponding expectation of the probability P.

PROOF OF PROPOSITION 1.5. Recall that λ is the Lebesgue measure on R. According
to Lemma 4.1(1) and Fubini’s theorem, we have

(4.1)
∥∥v(A,0)

t,·
∥∥
L1(R) = 2t−1E

[
λ(A −

√
t/2K)

]
, t > 0.

Let random variable Y , Ỹ , R, and R̃ be given as in Lemma 4.1(2):
(1) Suppose that A has positive finite cardinality. Notice that in this case λ(A −√
t/2K)/

√
t converges to #A · λ(

√
1/2K) almost surely, as t ↓ 0. Also, notice that the fam-

ily of random variables {λ(A − √
t/2K)/

√
t : t > 0} is dominated by the integrable random

variable 2#A · R̃. Therefore, from the dominated convergence theorem
√

t
∥∥v(A,0)

t,·
∥∥
L1(R) = 2E

[
λ(A −

√
t/2K)/

√
t
]−→ 2E

[
λ(
√

1/2K)
] · #A, t ↓ 0.

From (4.1) we have that C1 = ‖v({0},0)
1,· ‖L1(R) = 2E[λ(

√
1/2K)]. The desired result in this

case now follows:
(2) Suppose that A has positive finite Lebesgue measure. Notice that, in this case,

t
∥∥v(A,0)

t,·
∥∥
L1(R) = 2E

[
λ(A −

√
t/2K)

]≥ 2λ(A), t > 0.

On the other hand, since A is compact, we can verify from the monotone convergence theo-
rem that

t
∥∥v(A,0)

t,·
∥∥
L1(R) = 2E

[
λ(A −

√
t/2K)

]≤ 2E
[
λ
(
A + √

tR̃Bo)]→ 2λ(A), t ↓ 0,

where Bo := (−1,1) is the centered open unit ball in R. So we have t‖v(A,0)
t,· ‖L1(R) → 2λ(A),

as t ↓ 0.
(3) Suppose that A has Minkowski dimension δ ∈ (0,1). Define C11(A) := inf{n ≥ 0 :

A ⊂ [−n,n]}. Let δ ∈ (δ,1) be arbitrary. Noticing that

(4.2)
λ(A + rBo)

r1−δ
= exp

(
(log r)

(
logλ(A + rBo)

log r
− (1 − δ)

))
−→ 0, r ↓ 0,

so there exists C12(A, δ) > 0 such that λ(A + rBo)/r1−δ ≤ 1 for every r ∈ (0,C12(A, δ)).
Also, notice that

λ(A + rBo)

r1−δ
≤ 2(C11(A) + r)

r1−δ
≤ 2C11(A)

C12(A, δ)1−δ
+ 2rδ, r ≥ C12(A, δ).

Therefore, there exists C13(A, δ) > 0 such that λ(A+rBo)/r1−δ ≤ C13(A, δ)+2rδ for every
r > 0. Now, we can verify that the family of random variables {λ(A+√

tR̃Bo)/t(1−δ)/2 : t ∈
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(0,1]} is dominated by the integrable random variable C13(A, δ)R̃1−δ + 2R̃. From (4.1),
Proposition 4.1(2), (4.2), and the dominated convergence theorem, we have

t
1+δ

2
∥∥v(A,0)

t,·
∥∥
L1(R) = 2E

[
λ(A − √

t/2K)

(
√

t)1−δ

]
≤ 2E

[
λ(A + √

tR̃Bo)

(
√

tR̃)1−δ
R̃1−δ

]
→ 0, t ↓ 0.

From this and the fact that δ ∈ (δ,1) is arbitrary, we can verify that

lim sup
t↓0

log‖v(A,0)
t,· ‖L1(R)

log(1/t)
≤ 1 + δ

2
.

On the other hand, let δ ∈ (0, δ) be arbitrary. Notice that

λ(A + rBo)

r1−δ
= exp

(
(log r)

(
logλ(A + rBo)

log r
− (1 − δ)

))
−→ ∞, r ↓ 0.

So from (4.1), Lemma 4.1(2), and Fatou’s lemma,

lim inf
t↓0

t
1+δ

2
∥∥v(A,0)

t,·
∥∥
L1(R) = lim inf

t↓0
2E
[
λ(A − √

t/2K)

(
√

t)1−δ

]

≥ 2E
[
lim inf

t↓0

λ(A + √
tRBo)

(
√

tR)1−δ
R1−δ

]
= ∞.

From this and the fact that δ ∈ (0, δ) is arbitrary, we can verify that

lim inf
t↓0

log‖v(A,0)
t,· ‖L1(R)

log(1/t)
≥ 1 + δ

2
.

The desired result in this case now follows. �

PROOF OF LEMMA 4.1. Denote by W the space of pairs (ζ,w), where ζ ∈ [0,∞) and
w = (wt )t≥0 is an R-valued continuous path such that wt = wt∧ζ for every t ≥ 0. The space
W is equipped with the metric

dW
(
(ζ,w),

(
ζ ′,w′))= ∣∣ζ − ζ ′∣∣+ sup

t≥0

∣∣wt − w′
t

∣∣, (ζ,w),
(
ζ,w′) ∈W.

Denote by C([0,∞),W) the space of W-valued continuous path (ζs, (ws,t )t≥0)s≥0 equipped
with the topology of local uniform convergence. According to [22], Theorem 4, there exists
a σ -finite measure N0 on C([0,∞),W), known as the excursion measure of the Brownian
snake initiated at position 0, such that v

(A,0)
r,0 = 2N0(Sr ∩A 	= ∅) for every closed A ⊂ R and

r > 0. Here for each r > 0, Sr : (ζs, (ws,t )t≥0)s≥0 �→ {ws,r : s ≥ 0, ζs ≥ r} is a measurable
map from C([0,∞),W) to K. From (2.6) we have 2N0(S2 	= ∅) = v

(R,0)
2,0 = 1. This allows

us to define a probability measure Ñ0 on C([0,∞),W) so that dÑ0 = 21{S2 	=∅} dN0. Now,
we have

(4.3) v
(A,0)
2,0 = Ñ0(S2 ∩ A 	= ∅)

for every closed A ⊂R. This gives us the existence of the desired probability P, which is the
law of S2 under Ñ0. The uniqueness of P follows from [25], Theorem 1.13:

(1) One can verify directly from the uniqueness of the solution to the PDE (1.16) that
v

(A,0)
t,x = α2v

(αA,0)

α2t,αx
for every α > 0, t > 0, x ∈ R, and closed A ⊂ R. Now, we can verify for

every t > 0, x ∈ R and closed A ⊂ R that

v
(A,0)
t,x = v

(A−{x},0)
t,0 = 2t−1v

(
√

2/t(A−{x}),0)
2,0

= 2t−1P
(
K ∩ (√2/t

(
A − {x})) 	= ∅

)= 2t−1P
(
x ∈ (A −

√
t/2K)

)
.



90 C. BARNES, L. MYTNIK AND Z. SUN

(2) According to [22], Theorem 4, there exists a nonnegative continuous random field
(ũt,x)t>0,x∈R, known as the density of the super-Brownian motion constructed from the
Brownian snake, such that

v
(∅,θν)
2,0 = 2N0

[
1 − exp

(
−θ

2

∫
ũ2,yν(dy)

)]
for every θ > 0 and nonnegative finite Radon measure ν on R. Furthermore, from how it is
constructed, one can verify that N0-almost everywhere, (ũ2,y)y∈R is supported on S2. Fixing
a nonnegative finite Radon measure ν with supp(ν) = R, taking θ ↑ ∞, we get from above
and (2.5) that

1 = v
(R,0)
2,0 = 2N0

(∫
ũ2,yν(dy) > 0

)
= 2N0(∃y ∈ R, ũ2,y > 0)

= Ñ0(∃y ∈ R, ũ2,y > 0) = Ñ0

(⋃
n∈N

{
ũ2,y > 0,∀y ∈ (qn, q

′
n

)})
,

where {(qn, q
′
n) : n ∈ N} is a sequential arrangement of {(q, q ′) ∈ Q2 : q < q ′}. This allows us

to define a random variable N := inf{n ∈ N : ũ2,y > 0,∀y ∈ (qn, q
′
n)}, which is finite almost

surely under Ñ0. We then define an R-valued random variable Y and a (0,∞)-valued random
variable R so that (Y − R,Y + R) = −√

1/2(qN, q ′
N). Now, Ñ0-almost surely, (Y − R,Y +

R) ⊂ −√
1/2 supp(ũ2,·) ⊂ −√

1/2S2.
On the other hand, from (4.3), (2.8), (2.7), and (2.9), we can verify that

Ñ0(0 ∨ supS2 ≥ n) = Ñ0
(
S2 ∩ [n,∞) 	= ∅

)
= v

([n,∞),0)
2,0 = v

((−∞,−n],0)
2,0 = v

((−∞,0],0)
2,n

≤ 1

2
C2

(
1 + n√

2

)
e− n2

4 , n > 0.

So we have Ñ0[|0 ∨ supS2|] < ∞. Similarly, Ñ0[|0 ∧ infS2|] < −∞. We can then define
a real valued random variable Ỹ and a (0,∞)-valued random variable R̃ so that the interval
(Ỹ − R̃, Ỹ + R̃) = −√

1/2(0 ∧ infS2 − 1,0 ∨ supS2 + 1). Notice that Ñ0-almost surely,
−√

1/2S2 ⊂ (Ỹ − R̃, Ỹ + R̃). We are done. �
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