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Abstract
Consider the [0, 1]-valued continuous random field solution (u:(x));>0.zer to the
one-dimensional stochastic heat equation

1 .
8tut = iAut —+ b(ut) + v/ Ut(]. — Ut)W,

where b(1) < 0 < b(0) and W is space-time white noise. In this paper, we establish
the weak existence and uniqueness of the above equation for a class of drifts b(u)
that may be irregular at the points where the noise coefficient is non-Lipschitz and
degenerate, specifically at u = 0 or v = 1. This class of drifts includes non-Lipschitz
drifts like b(u) = u(1 — u) for every ¢ € (0, 1), and some discontinuous drifts like
b(u) = 1(0,1)(u) — u. This demonstrates a regularization effect of the multiplicative
space-time white noise without the standard assumption that the noise coefficient is
Lipschitz and non-degenerate. The method we apply is a further development of a
moment duality technique that uses branching-coalescing Brownian motions as the
dual particle system. To handle an irregular drift in the above equation, particles in
the dual system are allowed to have a number of offspring with infinite expectation,
and even an infinite number of offspring with positive probability. We show that, even
though the branching mechanism with an infinite number of offspring causes explo-
sions in finite time, immediately after each explosion, the total population comes
down from infinity due to the coalescing mechanism. Our results on this dual particle
system are of independent interest.
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C. Barnes et al.

1 Introduction
1.1 Motivation

In this paper, we consider the [0, 1]-valued continuous random field solution
(ut(x))t>0,2er to the stochastic partial differential equation (SPDE)

{ Opug () = 5 ug(x) + blug(x)) + U(ut(x))Wt,w, t>0,z€RR, (1)
o(z) = f(x), z € R, :
with Wright-Fisher noise coefficient (z) := y/2(1 — z) and drift
:Zbkzk:Zbkzk-i-bool{l}(z), z €10,1], (1.2)
keN k=0

satisfying b(0) > 0 > b(1) > —oo. Here, W is a space-time white noise; f is a
[0, 1]-valued continuous function on R; N = N U {co}; (by),cx is @ family of real
numbers; and 2 := 171} (z) for every z € [0, 1]. (Note that b(-), without the sub-
script, is a map from [0, 1] to R, while (by) 5 is a family of real numbers.)

We are going to show that there exists a unique in law solution to the above Eq.
(1.1) provided there exists an R > 1 such that

k—1
by < — Z b | RFL. (1.3)
keN\{1}

We will see later that under this assumption the drift » can be non-Lipschitz, and
sometimes even discontinuous. In particular, we can handle one-dimensional equa-
tions like

1 .
8tut = iAut + Ug(l — ut) + / ut(l — ’U,t)W

for every g € (0,1), and

1 .
Opuy = §Aut + Lo,y (ut) — ut + Vue (1 —ug) W

In the former case, this gives uniqueness in law for the stochastic reaction-diffusion
equation with Wright—Fisher noise and Holder drift near zero (example 1.3.1 below).
In the latter case, the drift coefficient b(+) is discontinuous at v = 0, exactly the place

where the noise coefficient 0 (u) = y/u(1 — u) is non-Lipschitz and degenerate—the
well-posedness results for this type of SPDEs are rare. In fact, as we will discuss later
with more details, the corresponding stochastic differential equation (SDE)

dX; = (1(0,1] (Xy) — Xt) dt + X (1 — X;)d B,
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is ill-posed.

Our interest in investigating the Eq. (1.1) arises from an enormous body of litera-
ture studying the SPDE (1.1) with b(-) belonging to a class of certain smooth func-
tions. Such equation is sometimes called the heat equation with Wright—Fisher noise
and it arises as the scaling limits of the stepping stone model in population genetics
(see [41]) and other important particle systems (see e.g. [14, 15, 36]). In the above
papers the drift belongs to a particular class of smooth functions, however, more gen-
eral models may give rise to more general drifts (see [28] for an interesting discus-
sion on non-spatial models), whose corresponding equations have been also studied
(see [5, 35]). This justifies studying well-posedness for (1.1) in presence of various
types of drifts. The weak existence of (1.1) is standard for some continuous drift b(-)(
see [35, 42]). As for uniqueness of solutions, let us mention that the pathwise and
strong uniqueness is still not resolved for (1.1) even in the case of zero drift. Thus, as
we have mentioned above, we will concentrate on deriving weak existence/unique-
ness of (1.1) for a class of irregular drifts.

First note, the weak uniqueness for (1.1) with a smooth drift of the form

b(z) =c1(1—2) —cez+c32(1 —2), z€]0,1],

(for ¢1,c2 > 0,c3 € R) has been derived in [41] via a duality argument where the
dual process is a system of coalescing Brownian motions with binary branching.
Then, great progress was made in [3] where the weak uniqueness has been verified
for a class of Lipschitz drifts that can be expressed in terms of power series whose
coefficients satisfy certain assumptions. Note that noise coefficients more general
than o(u) = y/u(1 — u) are allowed in [3], and duality with self-catalytic branch-
ing Brownian motions (including the branching-coalescing Brownian motions as one
of the special cases) is again used for the proof of weak uniqueness. However, one
should keep in mind, that in [3] only branching with finite mean is allowed in the
dual model, which imposes certain restrictions on the drift coefficient b, such as the
Lipschitz assumption among others.

Then an immediate question arises: is it possible to show well-posedness for (1.1)
with drifts that are not-necessarily Lipschitz? Here we should mention another tech-
nique that is often used for resolving the weak uniqueness for stochastic equations.
Namely, the Girsanov theorem (sometimes its version applied to SPDEs is called
Dawson-Girsanov theorem). The Girsanov theorem was used in [35] to derive weak
unigeness for (1.1) with the drift bounded as follows:

|b(z)‘ SK\/Z(]-*Z)v AS [031]7

which, at points z = 0 and z = 1, are H6lder continuous with exponent 1/2. This
leads us to a further question: Does weak-uniqueness hold for (1.1) with a drift whose
Hoélder exponent is less than 1/2 at the points where the noise coefficient degenerates?

As we have mentioned above, this paper gives an affirmative answer to this ques-
tion. To prove it we use a modification of the duality method used in [3]. This modifi-
cation is by no means trivial. It requires construction of the dual branching-coalescing
Brownian motions with branching mechanism not-necessarily having a finite first
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moment. Even more than that, to treat some irregular drifts, the particles are asked
to possibly have an infinite number of children at its branching time! In what follows
we call this “infinite" branching. We establish a set of novel results for the branching-
coalescing particle system with infinite branching, including its construction, which
we believe are of independent interest. As we will show below, the total number of
alive particles in this system is “reflecting from infinity”; the expected number of
alive particles at any fixed positive time is almost surely finite; and the expectation
of the number of births in the process over any finite time interval is also finite (see
Theorem 1.4 below). The similar phenomenon of “reflecting from infinity” is also
observed in other branching-coalescing type models, see [17, 31]. In order to handle
infinite branching, we used techniques from our previous work [6], where we prove a
“coming down from infinity” result for coalescing Brownian motions, where we give
necessary and sufficient conditions for an initially infinite collection of coalescing
Brownian motions to collapse down to a finite number.

Another motivation for this work comes from the so-called regularization by
noise area (See [16]) which is flourishing nowadays. In regularization by noise, one
addresses the following question: does adding noise transform an ill-posed determin-
istic differential equations into a well-posed equation? In this context, the following
ordinary SDE has been extensively studied in the literature:

dX, = b(X,)dt +dB;, X, =10 €RY, (1.4)

where B is a d-dimensional Brownian motion and b : R¢ — R is a possibly irregu-
lar drift, see for example [30, 45, 48]. Also in many cases, well-posedness has been
established for (1.4) for the drift b being a generalized function. For example, in [7,
23, 24, 33] strong existence and uniqueness of solutions to (1.4) has been established
for different types of distributional drifts. Weak existence and uniqueness of solutions
to (1.4) has been also established in a number of papers, see for example [47]. Let us
note that regularization by additive noise for ordinary differential equations has been
studied for other noises as well, (Lévy processes, fractional Brownian processes), see
for example [2, 9, 10, 11, 29, 32, 39, 43].

As for regularization by additive noise for partial differential equations, the promi-
nent example here is the stochastic heat equation driven by the additive space-time
white noise, that is, one takes 0 = 1 in (1.1). One of the first results on strong exis-
tence and uniqueness for such SPDEs with irregular function-valued drifts b, have
been obtained in [19, 20]. Recently, there have been results on strong existence and
uniqueness for such SPDE with b being a generalized function in a certain class (see
e.g. [1,10]).

The well-posedness for equations with irregular drift driven by muliplicative noise
has been studied mainly in the case of non-degenerate and Lipschitz noise coeffi-
cients: see, for example, [45, 47] in the SDE setting and [18] in the SPDE setting. As
for the well-posedness of equations with degenerate noise coefficients and irregular
drifts see, for example, [12] for the SDE setting. For SPDEs driven by noises with
degenerate non-Lipschitz coefficients, the results are not that rich. Strong well-pos-
edness has been proved in [37] for an SPDE in the form (1.1) with ¢ belonging to
Holder continuous functions with exponent greater than 3/4 and Lipschitz drift .
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Weak well-posedness has been recently given in [21] with some non-degenerate o
belonging to Holder continuous functions with exponent greater than 3/4 and Holder
drift 5. As for the SPDE (1.1) with o being a Holder function with exponent less than
or equal to 3/4, only weak uniqueness for very particular noise coefficients o( such
aso(u) = u” withy > 1/2, oro(u) = y/u(l — w)) and “nice" drifts b is known. By
“nice" drift we mean either it satisfies conditions of Girsanov theorem or it is suitable
for the duality technique (see [3, 35] which are already mentioned above).

Thus, the goal of this paper is to extend the class of drifts in the stochastic heat
equation driven by the Wright—Fisher space-time white noise for which the weak
well-posedness holds.

1.2 Main results

Before we introduce our main results, let us first discuss the rigorous definition of
the solution to (1.1). Denote by C(R, [0, 1]) the collection of [0, 1]-valued continuous
functions on R, equipped with the topology of uniform convergence on compact sets.
If there exists a filtered probability space (2, %, (%#;)¢>0, Ps), and on this space, an
adapted C(R, [0, 1])-valued continuous process (u;)¢>0, and an adapted space-time
white noise W, satisfying uy = f, and that for every (¢,z) € (0,00) x R almost
surely

w() = / P — ) Fy)dy + / / Pr—a( — 4)b(us(y))dsdy
0

¢ (1.5)
b [ [ pieata = o) Wiasdy),
0
then we say (u);> is a solution to the SPDE (1.1). Here,
pe(z) == e /@) )\ ant,  (t,2) € (0,00) x R (1.6)

is the heat kernel, and the third term on the right hand side of (1.5) is Walsh’s stochas-
tic integral driven by the space-time white noise [46]. Equation (1.5) is also known as
the mild form of the SPDE (1.1).

Let us be more precise about the existence of the solutions. In this paper, we
will be considering the weak existence. By that, we mean the existence of a filtered
probability space (2, %, (Z1)i>0,Py), a random field (ui(z))i>0,0er, as well as a
space-time white noise W, satisfying all the requirements above. If b, = 0, then the
drift coefficient b(-) is continuous; in this case, the weak existence of SPDE (1.1) is
standard (see [42, Theorem 2.6] and [35, Section 2.1]). However, if b, # 0, then the
drift coefficient b(-) is discontinuous; in this case, the weak existence of SPDE (1.1)
is not trivial, and will be part of our main result.

Let us also be more precise about the uniqueness of the solutions. Recall two
uniqueness concepts—the pathwise uniqueness and the weak uniqueness. We say
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that pathwise uniqueness holds for the SPDE (1.1) if any two solutions on the same
probability space driven by the same white noise are indistinguishable, i.e. they are
equal for all time, almost surely. We say weak uniqueness holds for the SPDE (1.1)
if any two solutions sharing the same initial value, not necessarily living in the same
probability space nor driven by the same white noise, induce the same law in the path
space C([0,00),C(R,[0,1])).

As it has been mentioned in the first subsection, the pathwise uniqueness for the
SPDE (1.1) is still open even in the case of zero drift. The weak uniqueness results
are established in [3, 35, 41] for a class of “nice" drifts. In what follows we will say
that weak well-posedness holds for the SPDE (1.1) if both weak existence and weak
uniqueness hold for it. Let us now present our main result.

Theorem1.1 Letf € C(R, [0, 1]) bearbitrary. Let (by,) e beafamily of real numbers.
Let the function b : z — b(z) be given as in (1.2) satisfying b(0) > 0 > b(1) > —oo.
If there exists an R > 1 such that (1.3) holds, then weak well-posedness holds for
the SPDE (1.1).

1.3 Examples

As we have mentioned above, Theorem 1.1 provides weak existence and weak
uniqueness of SPDE (1.1) for a set of more singular drifts » than is obtained in [3,
35]. Let us discuss some examples.

1.3.1 Examples with non-Lipschitz drifts

From the generalized binomial theorem, we have

(1+$)q=1+qx+Q(qQTl)xQ—i-q(q_ls)!(q_2)x3+-~-:i< Iq€ )xk

for any ¢ > 0 and |x| < 1, where

(8)3:1? and (q>:CJ(q—1)---(q—n+1), n>1.

n

Therefore, for g € (0, 1), setting
by :=0; by := (—1)’“( kﬁl ), keN; and by =0,

we have b(z) = —(1 — 2)%z for z € [0, 1]. One can also verify that (1.3) holds with
R=1

Therefore, by Theorem 1.1, there exists a unique in law solution u to the SPDE
(1.1) with this drift and initial value f = 1 — g where g € C(R, [0, 1]) is arbitrary.
Now w = 1 — u will be the unique in law solution to the SPDE
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{atwt;Awﬁw?(lth\/mW’ E>02eR (47

wo(x) = g(), z€eR

The weak uniqueness of the SPDE (1.7), which confirms a conjecture we made in
[5], does not follow from the result in [3], because the drift term is not Lipschitz. It
also extends the weak well-posedness result covered in [35] to allow Holder drift
exponents ¢ € (0,1/2).

1.3.2 Examples with discontinuous drifts

Assume that by =0 for every finite k #1, by = —1, and by € [—1,1]. Let
g € C(R,[0,1]) be arbitrary. Then, by Theorem 1.1, there exists a unique in law
solution (u¢())>0,zer to the SPDE

{ Opu = FAuy — uy + booLyny (we) + /ug (1 — ug) W,

w=f=1-g¢€ C(Ra [Oa 1])

By defining w; = 1 — u,, we obtain a unique in law solution (w;(x))>0,zcr to the
SPDE

{ 8twt = %Awt +1-— we — bool{o}(wt) + \/wt(l - wt)W, (18)

Wy = ¢g.
We found (1.8) of a particular interest, since it shows the well-posedness of Wright—
Fisher SPDEs with drifts that differ only by their values at the point w = 0. Also, one
can check that solutions corresponding to different b, have different distributions:

this result is stated in the following lemma, whose proof'is delayed to Sect. 6. In what
follows we say g # 1 if there exists « € R such that g(x) # 1.

Lemma 1.2 Let g € C(R, [0, 1]) and let g # 1. Fix arbitrary bgi), b2 e [—1,1]
with bgi) =+ bg). For i=1,2, let w9 be the unique in law solution to (1.8)

with be, = bé?. Then w'') and w'®) induce different laws on the path space
C([0,00),C(R, [0, 1])).

Now, let us consider the SDE analogue of (1.8) with b, € [—1,1]:

dX; = (1= X3) — boo1y0y(X3)) dt + VX (1 — X;)dB,, Xo =z €[0,1], (1.9)

where B is a Brownian motion. In the next lemma we will show that the situation
for (1.9) differs drastically from its SPDE counterpart.

Lemma 1.3

(i) Let boo = 1. Then weak uniqueness does not hold for (1.9).
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(ii) For any b, € [—1,1), there is a pathwise unique solution to (1.9) which solves
the equation

dXt = (1 — Xt)dt+ \V4 Xt(l - Xt)dBt, Xo =T Ec [0, 1] (110)

The proof of the above lemma is simple and is delayed to Sect. 6. As we see from
the above lemma, the Wright—Fisher noise has a very different regularizing effect
in the SPDE setting compared to the SDE setting. In the case of b, = 1, the well-
posedness holds for the SPDE but not for the corresponding SDE. As for the case of
b € [—1,1), in the SPDE setting there is a whole family of unique in law solutions
corresponding to different b, while in the SDE setting all the solutions are the same
and the value of b, does not play any role.

1.4 The dual particle system

To prove Theorem 1.1, we establish the moment duality between the SPDE (1.1) and
a branching-coalescing Brownian particle system complimenting the previous results
[41, Theorem 5.2] and [3, Theorem 1]. This particle system has three parameters:

e the branching rate ;1 > 0;

e the offspring distribution (), which is a probability measure on N; and

e theinitial configurationxg = (z;)"_,, whichis a (possibly infinite) list of real num-
bers. Heren € N.Ifn < oo, then ()7, is afinite list; and if n = oo, then (2;)$2,
is an infinite sequence. By our convention we denote supp(xo) = {z;}.; C R
as the set of unique values in xg, which is the set of different initial locations.

Let us give an informal description of the branching-coalescing Brownian particle
system, with the above parameters, through (1.11)—(1.14) below.

(1.11)  Attime 0, there are n many initial particles. For each finite integer ¢ < n, the
i-th initial particle is located at position x;.

(1.12)  The particles in the system move as independent one-dimensional Brownian
motions unless one of the events in the following steps occur.

(1.13)  Each particle in the system induces a branching event according to an inde-
pendent rate p exponential clock. At each branching event, the corresponding
particle (referred to as the parent) will be killed and replaced by a random num-
ber of new particles (referred to as the children) at the location where the parent
is killed. The number of the children is independently sampled according to the
offspring distribution (px), -

(1.14)  Given the pairwise intersection local times of the particles in the system,
each (unordered) pair of particles induces a coalescing event according to an
independent rate 1/2 exponential clock with respect to their intersection local
time; and at this coalescing event, one of the particle in that pair will be killed.
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We want to mention that (1.11)—(1.14) does not give a rigorous definition of a par-
ticle system yet, due to a problem that, if the total population reaches co at some
finite time, then it is not clear how the pairwise dynamic (1.14) will work afterwards.
Notice that this explosion of the total population would occur in finite time if either
there are infinitely many initial particles already, or if one assumes that po, > 0. And
as it will be made clear later, to handle the discontinuous drifts b(-) with by, # 0, we
must handle the case of infinite branching.

This is why we will give a more rigorous construction of the branching-coalescing
Brownian particle system in Sect. 2. In that detailed definition, the trajectory of each
particle is constructed using an inductive procedure which allows us to be precise
about the meaning of the pairwise dynamic (1.14) even after the total population
explodes. A similar construction for the coalescing Brownian particle system (with-
out branching) appeared in [44], and was employed already in our recent work [6]
where the number of the initial particles is allowed to be infinity.

For the sake of discussing some of our main results for the dual particle system, let
us introduce some notation. We will use X*, an R U {{}-valued random variable, to
represent the location of a particle labeled by a € U at time ¢ > 0. Here the cemetery
state T is an element not contained in R, and

U = [j NF
k=1

is the space of the Ulam—Harris labels. We will label the particles in the sys-
tem using the Ulam—Harris labels in a way that suggests their lineages: the initial
particles are labeled with integers {i € N: i < n}, and if a particle has the label
a=(a1,...,Qn_1,0p), then it is the cv,-th child created in the branching event
induced by the particle & := (a1, ..., Qm_1).

For every ¢t > 0, let us also denote by I; := {o € U : X§* € R} the collection of
labels of the particles alive at time ¢; and by J; the collection of labels of the particles
who induced a branching event up to time ¢. The cardinality of a given set / will be
denoted byl/|. For some technical reason, we always assume that the set of the initial
locations supp(xg) has finite cardinality. That is, the number of initial particles may
be infinite but the set of their locations is finite. The probability space for the dual
particle system will be denoted by (Q, F, lf”), which is not necessarily the same prob-
ability space corresponding to the SPDE (1.1).

Our main result on the branching-coalescing Brownian particle system, which is of
the independent interest, is given in the next theorem. Note that {(X}*);>0 : @ € U}
in this theorem denotes a branching-coalescing Brownian particle system which will
be formally constructed in Sect. 2.

Theorem 1.4 Suppose that {(X}*)>0 : o € U} is a branching-coalescing Brownian
particle system with arbitrary branching rate pn > 0, offspring distribution (py) e,
and initial configuration x . Suppose that the number of initial locations is finite, that
is |[supp(xg)| < oo. Then, the following statements hold.
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1. Foreveryt > 0,E[|I]] < co.
2. Foreveryt >0,

¢
E[Ji|] = uE /|Is|ds < 00.
0

Remark 1.5 Recall that we allow infinite offspring with positive probability, i.e. it is
possible that p,, > 0. We want to mention some immediate corollaries of Theorem
1.4. Note that by this theorem, there are |J;| < co many branching events up to the
finite time ¢. Since they are induced by independent exponential clocks, those branch-
ing events happens at different times. Let us denote the times of those branching
events by

O<T1<7-2<"'<T|Jt|<t

and define 79 = 0 for convention. For each positive integer k < |.J;|, note that
t — |I¢| is non-increasing in the interval (75_1, 7% ) due to the coalescing of the par-
ticles; also note that Theorem 1.4 (2) implies that almost surely f::“ |I5]ds < oo.

So it must be the case that, almost surely, |I5| < oo for every s € (7, Tx+1). In other
word, the total population is reflecting from infinity, and can only reach infinity at the
times {7 : k=0,1,2,... }.

Our duality formula between the SPDE (1.1) and its dual branching-coalescing
Brownian particle system is a natural generalization of [3, Theorem 1], and will be
presented later in Sect. 2. The weak uniqueness of (1.1) is a standard corollary of this
duality formula. In the proof of the weak existence of (1.1), the duality formula will
also play a crucial role when the drift is discontinuous.

1.5 Organization of the paper

In Sect. 2, we construct the dual particle system, state the crucial duality formula in
Proposition 2.2, and give the proof of the weak uniqueness part of Theorem 1.1 using
the duality. In Sect. 3, we prove several key properties for the dual particle system, in
particular, Theorem 1.4. In Sect. 4, we give the proof of the duality formula Proposi-
tion 2.2 using the results we proved in Sect. 3. In Sect. 5, we give the proof of the
weak existence part of Theorem 1.1. In the Appendix, we collect the proofs of several
technical lemmas.

2 Duality
2.1 The construction of the branching-coalescing Brownian particle system

In this subsection, we give the formal construction of the branching-coalescing
Brownian particle system. Recall from Sect. 1.4 that this model has three parameters:
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the branching rate y, the offspring distribution (py )5, and the initial configuration
(x;)™_,. Again, the initial number of the particles n € N U {oo} is allowed to be infi-
nite; and for every finite integer ¢ < n, x; is the location of the i-th initial particles.
Also recall that I/ is the collection of the Ulam—Harris labels.

The Ulam—Harris labeling system is commonly used in the study of the branching
particle systems, see [38] for one of its early appearances. A different labeling system,
using the prime factorization, is proposed in [4] for self-catalytic branching Brown-
ian motions. It was mentioned in both [3, 4] that the particular labeling convention is
not crucial to the duality method. However, in this paper, the Ulam—Harris labeling
will help us be precise about the pairwise dynamic given by (1.14). In fact, as it will
be made more clear later, when two particles coalesce, we will always remove the
one with the larger label according to a total order < of the space U/. This order is
defined such that forany o € U and 8 € U, a < (3 if and only if one of the following
three statements holds:

() lledloe < [18]lsos

(ii) [|afl oo = [|B]|oo and | <[B];

(iid) [|[@]lco = ||18]lo0» || = |B], and there exists an integer m > 1 such that oy, < B,
and oy, = By for every k < m.

Here, |a| := k and ||| oo := max{aq, g, ..., ax} foreverya = (o, ..., ar) € U.
We want to mention that different orders for the labeling space U are possible for the
construction of the branching-coalescing Brownian motions. However, this order <
is particularly designed so that some technical lemmas (Lemmas 3.2, 5.1 and 5.2
below) hold.

Let us be precise about some building blocks for the construction. Let
{(Bf)i>0 : o € U} be a family of one-dimensional independent standard Brownian
motions initiated at position 0.

(2.1)  Let 91 be a Poisson random measure on the space (0,00) x U x N with

intensity 9 given so that 01((0, ] x {a} x {k}) = utpy fort > 0,a € U,k € N.

We assume that both {(Bf*):>0 : & € U} and N are defined on the same complete
probability space, and are independent from each other. As mentioned in Sect. 1.4,
this probability space will be denoted by (Q, .%, P).

Inductively for each 5 € U, we will construct the random elements

Xpg 1= (5[37 (X7)ez00 (L7 )a<p =0, (M x {(, B)}))axps (Cas)axs: Cas (Xtﬁ)t207Z[3>
according to a set of rules (2.3)—(2.9) given below, assuming that the random elements
{Xy :acel,a <} (2.2)

are already constructed. Before we state the precise construction, we want to provide
some intuitions for each component of X3:
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e &3 and (g represent the birth time and death time of particle /3, respectively,
where £g = (3 indicates that the particle is never born.

e 73 is the number of offspring of 3( provided that it terminates in a branching
event).

o (X f )t>0 is the Brownian motion governing the spatial movement of 3 during its

lifetime [£3, (3).

o X f denotes [3’s spatial location at time ¢, taking value {( the cemetery state) when
t ¢ [Ep,Cp)

° (Lf’ﬁ )t>0 is the intersection local time between the Brownian motions X and
X5,

e Conditioned on (L?’ﬁ)tzo, M(- x {(c, B)}) is a Poisson point process on (0, c0)
with intensity 2dL¢”.

e (p s is the first point of the point process M(- x {#} x N) in [¢5, 00).

® (. g is the first point of the point process M (- x {(a, B)}) in [€q V €5, 00).

o Collectively, (Ca,3)a=p determines the death time of 3, and whether /3 terminates
in a branching event or coalescing event.

With those intuition in mind, let us state the precise rules for the construction:

(2.3)  Define a R -valued random variable £g and Brownian motion (Xf )t>0 SO
that

(i) if |3| = 1and 8 < n, then & := 0 and X/ := 25 + B’ forevery t > 0;

(i) if |3| = 1 and B > n, then {5 := 0 and X/ := Bl forevery t > 0;
(iii) if |3 > 1, then {3 := (4 7 and

7 ::{ X tebg),
Xgﬁ + B, —Bgﬁ, t € [€s,00).
(Recall from (1.11) that # is the number of initial particles which may be infi-

nite; and for each § € U with |5| = 1 and 8 < n, xp is the position of 5-th ini-
tial particle. Also recall that for each 8 := (51, ..., Bm) € U with || = m > 1,

? := (B1,...,Pm—1) represents the parent of 3.)
(2.4)  For each a € U with « < 3, > 0 and z € R, define Ltoi’zﬂ to be the local

time of the process X — X7 at position z up to time ¢, i.e.

t

1 ~ ~
@B . _ i o« XP
Ly = E%E/l{&aﬁfe[z,wh)}d@- — X0
0

@ Springer



Wright-Fisher stochastic heat equations with irregular drifts

and write L& .= Ltofbﬁ . Here, (X® — X”) is the quadratic variation of the
process X — X P Without loss of generality, we assume that almost surely,
(t,z) — L jf is continuous, c.f. [40, Corollary 1.8 Chapter VI].

(2.5)  Conditioned on {(Bf*);>0 : & € U}, M, and the random elements in (2.2),
for every o € U with « < 3, let (- x {(a, B)}) be a Poisson random measure

on (0, 00) with intensity 9(- x {(a, 3)}) given such that

(0.1 % ({0 )}) = 557, 150

(2.6)  Define

Co,p = inf{t > &5 : N({t} x {8} xN) = 1},
and, for each « € U with o < f3,
Cap 1= Inf{t > &gV &a - M{t} x {(a, B)}) = 1}.
(2.7)  Define a R -valued random variable (g so that

(1) if |8| = 1 and 8 < n, then

Cﬂ = inf ({Cﬂ,ﬂ} U {Ca,[:? o eU,a < ,8, Ca,[i < Ca}) ;
() if |8 > 1, §<§ = ng and 35 < Z<E, then

Cpr=1nf ({¢apt U{Capra€lU,a<B,(ap < Cal)s
(iii) if neither of the conditions in (i) nor (ii) hold, then (g := 3.

(2.8)  Define the R U {{}-valued process

, f, t €10,&p),
Xt = Xf, te [56;(6)?
1, t € [(g,00).

(2.9)  Define a N-valued random variable Z5 to be the unique z € N such that 91
has an atom at ({5 g, 5, 2).

We will refer to the family of processes {(X§*)¢>0 : @ € U}, constructed through
(2.3)(2.9), as a branching-coalescing Brownian particle system with branching rate
u, offspring distribution (py.), 5, and initial configuration (z;);;.

Let us give some further comments on the above construction. For each g € U, if
(g = (s, holds, then we say particle 5 induced a branching event at the time (g g;
and if there exists an o € U with o < 3 such that (g = (, g, then we say the particle
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pair (e, 8) induced a coalescing event at time (, 3. Note that 9 is a random measure
on (0,00) x R where

R :={(a,B) €U?: a < B}.

Intuitively speaking, the branching, and the coalescing, events are governed by the
random measure 91, and 91, respectively. As have already been mentioned in Sect.
1.4, for every t > 0, we denote by

L={caeU: X} eR}={acl:{ <t <} (2.10)
the collection of labels of the particles alive at time ¢; and by
Ji={a €U : (o0 ="C( <t} (2.11)

the collection of labels of the particles who induced a branching event up to time ¢.

We say a branching-coalescing Brownian particle system is a coalescing Brown-
ian particle system if its offspring distribution satisfies p; = 1; and say it is a killing-
coalescing Brownian particle system if its offspring distribution satisfies pg = 1. In
[6], we give a necessary and sufficient condition for the total population of a coalesc-
ing Brownian particle system to come down from infinity. We also identified all the
coming down rates for different initial configurations. The proof of Theorem 1.4
heavily relies on those results in [6].

2.2 The duality formula

For the rest of this paper, let us assume without loss of generality that

> [bk] + [boo| > 0. (2.12)
k=2

(Otherwise, b(z) = bg + b1z for every z € [0,1]; and the weakly well-posedness
of (1.1) in this case is already given by [3, 41].) To build a connection between
the branching-coalescing Brownian particle system and the SPDE (1.1), we will be
working with a specific branching rate ;. and a specific offspring distribution (px )<
given by

= lbol + > [br| + [boo| > 0 (2.13)
k=2
and
pe =1 bkl lsz1y, k€N (2.14)
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We first give the finiteness of the expectation of a certain functional of the particle
system that will be used in the presentation of the duality formula.

Proposition 2.1 Let (by),cx be a family of real numbers satisfying (2.12) and (1.3)
Sfor some R > 1. Let {(X}*)1>0 : o € U} be a branching-coalescing Brownian par-
ticle system with branching rate p given as in (2.13), offspring distribution (py) pex
given as in (2.14), and an initial configuration (x;)}_, with finite n. Then, it holds
that

E[eKt] < oo, t>0,

where
t
K = (u+b1)/|ls\ds, t>0, (2.15)
0

and (I;)¢> is given as in (2.10).

The proof of Proposition 2.1 is postponed to Sect. 3.6.

Now we are ready to present the duality formula between the SPDE (1.1) and our
branching-coalescing Brownian particle system.

Proposition 2.2 Let f € C(R, [0, 1]), n € N, and (z;)}_, be a finite list of real num-
bers. Let (by),cr be a family of real numbers satisfying (2.12) and (1.3) for some
R > 1. Suppose that the real-valued function (b(z)).e[0,1], given as in (1.2), satis-
Sies b(0) > 0 > b(1) > —oo. Suppose that the C(R, [0, 1])-valued process (ut) >0,
on a filtered probability space (2, F, (F;)i>0,Py), is a solution to the SPDE (1.1)
with initial value wy = f. Also, suppose that {(X{*)i>0 : « € U} is a branching-
coalescing Brownian particle system, on a probability space (f), Z, ]ﬁ’) with initial
configuration (x;)7_,, branching rate p > 0 given as in (1.13), and offspring distri-
bution (py) e given as in (2.14). Then it holds for every T > 0 that

H uT(xz)] =F
i=1

E, (~plrleFr TT rxs)) - (2.16)

a€lr

Here, (K;)¢> is given as in (2.15) and
Jo={a €U :Coo="Co<tby, <0}, t>0.

The proof of Proposition 2.2 is postponed to Sect. 4. As we have mentioned, Prop-
osition 2.2 is a generalization of Theorem 1 of [3]. One of the main assumptions in
[3] is the finiteness of the expected number of offspring in the branching mechanism
that guarantees the non-explosion of the system. We do not make such an assumption,
but still are capable (due to the coalescent mechanism) of showing the finiteness of
the total population at almost every time, as well as the above duality formula.
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The weak uniqueness part of Theorem 1.1 is a direct corollary of the duality for-
mula Proposition 2.2.

Proof of the weak uniqueness part of Theorem 1.1 From Theorems 1.4 and 2.1 we
know that the right hand side of (2.16) is well-defined and finite. The desired result
now follows from Proposition 2.2 and [3, Lemma 1]. O

3 Analysis for the dual particle system

In this section, we prove several properties for the branching-coalescing Brownian
particle system. In particular, we will prove Theorem 1.4, which implies that the total
population is finite at almost every time. We will also give the proof of Proposition
2.1, and several other integrability results, which will be used in the proof of Proposi-
tion 2.2 in Sect. 4.

3.1 The truncated particle system

In this subsection, let us take a branching-coalescing Brownian particle system
{(X{)i>0: o € U} with an arbitrary branching rate p > 0, initial configuration
(w;)j—,, and offspring distribution (py),cf, constructed through (2.3-2.9). There
is a natural coupling between this branching-coalescing Brownian particle system
{(X#)¢>0 : @ € U} and a branching Brownian particle system {(X{);>0 : @ € U},
sharing the same initial configuration, spatial movement of the particles, and the num-
ber of offspring in each of their shared branching events. The difference is that in the
latter system we remove the coalescing mechanism, so the particles will branch but
no longer coalesce with each other. As a consequence, this new system dominates the
original one, in the sense that, almost surely, for every a € & and ¢ > 0, X;* € R(
that is, X is not the cemetary state) implies that X = X . More precisely, this
coupling is realized through (3.1) and (3.2) below.

(3.1)  Foreach 3 € U, define a R -valued random variable ¢, s inductively so that
(i) if|8| = 1and B < n, then 5 := (5 5.

(ii) if [5] > 1, G = (5 ¢ and Bjs < Zig, then Cg == (a5
(iii) if neither of the conditions in (i) nor (ii) hold, then (g := 3.

(3.2)  Foreach § € U, define a R U {}-valued process

B T,l te [075@)7
XtB = X1287 te [éﬂﬂcﬂ)?
Ta te KB?OO)

Define

Ii={aclU: X €cR},
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and
jtZ{OKEZ/{:Ca,a:EaSt}

to be the labels of all living particles at time ¢ > 0, and the labels of all particles

who induced a branching event before time ¢ > 0, respectively, for this branching

Brownian particle system. The following lemma allows us to control the branching-

coalescing Brownian particle systems using this coupling. It says that the set of labels

of living particles in the system with coalescing is contained in the set of labels in

the system without coalescing, and similarly for the set of labels of branching events.
We omit its proof, since it is elementary.

Lemma3.1 I, C I, and J, C J, for every t > 0 almost surely.

We say the offspring distribution (py),cx is bounded, if there exists an m € N
such that p = 0 for every £ > m including & = co. Some elementary results for
the branching-coalescing Brownian particle system with bounded offspring distri-
bution and finite many initial particles are easy to obtain from the above lemma.
For example, if the offspring distribution is bounded and the initial number of par-
ticles  is finite, we know that almost surely for every t > 0, |I;| < |I;| < oo and
|J¢| < |Ji| < oo; in this case, the A-valued cadlag Markov process

is called the branching Brownian motion; and we can verify that the process of the
counting measures

Xt = Z (5)(?, t Z 0 (33)

acl

is also an N -valued cadlag Markov process, where N is the space of finite Z -val-
ued measures on R equipped with the weak topology.

However, if there is no assumption made about (py), 5 and #, then it is not a
priori clear whether |I;| and |.J;| are finite. To prove that this is indeed the case for
almost every ¢, our strategy is to approximate them from below using a family of
truncated branching-coalescing Brownian particle systems

{(Xt(l7m)7a)t20 ta € U} , I,meNU{oco}.

Here, / is the truncation number for the initial particles, m is the truncation number

for the branching mechanism, and {(Xt(l’m)’a)tzo : o € U} will be constructed as
a branching-coalescing Brownian particle system with initial configuration (z;)7/}

and some offspring distribution bounded by m. In fact, {(X\"™"*);50 : o € U}
will be constructed in the same probability space as the non-truncated particle sys-

@ Springer



C. Barnes et al.

tem {(X)i>0 : @ € U} in a way that the truncated particle system is dominated by
the original particle system. That is, X\"™"* € R( i.e. X\"™* # 1) implies that

Xo = X5 for every o € U and t > 0 almost surely. More precisely, this trun-
cated particle system is defined through (3.4)—(3.6) below.

(34) Foreacha € U andm € NU {oo}, define z8M = Zy Am. (Recall (2.9).)
(3.5)  Foreachl,m € NU {oo}, define a family of R -valued random variables
{Cgl’m) : B € U} inductively so that for each 5 € U,

(i) if|3] = 1 and B < n A, then

¢ = inf ({Cw} u {Ca,ﬁ ra €U, < B Cap < C‘g‘hm)}) ;

sy s (Iym) (m)
@) if |B] > 1, QE = ng and B < Z‘E , then

(™ = inf ({Go,p} U {Cap i 0 €U < BCap < (I 1) 5
(iii) if neither of the conditions in (i) nor (ii) hold, then Cél’m) = Eg.

(3.6) Foreachl,m € NU{oo} and «« € U, define R U {{}-valued process

. -I-,Z te [ng(lev )
Xt( ,m),a — Xta, te [g(y’ a,?n )’
1, te[cd™ o).

It is not hard to verify that {(X\"™*);>0:a € U} is a branching-coalescing
Brownian particle system with branching rate y, initial configuration (x;)™, and

offspring distribution (pém)) wen such that for every k € N,

p](:ﬂ) = ZjEN,jZTYij’ k= m,

Pk k <m,
0, k> m.

We call {(X"™*),~0 : @ € U} the (I, m)-truncated version of {(X )0 : o € U}.
Also note that {(X);>0 : & € U} is the (00, co)-truncated version of itself.

For each I,m € NU {co} and t > 0, define
(,m) — . (Im),c — . (I,m) 3.7
L' ={acl: X, eER}={aclU:& <t< ™} (3.7)

as the collection of labels of alive particles at time ¢ in the (/, m)-truncated particle
system; and

Jt(l’m) ={aelU:(oa=CU <t} (3-8)
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as the collection of labels of particles who induced a branching event up to time ¢
in the (/, m)-truncated particle system. Note that, if [ < co and m < oo, then the
explosion won’t happen for the (I, m)-truncated version of the branching-coalescing
Brownian particle system, since its initial number of particles is bounded by / and its
offspring distribution is bounded by m; in other words, almost surely for every ¢ > 0,
178%™ and |J™) are finite.
We often truncate the initial number of the particles and the offspring distribution
using the same number, that is, [ = m. To simplify notations in this case, we write
=, x e = xfrrhe = rfmm™ and I = 0™ for
everym € NU {co}, & € U and t > 0. The particle systems {(X™"*);50 : o € U}
will be referred to as the m-truncated version of the original branching-coalescing
Brownian particle system.
For each m € N, from how the m-truncated particle system is constructed, one
can easily verify that it is dominated by the original particle system in the sense that

Xt(m)’o‘ € R implies that X;* = Xt(m)’a for every o € U and ¢t > 0 almost surely. In
particular, the set of labels It(m) is a subset of I; for every ¢ > 0 almost surely. It is

also not hard to verify that Jt(m) is a subset of J; for every ¢ > 0 almost surely. This
relationship is made more precise in the following lemma, which also serves as an
alternative way of interpreting the truncation.

Lemma 3.2 Almost surely, for each m € N and t > 0, we have
It(m) ={ael:|alew <m,acl;}
and

I =fa el o) <m,ac ).

In particular, for any ¢ > 0, |It(m)\ and |Jt(m)| increasingly converges to |I;| and |.Jy|,
respectively, as m T oc.

The proof of Lemma 3.2 is technical, and is given in Appendix A.1.
3.2 The point processes and their compensator

In this subsection, let us recall some preliminary results on the stochastic integral of the
point processes from [25]. Suppose that E is a Polish space, and (2, .7, (%):>0, P)
is a filtered probability space satisfying the usual condition. We say & is a (E-valued)
point process if it is a random measure on (0, c0) x E and, almost surely, there exists
a countable S C (0,00) and amap ¢ : S — F such that

&((0,t] xU)={s€ S:s<t,4g(s) €U}, t>0UcAB(E).
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We say a point process & is adapted, if the process &((0, -] x U) is adapted for each
UeB(E). With T'g :={U € Z(F) : E[&((0,t] x U)] < oo for all t > 0}, we
say a point process & is o-finite, if there exists a sequence of {E,, € 'y : n € N}
such that F,, T E. We say a random measure & is of the class QL, if it is an adapted,
o-finite point process, and there exists a non-negative random measure & on
(0,00) x E such that for every U € T'g,

e &((0,-] x U) is a continuous adapted process; and
o &((0,] xU)—&((0,] x U) is a martingale.

We call & the compensator of &. Denote by .Z the space of predictable random fields
onRR; x E.For any non-negative random measure & on (0,00) x Eand k € {1, 2},
define

t
LE={fec L E //|f(s,y)\k®(ds,dy) <oo,Vt >0,
0
and
t
fé’loc =< f 63://|f(s,y)\k®(ds,dy) < 00,Vt > 0, a.s.
0

For each k € {1,2}, denote by .#"* the space of martingales (m;);>o such that
E[|m;|¥] < oo for every t > 0; and by .#*1°¢ the space of processes (m;):>0 such
that (myae,, )1>0 belongs to .# k for some sequence of stopping times ,, T co.

For a QL point process ® with compensator &, its compensated stochastic inte-
gral, denoted by

Zo: 1o | / £ (s,)8(ds, dy),

is constructed, for example, in [25]. We collect some basic facts about this integration
in following lemma.

Lemma 3.3 Let & be a QL point process with compensator é.
() Iffe ,,Sfé then Zg f € 4>

) If f € L2 then Ty f € M.

3) Ll = .,Sfé Moreover, if f € £ thenZg f € 4.

@) If f € 2,1 then f € £, Tg f € A", and
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Tef = //fsy (ds, dy) — //fsy (s, dy).

Let us now consider an arbitrary branching-coalescing Brownian particle system

{(X )0 1 €U},

constructed in Sect. 2, with arbitrary branching rate x> 0, initial configuration
(x4)f_,, and offspring distribution (py ), <5 Recall the definitions of 91, 9T and 2, M
in (2.1) and (2.5), respectwely Denote by (ﬂt)po the smallest filtration of the prob-
ability space (Q Z ]P’) satisfying the usual hypothesis, such that the following pro-
cesses are (L%)tzo—adapted.

e B2 foreacha € U; ~
e N((0,-] x {a} x {k}) for each a € U, and k € N; and
o M ((0,] x {(a,B)}) foreach (o, 5) € R.

With respect to this filtration (:%#;);>0, we can verify that

the processes X and X are adapted for each a € U;
the process L.Of’f are adapted for each ., f € R and z € R;

the random variables &, and (,, are stopping times for each « € U/; and
the random variable Z,, is .%¢,, ,-measurable for each o € U.

The main message of this subsection is the following lemma, whose proof'is straight-
forward, and therefore, omitted.

Lemma 3.4 The random measures MM and N are QL point processes with compensa-
tors M and N respectively.

Using the above result, we can verify the following lemma.

Lemma 3.5 For every t > 0 it holds that

t
B() = B | [ 1L4ds
0

Proof Fix an arbitrary ¢ > 0. Let us first assume that the number of the initial
particles is finite, and the offspring distribution is bounded. Notice that for each
a €U, a € Jy if and only if there exists a (unique) s € (0, ¢] such that X € R and
N({s} x {a} x N) = 1. Therefore, almost surely,
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|Jt ://1{X°‘ GR}‘JI dS da N)
0

From Lemma 3.1, |J;| is dominated by |J;|, the number of branching events of the
coupling branching Brownian particle system. Therefore E[|.J;|] < E[|J;]] < oo
since we assumed that the number of initial particles is finite and the offspring distri-
bution is bounded. Now from Lemmas 3.3, 3.4, and Fubini’s theorem we have

t

E ()] = uE | 3 / e enyds| = u | [ IL]ds

acl | 0

as desired.

In the case the initial configuration is not finite or the offspring distribution is
unbounded, we can first consider the m-truncated particle system where m € N.
From what we have proved,

fE [ t(m)

t
}:NE /\I§m>|ds , meN.
0

Taking m 1 oo, from Lemma 3.2 and the monotone convergence theorem, we obtain
the desired result. O

3.3 The embedded killing-coalescing Brownian motions

In this subsection, we introduce a marking procedure for an arbitrarily given branch-
ing-coalescing Brownian particle system {(X;*);>0 : @ € U} with a bounded off-
spring distribution and finite many initial partlcles This marking procedure marks
out an embedded killing-coalescing Brownian particle system. (Recall that a killing-
coalescing Brownian particle system is a branching coalescing Brownian particle
system with pg = 1.) This embedded killing-coalescing Brownian particle system
helps us to control the original particle system locally. It will be the main ingredient
for the proof of Theorem 1.4.

For a given stopping time 7 < oo and a finite subset A of U, by a (7, .A)-marking
procedure, we mean the following:

(3.9)  Attime 7, if « is the k-th smallest label in the set I- N A according to the
order <, then we mark the particle  with number £; if o € 1. N A€, then we
mark that particle with number co.

(3.10)  After time 7, each particle carries its mark unless a branching or a coalesc-
ing event happens.

(3.11)  For each branching event after time 7, the children will be marked by the
number oo no matter of the mark of the parent.
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(3.12)  For each coalescing event after time 7, if the two particles inducing the
coalescing event are marked by the numbers @ and b, then the survivor (i.e.
the particle with the smaller Ulam—Harris label) will be marked by the number
min{a, b}.

Since we assumed that the offspring distribution is bounded and the number of the
initial particles is finite, from Sect. 3.1, there are almost surely only finitely many
branching/coalescing events up to any finite time; and thus, the above marking pro-
cedure is well-defined.

For any number k& € N and time ¢ > 0, there exists at most one particle alive at
time 7 + ¢ that is marked by the number k. Denote by (7, A, , k) the Ulam—Har-
ris label of the particle carrying the mark k at time 7 + ¢, provided such particle
exists; and set ¢ (7, A, t, k) = @ if such particle does not exist. Also define a process
X7 =t for every t > 0. We will refer to the family of processes

(1, A,t,k) .
{(XTH )tzo ke N} (3.13)

the (7,.4)-embedded killing-coalescing Brownian particle system. Using the strong
Markov property of the Brownian motions, it is straightforward to verify the follow-
ing lemma.

Lemma 3.6 Conditioned on F, the (7, A)-embedded killing-coalescing Brownian
particle system (3.13) is a killing-coalescing Brownian particle system whose initial

configuration is (Xf‘(k))]k\’:l. Here N := |I; N A, {a() a®) ... oM} =1 NA
and o) < a®) < ... < W),

Let us introduce some more notation related to this embedded killing-coalescing
Brownian particle system that will be used later. For each k& € N, define

I(CT.,.A) = T +sup {t >0: X:.b_‘(_;,A,t,k) c R} ’ ke Na

to be the death-time of the mark k; and if the particle with mark k induces a branching
event at the time C,ET’A), then we say ©(74) (k) := 1; otherwise we set (74 (k) := 0.
For every t > 0, define

100 = (ke N: XA e Ry (3.14)

to be the collection of the marks that are carried by some alive particles at time 7 + ¢;
and

JON = {keN: (TN <7+ 1,000%) = 1} (3.15)

to be the collection of the marks who deceased in a branching event up to time 7 + .
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For example, if we assume that n < oo and {(X{");>0 : @ € U} is a coalescing
Brownian particle system with initial configuration (x;)?_,, then its (0, {0,...,n})
-embedded coalescing Brownian particle system is a killing-coalescing Brownian
particle system who shares the same initial configuration (z;)?_;. This implies that
the total population of a killing-coalescing Brownian particle system is stochastically
dominated by that of a coalescing Brownian particle system. In our earlier paper [6],
we established an upper bound for the the expectation of the total population of the
coalescing Brownian particle system. Now it is clear that this upper bound also holds
for the killing-coalescing Brownian particle system. In particular, from [6, Theorem
1.4 & Proposition 1.5] we have the following result.

Lemma 3.7 (/6, Theorem 1.4 & Proposition 1.5]) Consider a killing-coalescing
Brownian particle system with initial configuration (x;)}_,. Suppose that n < oo
and define Ny := |{z; : i =1,...,n}|. Denote by y its branching rate and |I|
the total population at time t > 0. Then there exists a time Ty > 0 and a constant
C; > 0 such that

/\TL, tE[O,Td.

Here T; and C; are independent of x4 and n.
We will use both Lemmas 3.6 and 3.7 in the proof of Theorem 1.4.

3.4 Some upper bounds provided the offspring distribution and the number of
initial particles are bounded

In this subsection, let us consider a branching-coalescing Brownian particle system

{(X{)i>0 : a € U} with a bounded offspring distribution and an initial configura-
tion (z;)7; such that n < oco. Define random variables

Ny:={zeR:3acl st. XF=za}| <00, t>0.

In this subsection, we aim to give upper bounds for the expectation of the random
variables

t
L, |, and /IISIds. (3.16)
0

Lemma 3.8 There exists a (deterministic) time Tg () > 0 such that for every
t €0, To(p)] it holds that E[|Ji|] < Ny. Here, T2 (1) is independent of the initial
configuration and the offspring distribution.

Proof If a particle is labeled by an Ullam-Harris notation « with length || = 7, then
we say it is in the j-th generation. For each j € N and ¢ > 0, denote by
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Jt(j) = {a eU: Ca,a = Coz < t7|a‘ :.7}

the collection of the labels of particles in the j-th generation who induced a branching
event before time ¢. Then almost surely we have the decomposition

[ =Y [hG), >0
j=1

Let us take a deterministic time 75 := T5(u) > 0 small enough so that 75 < T} and
that

1

T>

o

—_— =2 T < —. .

u/\/gds WOT < (3.17)
0

Here C and T are the constants introduced in Lemma 3.7. Notice that the choice
of T is independent of the initial configuration and the offspring distribution. We
claim that

B [lJn ()] <

279, jeN. (3.18)

From this claim we have

oo

E[|Jr, ] Z (17, (7)) < No,

as desired for this lemma.

Let us prove the claim (3.18) for j = 1 by using the (7, .4)-marking procedure,
given as in Sect. 3.3, with 7 = 0 and A = Ij. From Lemma 3.6, the (0, Iy)-embed-
ded killing-coalescing Brownian particle system

(G

is a killing-coalescing Brownian particle system with killing rate p and initial con-

figuration (x;)"_,. Recall that the sets of labels T, (0 1) and Jt(o’lo) are given by (3.14)
and (3.15) for every ¢ > 0. Observe that almost surely

2, (1)) < |0
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since any branching event induced by an initial particle is also a branching event of
the (0, Ip)-embedded killing-coalescing Brownian particle system. Now, from Lem-
mas 3.5-3.7 and (3.17), we have

T2 T2

- . - N
E(Jg(1)] <E HJT(S’IO) } — iR /‘Isw,zo) ds gu/ \O/glds < Np/2
0 0

as desired.

We now prove the claim (3.18) by induction over j € N. For the sake of induction,
let us assume that E[|Jz, (§)|] < No/27 for some j € N. For any Ullam-Harris label
« € U, let us denote by

J%Q = {ﬂeu:%:a,@:gmng}

the collection of the labels of the children of the particle « that induced a branching
event before time 75. Then we have a decomposition

nG+DI = Y |8

aEU:|a|=j

We claim that

E [l.fﬁ! ﬁpa] < Yaein /2 (3.19)

for each a € U, where the stopping time p,, is given by

. COH if o S JTQ;
Pa =13 Ty, otherwise.

Admitting the claim (3.19), we have

ElinG+O]=E| ¥ E [\Jﬁl f]

acU:|al=j

. 1- ) _
SSE| D leem| = gEIRG) < No/2T

aEU:|al=j

| —

Now the desired (3.18) follows by induction.
We still needs to verify the claim (3.19) for an arbitrarily fixed o € U. Since the
offspring distribution are bounded, there exists an m € N such that p;, = 0 for every
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k € N with k > m. Let us consider the (p,, U, )-marking procedure given as in Sect.
3.3 for the particle system where

Uy = {(a,k) : k € N} (3.20)

is the collection of all the possible labels of the children of the particle . From
Lemma 3.6 we know that, conditioned on .%,_, the (po,U,)-embedded killing-
coalescing Brownian particle system

Xw(Pa,Ua,tvk)> . k N
{( patt >0 €

is a killing-coalescing Brownian particle system with killing rate x and initial con-
figuration (X,Sif”"))kfffgl. Here, on the event {a € Jp, }, N, := Z, < m is the number
of children of the particle «; and on the event {« ¢ Jp,} = {po = T2}, N, :=0,
i.e., there is no initial particle for the (pq, U, )-embedded killing-coalescing Brown-
ian particle system. Recall that

LA

[frer e <rom )

is the number of the branching events of the (p,, U, )-embedded killing-coalescing
Brownian particle system up to time 75. Observe that almost surely

J% S J(Pa Ua)
2 T>

since any branching event induced by a child of the particle « is also a branching
event of the (pq, U, )-embedded killing-coalescing Brownian particle system. Now,
from Lemmas 3.5 and 3.7, we have

To—pa
B |57, | <B|[ofee|| 2] =uB | [ (1 ]as| 2,
0

T, o

1
< l{aeJTz},U/ —=ds < l{aeJT }/2

S 2

) Vs

as claimed. O

As a corollary of Lemmas 3.5 and 3.8, we have the following.

Corollary 3.9 Let T2 (1) > 0 be given as in Lemma 3.8, then
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t
uE / L ds| = B[l < No, Vi € [0, Ta(u)]-
0

Similarly, let us give an upper bound for I [| ;.

Lemma3.10 Let To(u) > 0 be given as in Lemma 3.8, then for any t € [0, T2 ()]
it holds that

C1Ng

Vit

E[|L)] < An+ 2uCTmNg

where C is the constant given as in Lemma 3.7.

Proof Letus fix an arbitrary T' € (0, T5(u)]. Notice that forevery 5 € U with |3| > 1,
B € It implies (E € Jp. Therefore

[Ir| < |I7] + Z 17| (3.21)
acJr

where

12 = {5eu:|ﬁ\:17X§feR}

is the collection of the labels of the initial particles still alive at time 7, and for every
a€eU,

I%;:{ﬂeuﬁ:a,xﬁem}

is the collection of the labels of the children of particle a who are alive at time 7.
Consider the (7,.4)-marking procedure, given as in Sect. 3.3, with 7 = 0 and
A = I. From Lemma 3.6, the (0, Ip)-embedded killing-coalescing Brownian par-

ticle system
{(Xzﬁ(oxfoi,]f)) ke N}
>0

is a killing-coalescing Brownian particle system with killing rate p and initial con-
figuration (z;)?_;. Recall that the sets of labels I;OJO) are given by (3.14) for every

T > 0. Note that I7 is a subset of I;O’IO), since any initial particles that are alive at
time T are also marked by a finite integer in the (0, Iy)-marking procedure. Therefore,
by Lemma 3.7, we have
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An

B[2]) <& [|re)]] < 2

VT

Since the offspring distribution is bounded, there exists an m € N such that p;, = 0
for every k > m. We claim that for every a € U,

E [u%

where the stopping time p,, is defined by

&
9a}§/\m 3.22
P T_pa ( )

L Cas if v € Jp,
Pa =13 T, otherwise.

From this claim and (3.21), we know that

E (1] < C%O P [ ﬂ*H

Notice that for each v € U, o € J if and only if there exists a (unique) s € (0, T']
suchthat X € Rand M({s} x {a} x N) = 1; and in this case, it holds that {,, = s.
Therefore, almost surely

> ( " ) //( /\m> 1ixe ery(ds,da, N). (3.23)

acJr

Notice that the left hand side of (3.23) is dominated by m/|Jr|( see Lemma 3.1),
which, under the assumption of the bounded offspring distribution and finite many
initial particles, has finite first moment. Therefore from Lemmas 3.3 and 3.4, we have

1[5 ez )] 5[5 () o

a€cl |

From this, and Fubini’s theorem, we know that

T
) < n [ —BliLds
0
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Since T € (0,T5(p)] is arbitrary, we can iterate the above inequality and get from
Fubini’s theorem that

T
o 1N0
E[lIr]] < u/ E[|I.[]dr| ds
T
) VT —s \/7
o1
14Y¥0
< —d
- VT T—5s+/s §

T
~ 1 1
+ 12C2 / & (L[] / e ds|ar
T? —
5 ] vV S\S T

OGN
vT

T
An+quﬂNo+MQCfﬂ/fEHL~I] dr
0

Here in the last step, we used the fact that, for every r € [0, 7)),

1

/ 1 1 ds / 1 1dl /
= — =T.
VT —s/s—r ) T—r—1+1 l—z

0

Now, from Corollary 3.9 and (3.17), we have

B[] < 27Ny

C1 Ny
VT
as desired for this lemma.

We still need to verify the claim (3.22) for an arbitrarily fixed o € /. Consider the
(pa, Uy )-marking procedure for the particle system where U,, is given as in (3.20).

From Lemma 3.6 we know that, conditioned on jpa, the (pq, U, )-embedded kill-
ing-coalescing Brownian particle system

Xw(pa Uast, k)) . k N
{( patt £>0 €

is a killing-coalescing Brownian particle system with killing rate 4 and initial config-
uration (X,‘fj”“))ﬁfgl. Here, on the event {« € Jr}, N, = Z, < m is the number of
children of the particle ; and on the event {« ¢ Jr} = {p, = T}, we have N, = 0,
i.e., there is no initial particle for the (pq, U, )-embedded killing-coalescing Brown-
ian particle system. Recall that

‘I}pmv [e

= [{k e n: xplontieTreh) ¢ gl
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is the number of particles of the (pn, U, )-embedded killing-coalescing Brownian
particle system at time 7. Observe that

@ 00U
1] < |1f= )

, a.s.

To see this, note that both sides of the above inequality equals 0 on the event
{a ¢ Jr} = {po = T}; and on the event {« € Jr}, any child of the particle « is
always marked by a finite number in the (p,U,)-marking procedure. Now from
Lemma 3.7 we have that

B [|1%|

Lg’g.pa:l S E |:‘I§_‘pa’u"‘)

- C
%] < e

VT = pa

as claimed. O

Corollary 3.9 and Lemma 3.10 give the upper bounds for the expectations of the
random variables listed in (3.16) up to the time T5(u). Using the Markov property
of the measure valued process (X;)¢>o given in (3.3), we can verify that for any
te (jé7 QTQ],

~ - [ C1Np 9
E[|L|] < E|—= A |I1,| + 2uCiTN:
H t” = m | T2| ML TINT,
_ Ch
< (1+2uCim) E[|In,]] < (14 2uCir) <\/E + 2;10%#) No
and
t T> t
Bl = uE | [ILlds| = | [IL1ds| +uE | [ IL]as
0 0 2

~ ~ C
< No+E[Np] < No+E[|I5]] < (1 + \/—TLQ + 2/LC’127r> No.

Repeating this procedure inductively for ¢ € (kT%, (k 4+ 1)Tz] with k£ € N, one can
verify the following result.

Corollary 3.11 For every t > 0, there exist Co(p1,t) > 0 and Cs(u,t) > 0 such
that

C1 N
\1[0 An+ Cy(u,t)Ng, 0<s<t

E(IL) < =7

and
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t
E (1] = uE /|fs|ds < Cs(u, )Ny
0

Here, the constants Cs (u, t) and Cs(u, t) are independent of the initial configuration
and the bounded offspring distribution.

3.5 Uniform upper bound for arbitrary offspring distribution and initial
configuration

In this subsection, let us consider a branching-coalescing Brownian particle system
{(X§)¢>0 : @ € U} with an arbitrary offspring distribution (py) 5 and an arbitrary
initial configuration (z;)"_,. Suppose that Ny := [{z; : i € N;i < n}| < c0.

Proof of Theorem 1.4 For every m € N, denote by {(Xt(m)’“)tzo ca €U} the
m-truncated version of the particle system {(X7);>0 : @ € U} given as in Sect. 3.1.

Denote (It(m))tzo and (Jt(m))tzo as in (3.7) and (3.8). It was known from Lemma

3.1 that for every ¢ > 0, [I™ | and |J{™| monotonically increase to |I;| and |J;|,
respectfully, as m 1T oc.

Since {(Xt(m)’a)tzo : a € U} is a branching-coalescing Brownian particle system
with its offspring distribution and initial number of particles both bounded by m, we
can conclude from Corollary 3.11 that for every ¢t > 0,

w1 CiN,
E Hlt( )H < 2120 A4 Calp, ) No

Vit

and

t

} =yl /‘I§m>‘ds < Cs(p,t) Ny
0

A

where the constants Co(p, t) > 0 and C3(u, t) > 0 are independent of the initial con-
figuration (z;)7_, and the truncation number m. Taking m 1 oo, the desired result
now follows from the monotone convergence theorem. O

3.6 The exponential term

In this subsection, let (by ), cx be a family of real numbers satisfying (2.12) and (1.3)
for some R > 1. Let {(X);>0 : & € U} be a branching-coalescing Brownian parti-
cle system with initial configuration (z;)?_; such that n < oo, the branching rate i is
given as in (2.13), and the offspring distribution (py )5 is given as in (2.14). Recall

from (3.7) that, for every m € N, It(m) is the labels of the particles in the m-truncated
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particle system living at time ¢ > 0. Also recall that (/;);>¢ is given as in (2.15). We
will prove a result which is stronger than Proposition 2.1. This stronger result will be
used later in the proof of Proposition 2.2.

Lemma 3.12 Forevery T > 0, it holds that

- 2
sup E {(1 + ) (1 + || + ‘It(m)‘ )] < 0o0.
0<t<T

We postpone the proof of Lemma 3.12 to Appendix A.2. The proof uses a
supermartingale argument which is in a similar spirit to the proof of Lemma 3 of [3].

Proof of Proposition 2.1 The desired result is an immediate corollary of Lemma 3.12.
O

We also need another expectation bound for the truncated particle system. It will
be used in the proof of Proposition 2.2.

Lemma 3.13 Forevery m € Nwithm > 2 and T > 0, it holds that

- (m)
E (l—i—eKT ) Z (1+supL§i’f> < 00
erR
a,Bel{") a<p :

where

t

1
KM = (u+ by — m) /|Is(m)|ds, t>0
0

and

(m) . _ m
ooy = U 1

s€[0,T]

is the collection of labels of the particles born up until time 7 in the m-truncated
branching-coalescing Brownian particle system.

We postpone the proof of Lemma 3.13 to Appendix A.2. In the proof, roughly
speaking, we first analyze the moments of the exponential term and the local time
terms separately, and then use Holder’s inequality. This is in a similar spirit to an
argument in [3, p. 1725].
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4 Proof of Proposition 2.2

In this section, we assume that the assumptions in Proposition 2.2 hold. More pre-
cisely, let f € C(R,[0,1]), n € N and (z;)_, be a finite list of real numbers. Let
the real-valued function (b(2)).¢[o,1] satisfy b(0) > 0 > b(1) > —oo, (1.2) and (1.3)
for some R > 1. Suppose that the C(R, [0, 1])-valued process (u;)¢>0, on a filtered
probability space (2, #, (F)i>0,Py), is a solution to the SPDE (1.1) with initial
value ug = f. Let {(X )t>0 @ € U} be a branching-coalescing Brownian particle
system, on aprobablllty space (Q F P) with initial configuration (z;)?,, branch-
ing rate 4+ > 0 given by (1.13), and offspring distribution (py ), given by (2.14).

Denote by P the product probability measure Py x P on the product space 2 x Q.
To establish the duality (Proposition 2.2), we consider

=57 =E (1)l K™ Il Puw)(X3)|, ts>0e>0meN. (4.1)

acI{™

Here, (P.).>0 is the one-dimensional heat semi-group, i.e. the transition semi-group

of the one-dimensional Brownian motion; I, §m) is the collections of the labels of the
living particles at time s > 0 of the m-truncated branching-coalescing Brownian par-
ticle system given as in (3.7);

jgm) = {QEMCém):C(I,O(<vaZa <0}7 SZOamEN7

and

1 S
KM = (4 b — =) / [I™|dr, s>0,m¢eN.

0

Notice that, as m 1 oo, the almost sure limit of the alternating term (—1)|j§m)| in

(4.1) is (=1)!:!, since by Theorem 1.4 and Lemma 3.2, |jsm)| PARSPARE
a.s. Also, observe that

Fm)| pe(m)
(DR T (o) (X2)

aeli"‘)

<1+ el!(P), st20e20meN, (4.2)

by Proposition 2.1. Therefore, the right hand side of (4.1) is well-defined and finite.
Moreover, by Lemma 3.2 and the dominated convergence theorem, we have

—€,m __ —€00  __
W}g%o —t,s — —t,s T E

_1)|js\eKS H (Pewg) (X3 |, t,s5,e>0. (4.3)
(1615

Now, the desired duality formula (2.16) can be written as :?F%O = =0,
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Our proof of Proposition 2.2 follows closely the strategy of the proof of Theorem
1 of [3]. There are mainly three steps:

e Step 1. By applying Ito’s formula to (—1)‘j§"l)| K™ Haejgm) (Poug) (X&) asa

m —Ee,m

function of u;, we obtain a decomposition for =" — ="
;

e Step 2. By applying Ito’s formula to (—1 )|‘]§ Y erim I aell™ (P ut) (X&) as

a function of {(X)s>0 : @ € U}, we obtain a decomposition for =" — =",

s

e Step 3. By inserting the two decompositions above in the equality

T T T

He m —€,m _ —e,m _ —em _ —€,m _ —em
/ — 20, ) dr = / (‘—'Tfs,s =0,s ) ds / (‘—‘t,Tft =t,0 ) d,
0 0 0

and then by taking the iterated limit as we first let € | 0 and then let m 1 oo, we can
verify that

HO oo —0,00 _
fﬂw)drfo

o\ﬂ

for every T. This, and a continuity result of the maps r +— 58;;?0 and 7 — 2 HT o will

finish the proof of Proposition 2.2.

Let us mention a crucial difference between our approach and the one in [3]. In [3],
the particle system is stopped at a sequence of stopping times, instead of having trun-
cated offspring at each of its branching events. This is partially due to the fact that the
offspring distribution considered in [3] already have all finite moments, without the
need of further truncation.

The precise statements of the three main steps above are given in the following
three lemmas.

Lemma 4.1 (Step 1) Forany t,s > 0, € > 0 and m € N, it holds that
Ers —Eoa = AT A+ Op + wp

where

t
em Jom| K™ A o i
ACT = E |:(1) e / ( Z (EPJJ"') (X H (P.u,) (Xf)) d1} ,
aEI_S’"') BEI&'”)\{Q}

0
o =E [(1)Ixf§m>eK§m1 / ( Z (P (bou)) (XS H (Pouy) (Xf)) dr:| ,
0

acI(™ perl™\{a}

4.4

and
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iz B [

< far [oww? (X ptv-Xop-x) [ (Ra)xd) | dy

i, €1{™ i< keIST™N\ (i 5}

are all well-defined. Furthermore, for any € > 0 and m € N,

—€,m
sup max{‘:t’s |,

5,t€[0,T]

€,m €,m
At,s ’ ‘(I)t,s

e} < oo, T >0.

Lemma 4.2 (Step 2) Forany t,s > 0, € > 0 and m € N, it holds that

oEm _ mem €M Fe,m T€,m
—t,s =t,0 — At s + ét,s + Wt,s

)

where

im =g { [Jees (
0

> (Fre)on 11 (Peua(Xf)) d}

acr(™ BeIl™\{a}

. (4.5)
R {/ ()i ( > (o) e I () (Xf)> i} |
0 acI(™ gerl™\{a}
and
e _ g / (1)
t,s T 9
’ (4.6)
x> (oo (Pay) (X)) ( I @w (X3)> dL?’ﬂ}
o,BeIl™) a<pB veIl™N\{a,8}
are all well-defined. Here,
1
(m) o kAm &
'™ (z) := Zbkz %, Z€ [0,1],m € N. 4.7)

keN

Furthermore, for any € > 0 and m € N,

sup max {|AyT], |®E7 ], [ TP} <00, T >0.
s,t€1[0,T)

The above two lemmas allows us to write down the following decomposition: For
anyT >0,e >0andm € N,
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T T T T
= / AZT, ds — / AP dt+ / 7", ds — / Oy dt (4.8)
0 0 0 0

Lemma 4.3 (Step 3)

(1) Forevery s,t > 0and m € N, it holds that

(2) Bothr — :0 go and r — HO’T are continuous functions on [0, 00).

(3) ForeveryT > 0,e > 0and m €N, it holds that

T

e,m
/AT ss
0

(4) ForeveryT > 0and m € N, it holds that

em dt

O\%

T T

lim / g ds — / P dt | =0.
0 0

(5) ForeveryT > 0, it holds that
T T
lim lim / LM ds — / oy, dt | =0.

mToo €l0
0 0

Let us first explain how Proposition 2.2 follows from Lemmas 4.1, 4.2, and 4.3.

Proof of Proposition 2.2 Let T > 0 be arbitrary. By (4.2) and Proposition 2.1, we
know that

sup |:::"\ <IE[1+6KT] < 00.
0<s<T,t>0,e>0,meN

Therefore, by Lemma 4.3 (1), (4.3), and the bounded convergence theorem, we have
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T T
. . —e€,m —€,m _ —0,00 —0,00
lim lim (“r,O —Z0, )dr = / (“r,O —EZor ) dr.
0

m—o0 el0
0

By taking € | 0 and then m 1 co in (4.8), we get from Lemma 4.3 (3-5) that

T
—0,00 —0,00
/ (‘:‘7‘,() —Zor ) dr = 0.
0
Finally, since T > 0 is arbitrary, from Lemma 4.3 (2), we get E%%O = Eg’
desired. [l
The rest of this section is devoted to the proofs of Lemmas 4.1, 4.2, and 4.3.

Proof of Lemma 4.1 Let us fix an arbitrary € > 0.

Step 1. Recall that for any g € C(R, [0, 1]) and = € R,

(Peg) () = / pe(z —y)g(y)dy

where p.(z) = e=*°/(29 /\/27¢, (¢, z) € (0,00) x R is the heat kernel. It is standard
to argue, see [42, p. 431] for example, that for any ¢ > 0 and = € R, the following
holds almost surely

t

(Peuy) (z) — (Peug) () = /%(Peur)(z)dr + / (Pe(bowu,))(z)dr

0

0
+ / / o (ur (4)) pe( — )W (drdy).
0

Applying 1t6’s formula, for any real-valued finite list (z;);c; with I = {1,...,n}
and t > 0, we have
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n n
H (Poug) H (Peug)
i=1 i=1

/t (; (%Peur) () H

jen{i}

+ / (Z (Pe(boun)) () [] (PeuT)(zj)) dr (4.9)
0

i€l jer\{i}

//( pe(zi—y) ] (HW)(%)) W (drdy)
iel .

Je\{i}

] ( S olu®)rem - wpea —n) ] <Pfur><ask>> drdy.
0

(i,5)ET?:<y kel\{i,5}

(Peur)(xj)) dr

Step 2. It is easy to see that the stochastic integral with respect to white noise at
the right hand side of (4.9) is a maringale. Then, by taking expectation on both sides
of (4.9) with respect to the measure IP, we can verify that for each (z;);cy and ¢t > 0,

E|[] (Paw) (z:)| - E

i€l

- V (ZJ <%Pcur> @) IT (Pcu,.)(xj)) dr}

JEN{i}

-HE[/ (Z(Pe(bour))(x,-) 11 (Pfur)(xj)) dr:|
0

iel jeI\{i}

[ (Pewo) ()

iel

(4.10)

+E[/ / ( S o) rem - e - ] <PeuT><wk>) drdy]
0

(6,§)€I%:i<j keI\{i,j}

Here, it is straightforward to verify that the two expectations on the left hand side of

(4.10) are bounded by 1; the first, second, and the third, expectations on the right hand

side of (4.10) are bounded by e 1|1, ||b||so| I, and ||o||% ||pe|loo | I|t, respectively.
Step 3. Letus replace the deterministic (x;) ;<7 in (4.10) by the random (X&) ael(m>

and take expectations with respect to P, after multiplied by (—1)7 T K™ , for each
of the terms in (4.10). This leads us to the desired result for this lemma after applying
Fubini’s theorem. To use Fubini’s theorem, of course, we need to verify the integrable

conditions for each term.

For instance, for the first term on the right hand side, it is sufficient to show that

E[(1+ effs)

S] <oo, s§2>0, (4.11)

since for each s > 0, almost surely,
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t

o m A
[ e (5 (2P€ur> x) 1 P (x8) ] |dr
5 aerl™ BEI™\{a}

t

<! /eK§”’|I§m>|dr <t(1+eXe)e Y14,

0

Note that (4.11) holds by Lemma 3.12, and furthermore,

T
sup AL < — sup E[(1+e")|L|]] <oo, T>0.
s,t€[0,T € 0<s<T

Similar arguments are valid for other terms of (4.10) as well, while replacing (x;);er

with (X) . ;(m> multiplying each terms with (71)'7-§m)eK-5m>, and then taking
expectatlons with respect to P.
We are done. (I

Proof of Lemma 4.2 Step 1. Take an arbitrary h € CZ(R,[0,1]), i.e. a [0, 1]-val-
ued twice continuously differentiable function 4 on R satisfying ||h/||oc < co and
17" |0 < 0. Also define h(t) := 1. Recall that £, and C((,ém) are respectively the
birth-time and the death-time of the particle & € U in the m-truncated branching-
coalescing Brownian particle system. Using Ito’s formula, it is standard to verify that
for any deterministic finite subset Z of i/ and s > 0, we have almost surely

H h(XS(m)AX) _ H h(Xém)’o‘) _ Z (A H h<XT(m),o¢)>

acl acl r<s acl

m 1 m),a
/Z H h X( )B 1(50’ ((;n)](r>§h”(X,,(,7) )dr (4.12)

a€ \BeI\{a}

/ ST ™) ) 1 o (WX a2

o€l HEI\{O/}

Here, we write AA; := A, — A,_ for any ¢ > 0 and cadlag process (A;);>o.

Step 2. Let us fix the arbitrary m € N, and take a sequence of deterministic finite
subset Z,, of U/ such that Z,, T U/ as n T co. Recall that Lgm) is the set of labels of the
living particles at time r > 0 for the m-truncated branching-coalescing Brownian
particle system. From Sect. 3.1, we have for each s > 0,

= 1

[0,5] T
rel0,s]
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is a (random) finite subset of /. Therefore, almost surely for every s > 0, there exists
a large (random) N, € N, such that for any n > N, it holds that I [(Om S)] C Z,. Using

this, we can verify that, after replacing Z by this sequence of Z,, and then taking
n 1 oo, the second term on the right hand side of (4.12) is Cauchy sequence in .2,
the space of continuous L2-martingales; while all the other terms of (4.12) converges
almost surely.

This allows us to verify that almost surely for each s > 0,

[T nextey— IT negm™ e =323a T wime)

acll™ acI{™ r<s aerlm™

Z H h(X(m)’ﬁ) h”(X(m)’a)d’r—i—M;n’h

T— r—
0 acr™ \per™\{a}

N =

where M™" is a continuous L2-martingale with quadratic variation

2

ety = [T ™ wxt™har, s>o.
0 acr™ \per™\{a}

Step 3. Let us define the process

e T (). e
acI{™

Since there are only finitely many jumps for the process H.™ P up to any finite time,
it is straightforward to verify, using Step 2 and Ito’s formula, that almost surely for
every s > 0,
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PR . AT
potb— —+ —— | dr
moop(x M

/ (m) (m)
+ /(71)‘] K de h

0 (4.13)
m,h 1 h(x [ )kam
+ / {aeﬂm)}H ((—1) {bk<0}W - 1) N(dr, da, dk)
(0,8] xUxN =
b [ st HE ) - D3 d(a, 6).
(0,s]xR

Step 4. We want to take the expectation of (4.13). However, it is not clear whether
the second term on the right hand side is a (true) martingale. Notice that its quadratic
variation is given by

2
S S
</ e eKi’”>dM:""h'> = e S T e | e

0 0 acl™ \ ge1™\{a}

< |IW|I% / 2N dr, s > 0.

0
Therefore, we can define a sequence of predictable stopping time 7,, T oo by
t
(m)
Tpi=inf{t>0: Hh’||§o/ezKrf I™jdr =nyp, neN,
0

which guarantees that, for each n € N,

SATp
7(m) (m)
S / (=1)r="eXr="d M

0

is an L?-martingale. Let us then take the expectation of (4.13) while replacing s by
s A 1, and obtain, for eachn € N and s > 0,

@ Springer



Wright-Fisher stochastic heat equations with irregular drifts

E[Hpr ] - & [mp]

SATh

8ATn }// X(T’L) o
~ 1 N
=K /H u+bl——+b(%‘)) dr

m o op(x (™
aEI( r

_ h 1 }L(X(T’L)«,Ul)k/\m . (414)

+E / 1, HPO [ (1) sy 22r= L 1) §(dr, da, dk)
{acl,™} h/(XirlL),a)

0,8ATn ] XUXN

+ E / {a ﬁel(m)} (h(X(m) ﬂ) - 1)937((”7 d(av B))

(0,sATR]XR

Here, we have replaced 91, and 901, by their compensators 9, and 9N, respectively.
This is allowed, due to Lemma 3.3 and the fact that for any s > Oand n € N,

/

(0, s/\Tn]Xl/{XN

N(dr, da, dk)

(m),o\kAm
h(X

{ 6]('“>}Hm h (—1)1{bk<0} ( rf( )) -1
“ R(X,T%)

r—

mh
/ 2 2| aery gl (=)o R — (X)) | g
0 acI{™ keN
< 2/4/6K£T)|I£T)\dr€ LY(P), by Lemma 3.12
0
and that
m,h m),oN — A
2 / 10 gty HEZ (X)) s(dr, d (o, B)
(0,sATR]XR
mh (m)
_ m),e B
<y [ sery g (1 X
e .15)
K™
- o,
S Z / {o,8e1(™}€ dLy
(a 5 ER 0

<201+ ngm)) Z L% ¢ LY(P), by Lemma 3.13.

(m) .
a,ﬁEI[o NE a<

Finally, observing that there are certain cancellations on the right hand side of (4.14),
we obtain that for any s > 0 and n € N,
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_ hl/(XO[i)
=K metoy T dr
0 acI(™ 2h(X7)
-s/\T,,,
. b(m)(h(X‘X ) (4.16)
+E H;",’h — e dr
) et h(X7)

+E / Lo pestm HE (X2 ™ = 1)t(dr, (e, 9))
_(0,5/\7'"]><R

Here, recall that 5(™) is defined in (4.7).

Step 5. Let us fix and arbitrary s > 0. Observe that, for each n € N, the integrands
in the first and the second terms on the left hand side of (4.16) are dominated by
1+ X and 1 repectively; while the integrands in the first and the second terms on
the right hand side of (4.16) are dominated by

1 / m . m s .
Il [ and o [ 1
0 0

respectively. Also observe from (4.15) that the integrand in the third term on the right
hand side of (4.16) is dominated by

2047 3T Lyt
a,BEI[((TS)]:a<B

Now, by using Lemmas 3.12, 3.13 and the dominated convergence theorem, after
taking n — oo in (4.16), we can verify that (4.16) still holds after replacing s A 7,
by s. That is
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Step 6. Fix an arbitrary ¢ > 0. After replacing the arbitrarily chosen € CZ(R, [0, 1])
by P.u; and then taking expectation with respect to P on both sides of (4.17), we
can verify the desired result for this proposition while applying Fubini’s theorem.
Of course, to use Fubini’s theorem, we need to verify the integrability of (4.17) for
each term. For instance, for the third term on the right hand side, we can verify, with
a similar argument as in (4.15), that

E / ‘ {a, [561(7”)}Hmput((P ut) (Xa )_ ) an(dﬁd(a?B))
(0,s] xR
(4.18)
<m[a+) Y | <
a,Belf)a=p
Therefore, by Fubini’s theorem and Lemma 3.4, we have
" m,h — A

/ It /(0 s]x {a 5€I(m)}H (h(Xrﬁf) t- 1)93?(dr, d(av ﬂ))‘| dp

h=P.uq

=L

/(o Jx Ve pertmy il P (Peug) (X2) 71 = 1)IM(dr, d(a, ﬁ))]

= 1T SIS S | (RIS

0
a,Bel™:a<p ~eIl™\{a,5}

% ((Pee) (X22) = (Pewn) (X0) - (Pewr) (X)) a1 | = W57,

Here, we used the fact that 1 dLe? =1 dL%? which

{a,Ber™} {a,perl™ xo =x7 3
is standard for the Brownian local times. Note that (4.18) also implies that

- (m)

sup W' <2E (1 +efr) Z Lgi’ﬁ < 00.
0<s,t<T ’ (m
a ,861 oc-<6

Similar arguments are valid for all the other terms on the right hand side of (4.17),
and we are done.
O

Proof of Lemma 4.3 (1) The desired result follows from the continuity of u and the
dominated convergence theorem immediately after noticing that the integrand in
(4.1) is dominated by eX e , which is integrable with respect to P by Proposition 2.1.

O
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Proof of Lemma 4.3 (2) From (4.3), we know that for any r > 0,

=5 = lHur z; ] and g =E L‘U‘mem [T rexm

a€el,

From the bounded convergence theorem, and the fact that » — w,.(z) is a continuous
function bounded by 1 for each x € R, we have that r — = ’°° is continuous.

To show that r — :O’fo is continuous, we fix an arbltrary (deterministic) 7 > 0

and define the event 2, C  such that

Q. = {N{r} xU xN) =0} n{M({r} x R) =0} N
/|Is|ds <o00,Vt >0 p N{J, < o0,Vt>0}.
0

From the property of the Poisson random measure, we have

EM({r} xUx Z4)] =Y Y N({r} x {a} x {k}) =0,

a€U keN

and

EM({r} xR) = > EM{r} x{(.BD]= >  EM({r}x{(a,p)})]=

(a,B)ER (a,B)ER

From this and Theorem 1.4, it is clear that P(Q,.) = 1.

Firstly note that, on the event ,., since there are only finitely many branching
events up to any finite time and there is no branching occurring at time r, there exists
a (random) € := &(r) > 0 such that there is no branching event occurring in the time
interval (r — 2¢,r + 2¢). Secondly note that, on the event Q,, since t |1;| is non-
increasing on (r — 2e,r + 2¢) and

r42e
/ |It|dt < 00,

~—2e

it must hold that |I;| < oo for every t € (r — 2¢,7 + 2¢); in particular, |/, .| < oco.
Thirdly note that, on the event £,., since there are only finitely many coalescing events
occurring in the time interval (r — e, + ¢) and non of them occurs at the time r,
there exists a random & := &(r) > 0 such that there is no change of the total number
of particles in the time interval (r — &, + £). Let us now take an arbitrary (deter-
ministic) sequence (7, )neny C (0,7 + 1) such that r,, — 7 as n — oo. Then, it can
be verified that

@ Springer



Wright-Fisher stochastic heat equations with irregular drifts

Hy = 1g (~1)Tmlefr T F(X2) =" H =14 (D)5 TT £(X2).
acl,, acl,

From Proposmon 2.1, we know that each element of (H,),en is dominated by
1+ efre1 e Ly (P). Therefore by the dominated convergence theorem, we have

20 = o [H,] —— B [H] = 4.

n— oo

Finally, since r > 0 and (7, ) nen are arbitrary, we obtain the continuity of r — :8 fo .

O

Proof of Lemma 4.3 (3) From Lemma 3.12 and the fact that || %Peut Hoo <e 1, we

have
dtds:|

| I
5,t>0,5+t<T

<cm| [ e ‘Ig"”‘ dtds| < e 'TE
s,t>0,5+t<T

(=) K ( 3 <%Peut) xo I Pw (XE))

acI{™ peI™\{a}

T o
/ ek ‘Is(m)’ds} < 00
0

Now by Fubini’s theorem we know that both
T T
/ AS™ s and / Aot
0 0
are equal to

Bl [ e 3 <%P€ut> xo) JI P (X7) ] atds
$,t>0,5+t<T aEI,(:")

peIl™\{a}

The desired result now follows. O

Proofof Lemma 4.3 (4) Step 1. For any m € Nand s,t > 0, define \I/t . by replacing
€ by 0 in (4.6). Also, define random variables

Ko (@, 8) = 1y, geromy (= 1>'fﬁ’“'er-”)<ao<PEut>><X;f>2( I1 (Peua(X:))

~verl™\{a,8}

which clearly satisfies
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_ (m)
ch,;n(aaﬁﬂ < ‘|J‘|gol{a’/36]£m)}€K

for every e >0, m €N, t,r > 0 and («, 3) € R. Therefore, we can verify from
(3.13) that

T—
/ D7 e, B)| AL | dt
0

(@BeR
T T—t
O,
S/E ”UHi"/l{a,ﬁezﬁ’")}e& dLy? | at
0 (a,8)ER 0

(m)
<||o|ATE | (1 + efr ) Z LY < 0.
a,ﬁel[(é’tlT)]:a<ﬁ
Therefore, by the Fubini’s theorem and dominated convergence theorem, we can
verify
T T T—t
~ 1
/ Uy dt = o / El > / K5 (e, B)ALEP | dt
0 0 a,BER |
T—r

T
/ K7 (o, B)ALEP | dt = / Y7 dt.
0 0

Step 2. It can be verified from Fubini’s theorem that for any s,¢ > 0, € > 0, and
m e N,

vl =E| ) /pe XOpely — XY (y5 0, B)dy

(,B)ER

where

t
Y (s o B) = ()R, / a(uxy)f( | ) (XZ)) dr.

0 ~eI{™\{a, 8}

By Fubini’s theorem again, and by substituting y with y + X, we have

T T
[ it o= [Z [ o [ pmtoe x5 - X‘*)Y;";s<y+xs;a,5>ds]
0 0

(,B)ER
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Step 3. Recall from (2.4) that Laz is the local time of the process X — X 7 at the
level z € R. By the theorem of the occupation density, c.f. [26, Theorem 29.5] and [3,
Lemma 2], we can verify that for each (o, 8) € R, ¢ > 0 and y € R, almost surely

T

2/176 Ype(y + X&' = XY™, (y+ X350, B)ds
0

T
/ PWpely+ X2 = XOVE™ (y+ X0, B)d (X0 = XF)  (4.19)
0

= /dZ/pe Wpe(y +2)Y7 (Y + X3 a, B)ALLY.

Using the dominated convergence theorem, we can verify that the expression in
(4.19) is almost surely continuous in y € R.

Therefore, (4.19) actually holds for every y € R and («, 8) € R, almost surely,
for every € > 0. Therefore, we have

T
2/@%’_’;_’5(15_ {Z /dy/dz/pe pe(y +2)Yr" (y+ X5, B)ALSY |

0 (a,B)ER

Step 4. By an argument similar to [3, p. 1725], we can verify that almost surely

Yy /dy/dz/pe Wely + 2)VE™ (4 + X250, BALES

(mB)eR

-y / YO (X% a, B)ALY.

(,B)ER |

Notice also that almost surely

i+ X5 | 4152 < 1+ TN ey s L5,

and therefore
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/dy/dZ/pe YIpe(y + 2)Y5" (y+ X5 a, B)ALS Y
(a,B)ER
< (1+e" 7 )THJH2 Z sup LTZO

a,BeI™) :a<p ok
[0,7]

which is integrable, thanks to Lemma 3.13. Now, by Steps 2 and 3, the dominated
convergence theorem, and Fubini’s theorem, we can verify that

T T T
2/\1/;1”550134% SR (XS a,B)dLe? 2/ O dt.
5 €l0 )
0 (,B)ER | 0
Combining this with Step 1, we are done. O

Proof of Lemma 4.3 (5) Step 1. For every t,s > 0 and m € N, define @?)’;" and é?;ﬂ
by taking € = 0 in (4.4) and (4.5) respectively. For every ¢,s > 0, define <I>?”S°° and
) b
t,s Yy
t

e s [ (S omen T won)o

0 a€l; Bels\{a}

and

3} =E /(_1)|fr|eKr S ou) (X2 [ w (XF)|dr

0 a€l, pel\{a}
Step 2. We will show that, for a fixed arbitrary T > 0 and m € N with m > 2,
T
lim [ &7 ,dt = / o) dt.
0

Firstly, we note that almost surely with respect to P, for any ¢, s > 0 and € > 0, the
random variable

Fm)| pe(m) m a
1{s+t§T}(—1)|J” I 1{aeI§"”)} (b( )o (Peut)> (X$) H (Peuy) (Xéa)
Ber{™\{a}
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is bounded by Cylyaer.}(1+4 ) where Cy:= 3, g |bk| +1 < co. Secondly
notice that, by Lemma 3.12,

T

T T
/E 2/1{%,5} (1+ef)at ds:T/E[|IS| (1+e")] ds < oo.

0 acU | 0

Thirdly notice that, almost surely with respect to P, for any ¢, s > 0 and a € U, the
random variables

Laertmy (Peu) (X2) and 1,y (b0 0 (Pawn) ) (X2)

converge, as € . 0, to

s X and 1oy (B 0 0) (X5,

respectively. Here, we used the fact that z — b("™)(z) is a bounded continuous map,
and almost surely, z — us(z) is a bounded continuous map. From those, we can
verify using Fubini’s theorem and dominated convergence theorem that the desired
result for this step holds.

Step 3. We will show that, for fixed arbitrary 7" > 0 and m € N with m > 2,

T

T

. €,m _ 0,m

161i(r)1/@T7375d3 = /@Tfsﬂsds.
0 0

Recall that

b(z) = Zbkzk +b002™, z€][0,1],
k=0

where 2% := 1(,_1; for z € [0, 1]. If bo = O then the map z + b(2) is continuous

on [0, 1], and the desired result for this step follows from an argument similar to Step

2. However, if boo > 0, then b(z) is not continuous at z = 1. So we will use a different

argument here which depends on a technical result: Proposition A.1 in Appendix A.3.
Notice that for any € > 0,

T T T—s
/ oL ds = / E / BEAr| ds, (4.20)
0 0 0

where
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B = ()T YT (Pebouw) (X [T (P (XD)

acIi™ BeI™\{a}

Also note that, for any € > 0 and r, s € [0, T,

B < R b o 1) (21)
and that by Lemma 3.12,
T T—s T
/E /eKé’"’>||b||oo|1§m>|dr ds = (T — s)E /eKi’"’>||b||m|1§m>|ds < 0.
0 0 0

Therefore, by Fubini’s theorem,

(4.22) the orders of the integration and the expectations on the right hand side of
(4.20) are interchangeable.

On the other hand, we can verify from Lemma 3.1 that

(4.23) T, TocasnToowhere) =7y <73 < 7o < --- are the occurring times of
the branching/coalescing events for the m-truncated branching-coalescing par-

ticle system {(X\"™"*);>0 : o € U}.
Therefore, from (4.20), (4.22) and (4.23), for any € > 0,

T—r -Tr

T . T
/ ;ms Sds / / ;Be mds dr = / Z / l{se[;,ﬂfljk)}%;:?ds dr.
0 0 0

k=1

Using Fubini’s theorem again, we have for every € > 0,

T

T T 50 T—
/@;TS’Sds:/E}c Z / E [1sefrrmBor] ds| dr
0 0 0

k=1

. (4.24)

5

4 k=1

s

T—
/ E [E |:]‘{96[7'k 1,7'19)}%67”
0

ﬁ; 1” ds| dr.

Recall here that Ey is the expectation corresponding to the random field u, and E
is the expectation corresponding to the m-truncated branching-coalescing Brownian
particles system.

Fixing arbitrary r, s € [0,7] and k € N, we can write for every € > 0,
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T, 1} =1(s>5, E |:1{s<'rk}%

E {1{56[7:191,‘?;;)}%:’:? Fx, }

7(m)

Tr—1 K

( 1
e b+ —)(s — P
e 1exp{(u+ 1+m)(8 Th—1)

I(’m)

Tk—1

}

X 1pery | S (Pou(x) ] (Paw) (X7) ‘%

acIi™ geIl™\{a}

=1gs>n,_ 3 (1)

Notice that, from the strong Markov property of Brownian motions, after the time
Tr—1, the particles in the m-truncated branching-coalescing Brownian particle sys-
tem will evolve as independent Brownian motions until the next occurring time of
its branching/coalescing event. Therefore, we can further write for every € > 0 that

IE |:1{5€[fk—1,fk)}%;:;n j7~'k1:|
(4.25)
I(m,) (m) ~
= Lpmr g (—D) T SR e =D I e py (%),
Here,
oY a N
X = (X2 ..., XY JeR

is a (random) finite list of real numbers with N € N and ()2, given so that

a; <...<ay and {al,...,aN}—Iik)l,

F is a (random) bounded measurable function on R" given so that

N
F(zy,...,on) =Y (bou,) () II w@) (,...,2.)€eRY;
i=1 Je{1,....,N}\{¢}

and (B§)¢>0,e>0 are the operators given as in (A.6) with n replaced by the random N.
Now, from (4.25), Proposition A.l and the fact that P(7,_1 = s) = 0, we have
almost surely

e—0

j 1] — E |:1{se['rk 1 Tk)}%

|:1{S€[7'k 17'k)}% j~ 1:| .

Also observe from (4.21) that

7~'k1:|

‘E |:1S€[7~'k—177~'k)%;:;n

T (m) m
SE[lse[fk—lfk)eKs Hb”OO'Is( )|§k—1

and that
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T 0o I'—r
/]Ef Z / ]E |:E |:15€[’7'k1,‘7'k)6K£m) b||ooIs(m)|’j‘f~'k_1:|:| ds| dr
0 k=1 0
T B 00 T—r
:/E Z / 156[7~'k—17‘7'k)eK§M) bHoo|1§m)\ds dr
k=1

0 L

T [ T—r
/E / eKém)
0 L O

So by applying the dominated convergence theorem on the right hand side of (4.24),
we get the desired result for this step.

Step 4. Notice from Lemma 3.2 that almost surely with respect to P, for any
t,s > 0 and a € U, the random variables

bl oo |1 |ds | dr < oo.

jim) m m «
(fl)le ) K§ ), l{aelﬁ'”)}? H omn (Xf)7 and l{aelg'”)}b( )out(Xs ),
ger™\{a}

converge, as m 1 oo, to

(—I)USI, Ks, liacry H ut(X§)7 and  lyaerybou(XS),
BELN\{a}

respectively. From this, we can verify, using Fubini’s theorem and dominated con-
vergence theorem, that

T T
lim / oy ds = / 3 ds, (4.26)
0 0
and that
T T
Jim o) dt = / o7 ,dt. (4.27)
0 0

Using Fubini’s theorem again, we have
T T
/ Dy (ds = / o2 ,dt. (4.28)
0 0

Finally, from the results in Steps 1 and 2, (4.26), (4.27) and (4.28), we have

@ Springer



Wright-Fisher stochastic heat equations with irregular drifts

T T

lim lim [ ®%™. ds= lim lim [ @7 .dt
m?Too €l0 T—s,s m?Too €l0 6Tt
0 0

as desired. O

5 Proof of the weak existence part of Theorem 1.1

As have been noted in Sect. 1.2, the weak existence of SPDE (1.1) is standard for
b = 0. So, we have to verify existence only for the case of b, # 0. For simplicity,
let us also assume that by, = 0 for every k € N\ {1}, as the argument for the more
general cases is similar. Then, with these parameters, the SPDE (1.1) is given by

{ Opur = 502us + brug + boo Lz (u) + /ue(1 — ug) W, .1)

U():f.

Due to the condition (1.3), we have by < —|boo].
The idea of the existence proof is to construct an approximating sequence of

C(R,[0,1])-valued processes {(uﬁ’”) ())t>0,5er : m > 1}, to show that this
sequence is tight, and it has a limit point that solves (5.1).

This sequence will be constructed to solve the following SPDEs,

O™ = §02u™ + bl 4o (™ )+ fu (MO,

u[(]m) — f

where (W(m))neN is a sequence of space-time white noises.
The main difficulty in the proof'is to show that a sub-sequential weak limit point of
{u(™ :m > 1} indeed solves (5.1). It is non-trivial since it is not clear why conver-

mg
gence of any subsequence u("™*) to u, would imply convergence of (ugm"‘) (x))

to 111} (u¢(z)). The challenge comes from the discontinuity of the function 1y (-).
This difficulty will be resolved via a duality argument, which is based on the con-
vergence of the dual particle system of (™) to the dual particle system of 1. We will
give the details below, but first let us introduce the settings for the rest of this sec-
tion and state some useful lemmas. Let « € R be arbitrary. Let {(X}*);>0 : @ € U}
be a coalescing-branching Brownian particle system with branching rate i := |boo],
offspring distribution ps, = 1, and initial configuration (x;)$2, such that z; = x for
every ¢ € N. This particle system is defined on some probability space (Q, F, If”). Ifwe
want to emphasize that all the particles start at x, we write P? for the probability mea-
sure, and E* for the corresponding expectation. For each [,m € N U {0}, recall that

the (/, m)-truncated version of this particle system {(Xt(l’m)’a)tzo ta € U}, given as
in Sect. 3.1, is a coalescing-branching Brownian particle system with branching rate
u, offspring distribution p,, = 1, and initial configuration (z;)_,. Also recall the
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sets of labels It(l’m) and Jt(l’m) for t > 0 are given as in (3.7) and (3.8) respectively.

The following lemma is a variant of Lemma 3.2. It allows us to approximate |It(l’°°)|

and |J{"°°)| from below.

Lemma 5.1 Almost surely, for each I, m € Nwithl < mand t > 0, we have
It(l’m) ={ael: oo <m,ac It(l’oo)}
and

JEM = {a el : oo < m,a e JEY.

We omit the proof of the above lemma, because it is very similar to the proof
of Lemma 3.2 in Appendix A.l. Recall that the sets of indices (I;);>0, (Ji)i>0 for
the non-truncated system were defined in (2.10), (2.11). Let us consider the event

= U2 {|Ji/n| = 0}. From Theorem 1.4, we have for every ¢ > 0,

n=1

Bl =0 = 1= B 2 1) 2 1~ B[] = 1- 4 [ BL]ds
0

which implies that

_ .

P(Y) = lim P([Jy/n| = 0) = 1. (5.3)
Define the random integer L. = sup{a; : @« € I.} V 0 for each € > 0. Since for

€ > 0, almost surely I, is a finite set (Theorem 1.4), we have almost surely L, < oo.

The following lemma allows us to approximate |I;| and |.J¢| by |It(l’oo)\ and |Jt(l"°°)|

when [ 1 co.

Lemma 5.2 For any € > 0, almost surely on the event {|J.| = 0}, for every finite
integer | > L. and t > 0, we have

[t(l’oo) ={aelU:a; <la €}
and
Jt(l"’o) ={acl:o <l,a € Ji}.

We omit the proof of the above lemma, because it is also similar to the proof of
Lemma 3.2 in Appendix A.1.

Lemma 5.3 Suppose that (Zy)ken is a sequence of [0, 1]-valued random variables
converging almost surely to a [0, 1]-valued random variable Z. Assume that E[Zlf]
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converges to B[111(Z)] when k 1 oc. Then Z converges to 1;11(Z) in LP for every
p > 1 whenk?T cc.

Proof Let us first prove the L' convergence. Note that for every k € N,

E[|Zf - 10)(2)|] =E[|Zf — 10)(2)| L1zmny] + E[|2F - 103(2)| 1z<1)]
=E[(1-Z) Liz=i3] +E [Z{1{z<1)] (5.4)
=E [111(2)] - E[Z§] + 2E [Z;1{z<1)] -

It is clear that ZF converges to 0 on the event {Z < 1}, and therefore the third term
on the right hand side of (5.4) converges to 0, when k 1 co. Now (5.4) implies that
ZF converges to 1{1}(Z) in L' when k 1 oc.

It is then clear that Z} converges in probability to 1113(Z2). Also, it can be verified
form bounded convergence theorem that for any p > 1,

lim E |(25)"] = E [(1)(2))"]

k—o0

Now from [26, Theorem 5.12] we also obtain the LP convergence for every p > 1 as
desired. O

Now we are ready to present the main steps of the existence proof. The construc-
tion of the approximating sequence u("™) and one of its weak limit points will be
carried out in the Steps 1, 2. The non-trivial part, as we have mentioned above, is to
show that the limit point indeed solves the SPDE (5.1); this will be done in the Steps
3-7.

Proof of the weak existence part of Theorem 1.1 Step 1. Let C(R) be the space of
real-valued continuous functions on R. Define ||f]|(y) := sup,cp |e?1®! f(2)|

for every p€ R and f € C(R). Define the complete separable metric space
Ciem(R) :={f € C(R) : ¥p > 0, || f[|(—p) < 0o} equipped with the metric

dtem(f?.g) = 22_k(||f - g”(—k_l) A 1)7 fvg S Ctem(R)~

k=1

Denote by C(R.,Ciem(R)) the space of Ciem(R)-valued continuous paths on
R, equipped with the topology of uniform convergence on compact sets. For
each m € N, we have the existence of a C(Ry, Ciem (R))-valued random element
u(m = (Ugm))tzo = (u§’"> (x))i>0,¢r satisfying the SPDE (5.2) on some probabil-
ity space. As we have mentioned, existence of solution to (5.2) is standard (see e.g.
[42, Theorem 2.6] and [35, Section 2.1]). Moreover, ugm)(x) takes values in [0, 1]
for each m € N, ¢t > 0 and = € R. Note in particular, the random elements «("™), for
different m € N, are not necessarily driven by the same noise, nor necessarily defined
in the same probability space.
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Step 2. One can also verify, by the standard theory (c.g. [42]), that the sequence
of C(Ry, Cem (R))-valued random elements {u(™) : m € N} is tight. In particular,
by using Prohorov’s theorem and Skorohod’s representation theorem, there exists a
(deterministic) strictly increasing N-valued sequence (mg)xen, and a sequence of
C(R4, Ciem (R))-valued random elements (@("#)),cn defined in a common prob-
ability space, such that

(5.5)  foreach k € N, the law of @("™*) equals to the law of u(™*);
(5.6)  the limit @ = limy,_, o @("™*) exists almost surely with respect to the topol-
ogy of C(R+, Cem (R)).

It is also clear that (% (x))¢>0,z¢r is a [0, 1]-valued continuous random field.

In the rest of the proof, we will show that % solves the martingale problem cor-
responding to the SPDE (5.1), that is, for any compactly supported smooth (testing)
function ¢ on R, almost surely for every ¢t > 0,

/M@m@Mmj/MMﬂwm
//¢” dsdx+b1//¢ x)is(x)dsdx 5.7)

+%//wmmmum®M+mw>
0

where (M;(¢))¢>0 is an L2-martingale with quadratic variation

//¢ z)(1 — dy(z))dsdz, ¢>0.

Step 3. Fix an arbitrary x € R. From Proposition 2.2, we have that

8| (") ]

:wa ( )|J(L m)\l{boo<o} exp{(b1+bm /‘I(l m)

} i (5.8)
J(XE)

(xEIgl ™)

holds for each finite [, m € N, and ¢t > 0. While fixing /, replacing m by my, and then
taking k 1 oo in (5.8), we obtain
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E[ﬁf(:c)l]
t

=B | ()P0 e § o) [ 109 as g [T 7 )
0 aer(h>)

for every | € N and ¢ > 0. Here, we used the bounded convergence theorem (recall
that by + |boo| < 0), Step 2, Lemma 5.1, and the fact (from Theorem 1.4) that
|7{5°9)| < o0 almost surely.

Step 4. In this step, we will show that for every ¢ > 0,

t
E [1{1}(at($))] _ I’EL [(_1)Jt1{bx<ll} exp {(b1 —+ |boo)/ls|d5} H f(Xta) . (59)
0 a€ly
Note that, from Step 3, for arbitrary ¢t > 0 and € > 0,
: o) (b1t lbso]) [ 1784°2)]ds
E [ﬂt(m)l} - E” 1{\J€|=0}(—1)|J‘ oo <ore 0 H F(X)

(xelt(l’oc)

<P (|| > 0);

which, by taking [ T co and then € | 0, implies the desired result for this step. Here,
we used the bounded convergence theorem, Lemma 5.2, (5.3) and the fact (from
Theorem 1.4) that almost surely |J;| < oo.

Step 5. While taking [ = m = my and then k£ 1 oo in (5.8), we obtain

k—o0
acl;

lim E [ (4 k>(x))mk} — e [(_1)%1{»@0@} exp {(b1 + |boo|)/|ls|ds} IT £ x)
0

Here, we used the bounded convergence theorem, Lemma 3.2, and again the fact that
almost surely |J;| < oco. Combine this with Step 4, we obtain that

lim E [(agm’”(z))m] = E [100; (@(2))] .

k—o0
Combine this further with (5.6) and Lemma 5.3, we obtain that

(@)™ = 1y (@a(2)

in LP? when k — oo for every p > 1.
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Step 6. Fix arbitrary ¢ € C°(R), where C°(R) is the space of compactly sup-
ported infinitely differentiable functions on R. In this step, we want to show that, for
every t > 0, when k 1 oo,

t - t
/ / o(x) (ﬁgm’“)(x)) dsdz — / / (x)1 (13 (iis () )dsdz
0 0
in L2. In fact, we can calculate by Holder’s inequality that, for each ¢t > O and k € N,
t 2
(//¢ () (2 mk dsdz//Qﬁ(fﬂ)l{l}(ﬂﬁ(I))def) ]
0

[(//¢ u(m“) )>mk - 1{1}(115(.7:))>2dsd1’) . (//tl{¢,(w)¢o}d<9dx>:| (5.10)
0
<0s0) | / ota® | (@)™ = 1) | as

where 0 < C5(¢) < oo is a constant only depending on the support of ¢. From Step
5, while taking k£ 1 oo, we have for every s > O and x € R,

E [((ﬂgmk)(x)>mk - 1{1}(128(36)))2] 0.

From this and (5.10), we obtain the desired result for this step using the bounded
convergence theorem.

Step 7. Fix arbitrary ¢ € C°(R). From (5.5), we know that almost surely for every

t>0,
o @z~ [ o)
//qs" Yalme) (z dsdx+b1//¢ al™) (z)dsdz G5.10)

t b / O/ o(x) (ﬂgm")(:r))mk dsda + M) (¢)

where (Mt(m’“) (¢))¢>0 is an L?-martingale with quadratic variation
<M.("“°) / / &(2) 23 (2)(1 — @™ () dsda.
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From (5.6) and the bounded convergence, we can verify that, for any ¢t > 0, the left
hand side and the first two terms on the right hand side of (5.11) all converge in L?
while k& 1 oco. Combine these with the result in Step 6, we know that for any ¢t > 0,

M™) () converges in L? to a random variable M, (¢) while k 1 co. Now, by the
standard theory for continuous L?-martingales, see [13, Proposition 1.3 & Theorem
4.6] for example, the limit (M;(¢));>0 is an L?-martingale with quadratic variation

//QS x)(1 — tg(x))dsd.

Now, by taking k 1 co in (5.11), we can verify the desired result (5.7).

Final Step. By extending the probability space if necessary, it is standard to show
(c.f. [27, Proof of Lemma 2.4]) that the martingale problem solution (& (x)):>0,zcr
is also a (mild) solution to the SPDE (5.1) with respect to some space-time white
noise in some probability space. Therefore, we are done. O

6 Proofs of Lemmas 1.2 and 1.3

Proof of Lemma 1.2 We will prove the lemma by contradiction. Fix arbitrary
b b2 ¢ [—1,1] with b £ b2 Fori=1,2, let w® be the unique in law solu-
tion to (1.8) with bao = b%2, w” = g € C(R, [0, 1]). Assume that w(!) and w(® have
the same laws. Fix arbitrary non-negative and not identically zero ¢ € C°(R). Then
fort =1, 2, we have

[ ol dx—/qﬁ
-5/ / ¢ () ® (z)dsdz + / / o~ @asdr

0

b<>//¢ )10y (wl (2))dsdz + M ()

where (Mt(i) (#))¢>0 is an L?-martingale with quadratic variation

//¢ w (z)(1 — w? (z))dsdz, > 0.

By taking expectation on both sides of (6.1), and recalling that w (") and w(?) have the
same law, we immediately get that
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t

HOE [ / / d)(m)l{o}(wgl)(a:))dsdx] o { / / qﬁ(m)l{o}(wf)(a:))dsdx}, £>0. (6.2)
0

0

Let us check that the expectations in (6.2) are not zero. To this end, it is enough to
check that

E [1{0}(10?)@))} —P (w@(x) - 0) >0, Vt>0,z €Ri=1,2.

We will derive this by comparison argument. Let w be any solution to

{ 8twt = %Awt + 2(1 — U)t) + wt(l — wt)W,

-t (6.4)

Clearly u; =1 — wy,t > 0, satisfies (1.1) with b(u) = —2u and initial conditions
ug = f =1 — g. Thus, such u is a unique in law solution of (1.1). Therefore, w is

a unique in law solution to (6.4). By our assumptions on b(oé) , we immediately have
20—2)>(1—2)— bg@l{o}(z), for z € [0,1], and ¢ = 1, 2. Therefore, the drift
in (6.4) dominates from above the drifts in equations for w(?), i = 1,2. This, by
weak uniqueness, implies that w scholastically dominates w(!) and w(® from above.
Therefore,

E [1{0}(10@ (x))} > E [1ioy(wi(2))], V> 0,0 € Ri=1,2. (6.5)

However, by duality formula (5.9) we obtain
t
E [1{0}(10,5(1))} =F [1{1}(ut(:c))] . exp 72/|Is|ds H JaC.
0 a€cly

where {(X[)i>0:a €U} is a coalescing Brownian particle system with initial
configuration (z;)$°, such that z; = x for every ¢ € N. Since f =1— ¢ # 0 and

¢
J I ds, |I| are almost surely finite for ¢ > 0 by Theprem 1.4, we immediately get
0

from the properties of coalescent Brownian motions that
E [1joy(we(2))] >0, t>0,z€R
Then, by (6.5) we have

E 10y (wf”(@))] >0, vt >0, €R
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This and our assumptions of ¢ imply that the expectations in (6.2) do not equal to
zero.
Now, from our assumption (by contradiction) that w() and w(? have the same

laws, we obtain that bg) = bg) which contradicts the condition of this lemma. This
implies that w(") and w(® should have different laws. O

Proof of Lemma 1.3 (i) Let us show the non-uniqueness result when the initial value
Xop = 0. It is easy to see that one solution to (1.9) with b, =1 is X; =0,¢t > 0,
while the other one can be the solution to (1.10). Let us show that solution to (1.10)
indeed also solves (1.9) (with b, = 1). First let us check that if X solves (1.10), then

t

/1{0}(Xs)ds =0, Vt > 0. (6.6)
0

In fact, one can easily get (6.6), by following the steps in the proof of Proposi-
tion XI.1.5 in [40]. First, by using Theorem VI.1.7 in [40] one shows that

t t

L0060 =2 [ 10y (X0) (1 = X ds =2 [ 10 (X, 6.7)
0 0

where LY (X),t > 0, is the local time of X at zero. Then, again following the proof
of of Proposition XI.1.5 in [40] one derives that LY(X) = 0,V¢ > 0, and then (6.6)
follows by (6.7). With (6.6) at hand the result is immediate. O

Proof of Lemma 1.3 (ii) The pathwise (and thus week) uniqueness for (1.10) follows
from Theorem IX.3.5 in [40]. Fix arbitrary b, € [—1, 1). To prove the claim we need
to show that any solution X to (1.9) also solves (1.10). This will follow if we show
that for any X solving (1.9), the following holds:

t

beo / 10y (X,)ds = 0, Vit > 0. (6.8)
0

To obtain (6.8), we follow the same strategy as in the proof of (i) of this lemma. By
Theorem VI.1.7 in [40] we get that

t

LX) = 2/1{0}(Xs)st, (6.9)
0
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7
where V; = [ (1(0,1)(Xs)(1 — Xo)+(1 — boo) 140} (X)) ds,t >0, is the drift
0

in (1.9). Substituting the definition of V into (6.9) we get

t
LY(X) =2(1 - bso /1{0} (6.10)
0

Then, again following the proof of of Proposition XI.1.5 in [40] we derive that
LY(X) = 0,Vt > 0, and hence from (6.10) (recall that b, < 1) we get that

t

/1{0}( s)ds = 0.

0

Thus, (6.8) follows and we are done. O
Appendix A

Proof of Lemma 3.2

A.1. Proof of Lemma 3.2 We claim that,
(A.1) foreacha € U andm € N, Cém) = Lim<falwéa T Lim>|al ) Ca almost
surely.

Fixing m € N, we will prove this claim by induction over & € U. If « = 1, then it

is easy to see that Cém) = Ca,a = (o Let us fix an arbitrary 5 € U, and for the sake
of induction, assume that the desired claim (A.1) holds for every o < .

Firstly, we show that almost surely Cém) = &g provided m < ||B]|s0. To do this,
we discuss in two different cases.
(1) m < ||B]|eo and || = 1. In this case, we have m < (3. So by (iii) of (3.5), we
have ¢ ém) = &5 as desired.

(if) m < || 8]l and | 3| > 1. In this case, we can show that the event

(689 =6x5) o <251}

almost surely won’t happen. In fact, if the above event happens, we have
<
By < m. This, and the condition m < || 3]/, implies that m < || 3 ||oo. From what

we assumed for the sake of induction, we must have Q(Em ) = fg. This further implies
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that & = i  which has 0 probability. Now, by (iii) of (3.5), we have M =g
as desired.
Secondly, we show that almost surely C/gm) = (g provided m > ||8|s0. To do this,
we discuss in four different cases.
(1) m > ||B]loo> |B] = 1 and B > n. In this case, by (iii) of (2.7) and (iii) of (3.5) we
have Cém) = &3 = (p as desired.

(i) m > ||B]|o0, |B] = 1 and 8 < n. In this case, since 8 < m, by (i) of (3.5) we have

¢ =inf ({Gos} U {Gap @ €lia<B,Cap <M }).

Note that, & < 3 actually implies that ||a|l < m. So by what we assumed for the

sake of induction, we have C&m) = (, for every a < 3. Now the above equation can
be rewritten as

Cém) = inf ({C@@} U {Ca,ﬁ raeU,a < B,Cup < Ca})-

This and (i) of (2.7) imply that C{™ = (s as desired.
(iiym > |8l 18] > 1, Q(Em) = (g gand g < Z%n) = Z4g A m.Inthis case, by
(i1) of (3.5), we have

¢ = inf ({Cap} U {Cap 1@ € Ua < B.Cap < IV ).

Similar to the previous case, we can rewrite the above as

¢§" = inf ({Cp,0} U {Ca i@ €U < B, Cas < Ca)).
induction, we have Qﬁiﬂ = Cg. This implies that Cg = QE(E and 35 < Z<E. Now
from (ii) of (2.7), we have ¢ [gm) = (p as desired.

(iv)m > ||8]ls0» |8] > 1, and the condition in (iii) does not hold. In this case, by (ii)
of (3.5), we have ¢ ém) = {g. We can verify by contradiction that the event

{5 =caapn{sm<zg}

almost surely won’t happen. In fact, if otherwise, then from the condition || 3]| o < m,
—
we have )5 < Z4 A m. Note that we also have 18 1llc < lIBlloc < m. So from

Also note that H?HOO < ||B]loo < m. So from what we assumed for the sake of

what we have assumed for the sake of induction, Cfﬁ_m ) = Cg. Then we arrived
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at a contradiction that the condition in (iii) holds. Now, by (iii) of (2.7), we have

Cém) = (p as desired.

To sum up, we proved claim (A.1). The desired result for this lemma follows
immediately. 0

A.2 Proofs of Lemmas 3.12 and 3.13
Proof of Lemma 3.12 Note that by Proposition 3.11,

sup E[|I]] < oo.
0<t<T

We can also verify that

AN RIE
sup EUIt ‘ } < 0.
0<t<T

In fact, by Lemma 3.1, \It(m)| is dominated by the total population at time 7 of a
continuous-time Galton-Watson process with a bounded offspring distribution; and
therefore, have all finite moments, thank to the standard theory of branching pro-
cesses [22, p. 103].

It is then clear that the desired result for this lemma is trivial if 4 4+ b; < 0, because
in this case, the term 1 + e’ is almost surely bounded by 2. In particular, the result
is trivial if R = 1, because R = 1 actually implies that u + b; < 0 by (1.3). Also
note that the result is trivial if bo, # 0, since in order that the condition (1.3) to hold,
we must have R = 1 in this case. So for the rest of this proof, we only have to show

~ 2
sup E [er« (1+ 1] + ‘It(m)‘ )] <0 (A2)
0<t<T

under the assumption that g+ b; > 0, boo = 0and R > 1.

From Theorem 1.4 and that po, = p~!|bso| = 0, we can verify that the process
(I¢])¢>0 has finite jumps up to any finite time. This allows us to write down the
decomposition

t
Rl — RHol — / /(R\IsfHk*l _ R”S*‘)l{ngeng}m(ds,da,dk)

UXZy O

t
+//(R|157|71 ~ RN o cpyM(ds, d(a, B))
R O

for every t > 0 where the integrals are simply finite sums. Consider the process

@ Springer



Wright-Fisher stochastic heat equations with irregular drifts

Zy =Rl > 0.

From the integration by parts formula, see [26, p. 444] for example, we have for
t>0,

t t

Zy — /RIL ldefs /eKSdRIIS‘

0 0
t

= (1 +by) /6K5R|IS*||IS_|ds

0
t

+ / /eKs(lesflHH — RN 1xa cryM(ds, da, dk)

UxZy 0

_~_//6KS(R|157|—1 —RII“l)l{Xg_,Xf_eR}fm(ds’d(a’ﬂ»
0

From Lemma 3.4, we know that 0 and O are QL point processes with compensators
9t and M respectively. (Recall that 91 and M are given in (2.1) and (2.5) respec-
tively.) Now from Lemma 3.3, there exists a local martingale (m;):> such that

t
Zi— Zo=my + (1 +by) /eKsR|’s4|IS_|ds

0
t

+ / /eKs(RUS—\+k71 7R‘Isi‘)l{X;"ie]R}th(dSada;dk)

Z/l><ZJr 0

// (R Ru“")1{X?_,Xf_eR}9§t(ds’d(a’5))

:mt—l—/e RENI [ {b+ > REbe| | ds
keZ \{1}

0
t

+//€KS(R\157\71 —Rus*‘)l{ng,xffeR}gat(ds’d(a’ﬁ))'
R 0

By (1.3), we know that (Z;);>¢ is a local supermartingale. From the fact that (Z;);>
is non-negative, we can verify that it has finite mean for any ¢ > 0. In fact, since there
exists a sequence of stopping time 7 such that 75, T co almost surely as k 1 co and
(Ziar, )t>0 is a supermartingale for each k € N, we have by Fatou’s lemma
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E[Z]=E {lim me} < liminf E[Z;r,, ] < E[Zo] = R" < cc.
k—o0 k—o0

It is also clear from Lemma 3.2 that |It(m) | < |I¢| almost surely for every ¢ > 0. The
desired result (A.2) now follows since

B[54 (1+ L]+ 1™ 2)] S B[ (1 + 1] + L)
< Co(R)E [e5 RIM] < Co(R)R"
where Cg(R) = sup,cg(1 + |z| + [z|?) /Rl € (0, 00).
(Il

Proofof Lemma 3.13 Step 1. Let us first mention a result about the all-level supremum
of the local time of the Brownian motion. Suppose that L, . is the local time of a
standard 1-dimensional Brownian motion at level z € R up to time ¢ > 0. Without
loss of generality, we can assume that L; . is jointly continuous in ¢ > 0 and z € R
[40, Corollary 1.8 Chapter VI]. It is known that for any finite time ¢ > 0, the all-level
supremum of this local time

Sab Lee (A3)

up to time ¢ has all finite moments. Indeed, this result has already been used in [3,
p. 1725]; and two different characterizations of (A.3) appeared in [40, Excises 1.22]
and [8], respectively.

Step 2. Fix m € N with m > n and T > 0. Let us construct yet another particle
system, denoted by {(Xt(m)’a)tzo : a € U}, in the probability space where both the
original branching-coalescing Brownian particle system {(X;*);>0 : @ € U} and its
m-truncated version {(Xt(m)’a)tzo : o € U} are constructed. This new particle sys-
tem {(X™*)i=0 : @ € U} will be constructed as a branching Brownian particle
system which produces exactly m-many children at each of its branching event, and
does not induce coalescing event. And it will be sharing the same initial configuration

(@i)izy-

More precisely, we construct {(X\™)"*);>0 : @ € U} through (A.4) and (A.5)
below. (Recall that {Cy.o : o € U} and {(X{*)s>0 : @ € U} are already constructed
in Sect. 2 along with {(X[*);>0 : @ € U}))

(A.4) Foreach § € U, define R -valued random variable ¢ ém) inductively so that
(i) if |8] = 1and # < n, then CJ™ := (5.

(i) if |8] > 1, 5%"” = (5  and g < m, then & = (g s
(iii) if neither of the conditions in (i) nor (ii) holds, then ¢ ém) = &ga.
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A.5For each 8 € U, define R U {{}-valued process

Tj te [ngéga )
xms b XP, telgs M),
=(m)
f te [Cﬁ ,00)- It is also clear, c.f. Lemma 3.1, that

the m-truncated branching-coalescing Brownian particle system is dominated by
{(X{™),;50 : & € U} in the sense that almost surely,

™™ ={aecu: X' R},
and
JM I = {a €U (oo =™ <t}

Step 3. Fix arbitrary («, ) € R. From the construction of the Brownian motions
(X#)i>0and (X tB )¢>0, and the strong Markov property of the Brownian motions, we

know that there exists a stopping time 7, g satisfying X=X tﬁ on [0, 7, s]; and that

A

Xpo=X2 o, —-X2 ., t>0
and
Xp =X ., -XE . t>0

are two independent Brownian motions with zero initial values. Denote by ﬁf jf the

local time of the process Xe - XP up to time ¢ > 0 at level z € R. We can assume
without loss of generality that ﬁtoj’f is continuous in both £ > 0 at z € R, c.f. [26,
Theorem 29.4]. It is clear that

L) =1, seny L8P, < LYY, T>0,z€Ras.

Step 4. Denote by ¢ the minimal o-field containing all the information about the
genealogical structure of the branching Brownian motions {(Xt(m)’v)tzo Dy € UYL,
i.e. the o-field generated by the death-times {ES’”) : 7y € U}. Ttis clear that the Brown-

ian motions X and X” are independent of the o-field ¢. Therefore, using the result
in Step 1, it can be shown that, for any 7" > 0 and g > 0, there exists a constant
C7(T, 0) < oo, which is independent of the choice of the arbitrary («, ) € R, such
that
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1+p B 1+p
E (1 + sup La’B> G| <E (1 + sup La”6> 9
z€R z€R
5 140
=F (1 + sup Lo"ﬂ> = C7(T, o).
z€R

Step 5. Using Jensen’s inequality, we can verify that for any ¢ > 0,

1+o 1+o
E Z (1 + sup Ly ﬁ) <E Z (1 + sup Ly ﬁ)
a,BEI) :a=B < o BEli;Ty =B
. 140
<E ‘Rﬂ <](m)] ][((:"T)])‘ Z <1+st€1pL§if)
L a BGI?’T),]‘ a<p ?
: (m)  7(m) e
=E([Ro (g <o) X E (1+22§LT‘7‘> g
i a,BEl)") :a=p

242
< C7(T,0)E Ul(m) ‘ g] < 00.

The last inequality is due to the standard theory of branching processes [22, p. 103],
and our assumption that the number of offspring at each branching event of the
branching Brownian particle system {(X{)¢>0 : o € U} is exactly m.

Step 6. Thanks to Step 5, it is clear that the desired result for this lemma is trivial if

w+by — % < 0, because in this case, the term 1 + i is almost surely bounded
by 2. In particular, the result is trivial if R = 1, because R = 1 actually implies that

w+by — % <+ b1 <0 by (1.3). So, for the rest of this proof, we assume that
w+by — % > 0 and R > 1 holds. And we only have to prove

E eK(Tm) Z <1+SupL%§> < 00.

z€R
a,BEl") :a<p

Step 7. Let us show that there exists a deterministic 9, > 0 such that

Bt o] < o,

In fact, by Lemmas 3.2 and 3.12, we have
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t

E |exp (u+b1)/‘lgm)‘ds < 0.

0
Therefore,bytakingadeterministict,,, > Osuchthat(1 4+ 9,,,) (s + b1 — %) = p+ by,
we have the desired result for this step.

Step 8. Let ¥,, >0 be given as in Step 7. Define g, >0 so that
(14 9,0)" 1 + (14 0n)~ ' = 1. Now by Holder’s inequality, we have

B | R Z <1 -+ sup La’ﬁ>

(m) . z€R
a,BeT a<p

[(0,71°
1
1+om T+eom
1
<E [e(1+ﬂm)K(Tm)] R ) Z (1 + sup L%f) ,
) z€R ’
,BGI[O 7 =<
which is finite, thanks to Steps 5 and 7. We are done. O

A.3 A technical result

In this subsection, let us fix an arbitrary n € N, and let { X; = (X},..., X[*) : t > 0}
be an n-dimensional Brownian motion, with initial values denoted by (z1, ..., x,),
living ina probability space with its probability measure denoted by I ., ... ».). Define
stopping time

T=inf{t>0

ZL’J+/mt>e
3,j=1

pM»—‘

where e is an standard exponential random variable, independent of the Brownian
motion (X;);>0, and L}7 is the local time of (X7 — X/);>0 up to time ¢ > 0 at the
level 0. Define a family of operators (I5);>0,.>0 on bB(R™), the space of bounded
measurable functions on R™, such that for any F' € bB(R"™), (x;)?,; € R", and
€>0,

(BEF) (@1, -, 2n)

. A6
=a,,....00) |:1{t§‘r}/pe(thyl)"'ps(Xt =) F 1, yn)dWs -, Yn) (A6)

(m?F)(gjlw'ﬂzn):H(xl, .Ln)[ (Xt17ath)]
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where (pc)c>o are the one-dimensional heat kernels given as in (1.6).
The main result of this subsection is the following proposition which will be later
used in the proof of Proposition 4.3 (5).

Proposition A.1 Forany t > 0, F € bB(R"™) and (z;,...,z,) € R™, it holds that

(B @,y 2n) (BLF) (@1, ).

Remark A.2 If F is continuous on R", then the result of Lemma A.1 follows from the
bounded convergence theorem immediately. So the point here is that F can be discon-
tinuous. Also, it is crucial that t is strictly larger than 0.

Before we give the proof of Proposition A.1, we mention an analytical fact. Its
proof is elementary, and therefore omitted.

Lemma A.3 Suppose that h is a bounded measurable function on R™ and q is a non-
negative continuous function on R™ such that q is integrable (w.r.t. the Lebesgue

measure on R™) where for any (ys, ..., yn) in R™,

QY1s -y yn) = sup  q(yr + 21, Yn + 2Zn)-
|z:|<1,i=1,...,n

Then

/h(yhm,yn)qe(yh-.-,yn)d(yh-..,yn) d—0>/h(y1,.-.7yn)q(y17~~,yn)d(y17~-~7yn)
R Rn

where

QWi Yn) = /pe(m — 1) Pe(2n — yn)a(21, -, 20)d(21, - 20)-
R'ﬂ.

Proof of Lemma A.1 Fix arbitrary ¢t > 0, F' € bB(R™) and (x1,...,x,) € R™. We
note that

H($17~--,$n) [1{t§T}F(tha o 7XZL)}

I~ iy ;
= H(zlfuwmn) eXp _i Z Ltd - M’I’Lt F(th7 R ,th)
i,7=1

By using Tanaka’s formula and Gilsanov transformation, we can get that
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Miey o an) < FXE, ., X))

- X7 x|
n(n? —1)5 —unt e i ] 1 n
=e H(Il, \Tp) 1 n — F(Xt7'--7Xt)
e 4 i,j=1 J T
where H(Il _____ 2,) IS anew probability measure under which { (X Nes0:i=1,...,n}

is a family of stochastlc processes satisfying the SDEs

dXi =17 sen(X! - X{)dt+dBi, i=1,....m
Xé’:.’L‘“ i:1,...,n

Here,sgn(z) := x - |[z| 7! forz € R\ {0}andsgn(0) := 0;{(B!)s>0: i =1,...,n}
is a family of standard independent Brownian motions.
It is known from [34, Theorem 1.2] that, under the probability ﬂ(xl,...,mn)a the

random vector (X/, ..., X*) has a continuous density, denoted by g;, with respect to
the Lebesgue measure on R™. Therefore, we have

oy, [Liery (X X))
:en(nQ—l) —pnt+3 Z" |z;—xj]

1 n

lzi—z;] ~

x [ e *4vig=1 Gi(z1y. oy 20)F(z1, 0 20)d(21, o0 20) (A.7)
RTL
:/qt(zl,...,zn)F(zl,...,zn)d(zl,...,zn)
Rn
where
2_ 1)t _ 1 n |1 " .
Qt(Zl,w-,Zn) — en(n )31 ,unt+4zi‘j=1 |zi—w;] 4Ei‘j=1 |2 — 7\@5(21"”’2,”).

It is also known from [34, Theorem 1.2] that ¢; is dominated by the n-dimensional
heat kernel, up to certain centering and scaling. In particular, we can verify that g,
is integrable w.r.t. the Lebesgue measure on R™ where for any (y1,...,y,) € R?,

Gy Yn) = sup a(y1 + 21,y Yn + 2n)-
|z:]<1,i=1,...,n

Since F' € bB(R"™) in (A.7) is arbitrary, by Fubini’s theorem, we have

(‘B;F)(ml,,xn) = /qte(yh7y’n)F(yla7yn)d(y17ayn)

Rn

where
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4 (Y1, yn) = /pe(Z1 = Y1) - Pe(zn = Yn) @t (215 -, 2n)d(21, - . 20).-

R™

Now the desired result follows from Lemma A.3. O
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