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Abstract

We consider a class of subcritical superprocesses (X¢);>0 with general spatial motions and general
branching mechanisms. We study the asymptotic behaviors of Q;,,, the distribution of X; conditioned
on X;y, not being a null measure. We first give the existence of lim;— o0 Qr,» and lim, o0 Qs r,
and then show that an Llog L-type condition is equivalent to the existence of the iterated limits:
limy — oo lims— 00 Q¢,r and lim;— oo limy — 00 Q¢,. Finally, when the L log L-type condition holds, we
show that those iterated limits, and the double limit lim; ;— o0 Q;,,, are the same.
©2023 Elsevier B.V. All rights reserved.

1. Introduction

Motivation

The study of the extinction of stochastic processes related to population dynamics is of
great interest in both biology and probability theory. Take a subcritical Galton—Watson process
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(Z)nez, as an example. Assume that Zo = 1 and m = E[Z;] € (0, 1). It is well known that the
extinction probability g = lim, . P(Z, = 0) is equal to 1. In other words, the probability
P(Z, > 0) decays to 0. A natural question is to find the decay rate of this probability. In
1967, Heathcote, Seneta and Vere-Jones [15] proved that the following three statements are
equivalent.

(1.1) lim,_.o P(Z, > 0)/m" > 0.
(1.2) supE[Z,|Z, > 0] < oco.
(1.3) E[Zilog" Zi] < 0.

Condition (1.3) is now known as the LlogL condition and the equivalence of the three
statements above is usually called the L log L criterion. It is also natural to consider Q, o, the
distribution of Z, conditioned on {Z, > 0}. In 1967, Heathcote, Seneta and Vere-Jones [15]
and Joffe [18] proved that O, has a weak limit Qs ¢ when n — oo. This result was first
obtained by Yaglom [44] in 1947 under some moment condition, and the probability measure
0.0 is therefore referred to as the Yaglom limit. One can also consider Q,, ,, the distribution
of Z, conditioned on {Z,,,, > 0}. As a corollary of the Yaglom limit result, Athreya and
Ney [1] showed in 1972 that for every m € Z,, Q. has a weak limit Qo , When n — oo.
Joffe, in his 1967 paper [18], pointed out that for every n € Z;, Q. has a weak limit Q,
when m — oo. Later in 1999, Pakes [31] proved that the L log L condition (1.3) is equivalent
to each of the following two statements.

(1.4) Qoo.m has a weak limit when m — oo.
(1.5) Qn. has a weak limit when n — oo.

Moreover, when (1.3) holds, Pakes [31] showed that lim,,_, 00 Qoo.m = liM,— 00 On.co-

Yaglom limit theorem is now a fundamental topic in the study of Markov processes. A
long list of references on Yaglom limit theorems of a variety of models can be found on the
website [34] maintained by Pollett. It turns out that Heathcote, Seneta and Vere-Jones’ L log L
theorem, as well as Pakes’ iterated limit theorem, are also universal among models with the
Markovian branching property. Analogs of these results in the context of multitype Galton—
Watson processes can be found in [33] and the references therein. Results for continuous-state
branching processes can be found in [12,22] and [24].

We are interested in a class of measure-valued branching processes known as superprocesses.
The book [25] is a good reference for superprocesses. In recent years, there have been a
lot of papers on the large time asymptotic behavior of superprocesses. For laws of large
numbers and central limit theorems of some supercritical superprocesses, see [3,6,27,37,38,40]
and the references therein. For Yaglom limit results of various critical superprocesses, see
[10,35,36,41].

In our recent work [28], we characterized the Yaglom limits of a class of subcritical
superprocesses with general spatial motions and general branching mechanisms. The goal of
this paper is to establish Heathcote, Seneta and Vere-Jones’ L log L theorem, as well as Pakes’
iterated limit theorem, for the same class of subcritical superprocesses.

Model and assumptions

We first recall the definition of superprocesses. For any topological space F, we denote
by C(F) the set of continuous real-valued functions on F, and by Z(F) the Borel o-algebra
of F. In general, if F is a space of real-valued functions, then we use bF, pF and bpF
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to denote the bounded, non-negative, and non-negative bounded elements in F, respectively.
Moreover, if F is a o-algebra, then we use bF, pF and bpF to denote the set of bounded,
non-negative, and non-negative bounded F-measurable real functions, respectively. Let E be a
Polish space. Let (&;),¢0,¢) be an E-valued Borel right process with (possibly sub-Markovian)
transition semigroup (P;),;>0 and lifetime ¢. Denote R, := [0, c0). Let ¢ be a function on
E x R, given by

Y(x,z) = —B(x)z + o(x)*7? +/ (e ™ — 14 zu)m(x,du), xe€ E,z>0,
(0,00)

where 8,0 € bZA(E), and 7 is a kernel from E to (0, co) such that

supf (u A uPHm(x, du) < oo.
xeE J(0,00)

For any f € bp#(E), there exists a unique non-negative Borel function (¢, x) — V; f(x) on
R4 x E such that supy_, -, g Vi f(x) < oo for every 7o > 0, and that

th(x)+/ dS/ Y (v, Vies f) Po(x, dy) = P f(x), t>0,x€E.
0 E

The Polish space of all finite Borel measures on E, equipped with the topology of weak
convergence, is denoted by M. It is known that there exists an M-valued conservative right
process (X,);>0 with transition semigroup (Q;);>o such that for each u € M,t € R, and
f € bpA(E),

| exol= [ rooman} o an =exw|- [ v.reoun). (1.6)
M E E

This process (X;);>0 is known as a (£, ¥)-superprocess. We refer our readers to [25] for more
details.

For each x € E, denote by II, the law of (& )cj0,;) With initial value & = x. For each
w € M, denote by P, the law of (X,);>o with initial value X = u. Given any measure y and
function f, we write y(f) for the integral of f with respect to y whenever it is well-defined.
For any f € b#A(E), define

T, f(x) = L[l P& £e)1, )], 120,x € E.
It is known that (7;),>0 is a Borel semigroup on E, and that

(T f) =PulXi(f)], meM,teRy, febBE). (1.7
We call (T;);>0 the mean semigroup of X. We will always assume the following statement

holds.

(1.8) There exist a constant A € R, a bounded strictly positive Borel function ¢ on E, and
a probability measure v with full support on E, such that v(¢) = 1, and that for any
t>0, T,¢p =eM¢ and vT, = e*v.
From the expectation formula (1.7) of superprocesses, it is easy to see that, when Assump-
tion (1.8) holds, (e’“X,(qb)),zo is a martingale. Denote by LT(U) the collection of f € pA(E)

such that v(f) < co. We further assume that the mean semigroup (7;),>¢ satisfies the following
condition.

(1.9) There exists a map (¢, x, f) — H, f(x) from (0,00) x E x Lf(v) to R such that
T, f(x) = e“qb(x)v(f)(l + H,f(x)) for any + > 0, x € E and f € Lf(v);
SUP,cE, feLi ) |H; f(x)| < oo for any ¢ > 0; and lim,_, o SUP.cE, feLf ) |H; f(x)| = 0.
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The triplet (A, ¢, v) satisfying (1.8) and (1.9) is unique. In fact, suppose that there is another
triplet (\', ¢’, V') satisfying (1.8) and (1.9), then e T;1x(x) — ¢(x) and e MT1E(x) > ¢'(x)
as t — oo for arbitrary x € E. This can only happen if (1, ¢") = (A, ¢). Also it is clear that
for every bounded Borel function f on E,

o @ T
V= I G T R g

V()

which says that v = V',

Assumptions similar to (1.8) and (1.9) are nowadays very common in the study of superpro-
cesses [11,26,28,35,36,41] and other spatial Markovian branching processes [11,13,14,17,42].
In particular, we mention a very recent paper [11] where exactly the same assumptions were
used to study the asymptotic behavior of the moments of both the superprocesses and the
branching Markov processes. In general, it was explained in our earlier paper [28] that (1.8)
and (1.9) hold true if the transition semigroup of the Markov process (&);>¢ is intrinsically
ultracontractive. (For the definition and more details on the intrinsically ultracontractivity,
see [20,42].) Some interesting examples satisfying (1.8) and (1.9) include multitype irreducible
continuous-state branching processes and super-Brownian motions in a bounded Lipschitz
domain. Many more examples can be found in [28, Section 1.3] and [41, Section 1.4]. We also
mention here that one cannot apply our results to the super-Brownian motion on R because
it does not satisfy (1.9).

Under the Assumptions (1.8) and (1.9), we say the superprocess is supercritical, critical,
or subcritical, if A > 0, A = 0, or A < 0, respectively. Since (e~ X,(¢))>0 is a nonnegative
martingale, it has an almost sure finite limit. Thus roughly speaking, the process grows on
average if A > 0; decays on average if A < 0; maintains a stabilizing average if A = 0. The
above definition is consistent with the similar notion for Galton—Watson processes. See [14]
for similar definitions for branching Markov processes. In this paper, we are only concerned
with the subcritical case, i.e., we will assume that

A <0. (1.10)

Denote by 0 the null measure on E. Define M := M \ {0}. It is possible that the
superprocess is persistent in the sense that P, (X, # 0 for all t+ > 0) = 1 for any u € M°.
Note that, if X is persistent, then it is trivial to consider X conditioned on non-extinction. So
we use the following assumption to exclude this trivial case:

P,(X,=0)>0, r>0. (1.11)

It can be verified that P,(X; = 0) > O for every t+ > 0 and © € M under the
above assumptions. See Remark 2.2 for more details. If the branching mechanism is spatially
homogeneous, that is to say the function ¥ (x, z) = ¥(z) is independent of x € E, then (1.11)
is known to be equivalent to Grey’s condition:

o0
There exists z° > 0 such that ¥(z) > 0 for all z > 7’ and / V(z)~'dz < oo.
Z/

It is also known that if the branching mechanism v (x, z) is bounded below by a spatially
homogeneous branching mechanism ¥ satisfying Grey’s condition, then (1.11) holds. See [41,
Lemma 2.3] for more details.

501



R. Liu, Y.-X. Ren, R. Song et al. Stochastic Processes and their Applications 163 (2023) 498-534

Main results

Given Xy = u € M°?, we denote by fo , the distribution of X, conditioned on {X,,, # 0},
i.e.,

Q' (A) =P, (X, € AlX,;, #0), 1,r Ry, AcBM).

Our first result is about the convergence of Q) as t — oo with r fixed.

Theorem 1.1. For any r € R, there exists a probability measure Qe , on M such that, for
any pu € M°, Qf, converges weakly to Q. , as t — oo.

Notice that the case r = 0 of Theorem 1.1 was given in [28].

Our next result is about the convergence of Q. as r — oo with ¢ fixed. For any
given measurable space (2,.F), we say a sequence of probability measures (u,),2, on
2, F) converge strongly (or converge setwise) to a probability measure u on (12, ﬁ ) if
lim, 00 n(f) = p(f) for any f € b.Z. An equivalent definition can be found in [16,
Definition 1.4.1] .

Theorem 1.2. For any u € M and t € Ry, there exists a probability measure Qj' o, on M
such that Q) converges strongly to Q) , as r — .

We then consider the limits of Qx, and Q' as r — 0o and 1 — oo respectively. Define
£ € [0, oo] by

£ = f v(dx) u¢(x)10g+(u¢(x))7r(x, du), (1.12)
E (0,00)
where log™ 7 := max(log z, 0) for every z > 0.

Theorem 1.3. Let i € M? be arbitrary. The following five statements are equivalent:

(1) € < oo.

(2) [ 1(@)Qoo0(dn) < 00.

(3) liminf,, » e P, (X; # 0) > 0.

(4) Qoo.r converges strongly as r — o0.
(5) Qo converges weakly as t — oo.

Theorem 1.3 can be considered as an analog of Heathcote, Seneta and Vere-Jones’ L log L
theorem for superprocesses. In particular, the condition £ < oo is an analog of the Llog L
condition (1.3). The same condition has already appeared in [26] where the first three authors
of this paper studied the asymptotic behavior of supercritical superdiffusions. Here, in the
subcritical setting, £ < oo is shown to be equivalent to the exponential decay of the survival
probability. (We are using ‘liminf” in the third statement because we are not assuming, a priori,
existence of the limit. In fact, it is made clear in the next theorem that the limit does exist under
the condition £ < o00.) The equivalence of £ < oo to the existence of the two types of iterated
limits in (4) and (5) is in parallel to Pakes’ iterated limit theorem [31, Theorems 2.2 and 2.3].
Notice that in (4) and (5), the sense of convergence for these two double limits are different.
This difference is not present in the context of Galton—Watson processes because the weak
convergence and the strong convergence are equivalent for the probability distributions on the
discrete space N. The following theorem says that the two iterated limits coincide, which is
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in parallel to Pakes’ result on the Galton—Watson branching processes. We also give the weak
limit for Q;', when 7 and r converge to oo together. It seems that this latter result has not been
explored before for other Markov branching processes.

Theorem 1.4. Suppose that £ < oo. Then there exists a probability measure Qs 50 0n M
such that the following statements hold for any u € M°:

(1) Qoo,00(dn) = 1(#)Qo0,0(dn)/ [ 1(#)Qoo,0(dn).

(2) 1imy 0 e HPu(X; # 0) = w(9)/ [ 1(#)Quoo,0(dn).
(3) Qoo.r converges strongly t0 Qso.00 as ¥ — 00.

(4) fo 0o converges weakly t0 Qoo 0o @S t — 00.

(5) fo, converges weakly t0 Qs.00 as t,r — 00.

Remark 1.5. If the space E only contains one point, i.e. £ = {x}, the superprocess X
degenerates to a continuous-state branching process. In this special case, Assumptions (1.8) and
(1.9) hold automatically, and the main results of this paper have already been given by [12,22]
and [24].

Remark 1.6. If £ = {x;,...,x,} is a finite set and the E-valued Markov chain (§);>0 is
irreducible, then the superprocess X degenerates to an irreducible multitype continuous state
branching process. In this case, one can verify using the Perron-Frobenius theory that the
Assumptions (1.8) and (1.9) hold. If one further assumes that the kernel (x, du) = 0, then
our results (3) and (4) of Theorem 1.4 already appeared in [2, Theorem 3.7].

Remark 1.7. When the branching mechanism i is spatially homogeneous, our Theorem 1.2
is an immediate corollary of [25, Theorem 6.8].

Overview of the method

Note that the main results Theorems 1.1-1.4 depend only on the transition semigroup
(Q:)i>0 of the superprocess (X,),>0. Therefore, we can work on any specific realization of
(X;)i>0 without loss of generality. According to Lemma A.1, (Q,);>0 is a Borel semigroup
on M. This and [25, Theorem A.33] allow us to realize the superprocess on the space of
M-valued right continuous paths. To be more precise, we can, and will, assume the following
statements hold throughout the rest of the paper.

(1.13) {2 is the space of M-valued right continuous functions on R.

(1.14) (X;);>0 is the coordinate process of the path space (2.

(1.15) (6;);>0 are the shift operators on the path space (2.

(1.16) F# =0(X,;:s5€[0,t]) and F =0o(X,:s5s € Ry).

(1.17) For any u € M, P, is the probability measure on ({2, .%) so that under P,, Xo =
almost surely and that (X,),>¢ is a Markov process with transition semigroup (Q;);>0-

Note that for any H € b.#, u +— P,(H) is a measurable function on M. For any probability
measure P on M, we define a probability measure PP on ({2, %) by

(PP)(A) := / P,(APWdp), Ac.Z.
M
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Denote by (%%, (#);>0) the augmentation of (%, (%#;);>0) by the system of probability
measures {PP : P is a probability measure on M}. Then, according to [25, Lemma A.33],

X =0, 7%, (f%a)zzov (X1)i=0, (00, (Pu)ue/\/l)

is a Borel right process with transition semigroup (Q;);>0, i.e., a (§, ¥)-superprocess.

We already proved Theorem 1.1 in the case » = 0 in [28]. For the case r > 0, we will give
a stronger result by considering the shifted two-sided process (X;1,),cr With the convention
X, := 0 for s < 0. We will show in Proposition 2.5 that this two-sided process, conditioned on
{X; # 0}, has a limiting process (¥,),cr When t — co. We will obtain this result by analyzing
the Laplace transform of the shifted two-sided process.

We will also establish a stronger version of Theorem 1.2 by considering the (non-shifted)
process (X )u>o under the condition {X, # 0}. We will show in Proposition 3.3 that this process
has a limiting process (X,),>o when ¢t — oo. We obtain this stronger result by a martingale
change of measure method. The limiting process (X,),>¢ is interpreted as a superprocess condi-
tioned on living forever, and is referred to as the Q-process. We mention here that the Q-process
(X)u>o has a different law compared to the process (¥;),>o above. This Q-process also arises in
another type of conditioning, see [5]. The study of the Q-process can be traced back to Lamperti
and Ney [23] where they considered the Q-process for Galton—Watson processes. For studies
on the Q-processes of other models, we refer our readers to [30,32] and the references therein.

For the proofs of Theorems 1.3 and 1.4, we use the spine decomposition theorem for
superprocesses. Roughly speaking, the Q-process (gu)uz() can be decomposed in terms of
an immortal particle which moves according to a Markov process and generates pieces of
mass evolving according to the law of the unconditioned superprocess. This representation for
the superprocesses was first obtained by [9], and developed and generalized into the spine
decomposition theorem by [6-8,26,36,39]. Under Assumption (1.9), this immortal particle will
converge in law to its ergodic equilibrium, and the quantitative information about the Q-process
can be obtained using the ergodic theorem.

Our proofs of Theorems 1.3 and 1.4 adopt a method which can be traced back to Lyons,
Pemantle and Peres [29] where they gave a probabilistic proof of Heathcote, Seneta and Vere-
Jones’ Llog L theorem for Galton—Watson processes. Let us give some intuition here. Note
that for the spine decomposition of the Q-process, each piece of mass being generated will
vanish eventually since they are subcritical and non-persistent. When the L log L condition
holds, the rate at which masses are created is smaller than the rate at which masses vanish,
and the Q-process will converge to an equilibrium state. When the L log L condition does not
hold, the rate at which masses are created is bigger than the rate at which they vanish, and the
Q-process will not converge to any equilibrium because it accumulates more and more mass.

Organization of the paper

In Section 2, we give the proof of Theorem 1.1. In Section 3, we give the proof of
Theorem 1.2. Section 4 gives the proofs of Theorems 1.3 and 1.4, and summarizes the spine
decomposition theorems in Lemmas 4.11 and 4.17. In Appendix, we gather the proofs of several
technical lemmas.

2. A two-sided process: Proof of Theorem 1.1
We first recall some basic results from [28]. Define

v(x) == —logPs (X, =0), ¢>0,x¢€E. 2.1)
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From (1.6) and the monotone convergence theorem, we get that
p(v) = —logPu(X; =0), pneM,t>0. (2.2)
In particular, from (1.11), we have that v(v;) < oo for ¢ > 0. The following lemma, which is

a corollary of [28, Proposition 2.2], entails that {v; : t > 0} C bpAB(E).

Lemma 2.1. Foranyt > 0 and x € E, v,(x) = ¢(x)v(v))(1 + C\(t, x)), where Ci(t,x) € R
satisfies that 1im,_, o sup,..g |Ci(t, x)| = 0.

Remark 2.2. For any r > 0 and u € M, from Lemma 2.1 we have u(v,) < 0o; and therefore
by (2.2), P (X; =0) = e~ M) < Q.

We will also use the following fundamental fact for the subcritical superprocess X. It can
be verified, for example, using (2.2) and [28, (3.39)] .

Lemma 2.3. For any p € M, lim,, P, (X, =0) = 1.

In [28], we already showed that there exists a probability measure Qo on M such that for
every u € M°, ;’“O converges weakly to Qs 0 as  — 00. Qu o is known as the Yaglom limit
of the superprocess X. It was also proved there that Q. is the quasi-stationary distribution
for (X,),>0 with extinction rate —A, i.e.,

(Quo,0P)(X; € diu| X, # 0) = Qoo,0(dp) (2.3)
and

(Quo0P)(X, # 0) = ¢ > 0. (2.4)
(2.4) allows us to define a probability measure Q. on M for any » > 0 such that

Qoo [F1 = (Quo 0PI F (X)X, # 0],  F € bABM). (2.5)

We will prove Theorem 1.1 by showing that Qu, is the weak limit of Q}', when 1 — oo
for any u € M°. In fact, we can prove a proposition which is stronger than Theorem 1.1. To
formulate this proposition, we first prove a lemma. We will use the convention X, := 0 for
t <0.

Lemma 2.4. There exists a two-sided M-valued process (Y,)uer on some probability space
(02, F, P) such that for any t > 0, the process (X;1,)u>—r under (Qoo0P)(:|X; # 0) has the
same finite-dimensional distributions as (Y,)u>—:.

Proof. We say G is a finite-dimensional [0, oc]-valued linear functional of M-valued
two-sided paths if the following statement holds.

(2.6) There exist a natural number n, {u; : i = 1,...,n} C R, and a list of [0, co]-valued
Borel functions (f;)!_; on E, such that G(w) = Y ", wy,(f;) for every M-valued
two-sided path w = (w,),cr.

Fix an arbitrary finite-dimensional [0, oc]-valued linear functional G as above. For any s € R,
define Gy(w) := G(wsy.) for any M-valued two-sided path w. Then Gy is also a finite-
dimensional [0, oc]-valued linear functional. Fix a time s > 0 large enough so that s + u; > 0
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for every i =1, ..., n. Since X is a time-homogeneous Markov process, using (2.3) and (2.4),
we have that for any ¢t > s,

(Que.0P)e T DX, £ 0) = e - (Quo P %P1y, 0]

= e (Quo0P)[Lix,_ 20/Px, [e7 @ P ix 20)]]

— (Qoo,OP)[PXH [e*G.v(X)l{XJ#O}]‘Xt—s # 0]

= e (QuooP)[e" D1y, 0] = (QuooP)e T X[ X, £ 0).

In other words, given a finite subset U = {u; : i = 1,...,n} C R and a large enough ¢ > 0, the
M-valued random vector (X,;,),cy under the probability (Qe0P)(-|X; # 0) has a distribution,
denoted by Dy, which is independent of the choice of 7. Using the Markov property, it is easy to
verify that this family of finite-dimensional distributions D := {Dy : U is a finite subset of R}
satisfies the consistency condition for the Kolmogorov extension theorem. Therefore, there
exists a two-sided M-valued process (Y,),cr Whose finite-dimensional distributions are given
by D.

It is a routine to verify that (¥,),cr satisfies the desired properties of this lemma. [

Recall that the two-sided indexed process (X, );cr is defined with the convention that X := 0
for s < 0.

Proposition 2.5. For any u € M?°, when t — oo, the M-valued two-sided process (X;1y)uer
under P,(-|X; # 0) converges to the process (Y,)ucr, given in Lemma 2.4, in the sense of
finite-dimensional distributions.

We first explain that the above proposition is indeed stronger than Theorem 1.1.

Proof of Theorem 1.1. Fix arbitrary » > 0 and F € bC(M). Using Proposition 2.5,
Lemma 2.4 and the definition (2.5) of the probability Qs ,, we have

Qﬁtr[F] = P/L[F(X(t+r)—r)|Xt+r # 0]
—— PIF(Y-)] = Q0P F(X0)| X, # 0] = Quc, [ F]

as desired. [

Before we prove Proposition 2.5, we first present the following two lemmas.

Lemma 2.6. For any u € M° and [0, oo]-valued Borel function f on E,
[ e aian — [ e .
M M
Lemma 2.6 follows from [28, Proposition 2.3 & (2.9)] .

Lemma 2.7. For any n, u € M° and s € R, it holds that

P,(X;—s # 0) e n(¢)
P/I.(Xf #0) t>o0 w(e) .

Proof. Let v,(x) be given as in (2.1). It follows from [28, (3.20)] that for any real number s,

V(UtJrs) _Xs
lim o = 2.7)
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(Note that v,(x) = (V;00)(x) in the language of [28].) Therefore we have from (2.7), Lemma 2.1
and the bounded convergence theorem that, for any n, u € M and s > 0,

niy) . v(u) [ @)1+ Cit — s, )n(dx) e n(¢)
m lim

o p) e v [+ O o pl@)
Thus we have by (2.2) and [28, (3.39)] that,
P,(X, s #0)  1—e ) p(y_) e ()
= 7  —1lim —————— = lim =
w00 Pu(X, #0) oo 1 —e i) T imoo pu(v,) ()

Proof of Proposition 2.5. To prove the convergence of the processes, we verify the conver-
gence of all the Laplace transforms of the finite-dimensional linear functional. Fix an arbitrary
u € M? and an arbitrary finite-dimensional [0, co]-valued linear functional G defined in (2.6).
It can be verified using (1.6), the Markov property and induction that there exists a [0, co]-
valued Borel function vg on E, which depends on the choice of G but not on w, such that
P, [exp{—G(X)}] = exp{—u(vg)}. Fix a time s > O large enough so that s + u; > 0 for every

i =1,...,n. From the Markov property, we can verify that for any ¢ > s,

P (e_G(Xt+‘)|X, ” 0) = Pu [e—G(Xt+-)1{x,¢0}] _ PM[PXt—S [eiG(XS-H)l{XS;’:O}]]

M PulXs #0) P,(X; #0)
PH(Xt—s 7& 0) _G

=20 M, ]| X, # 0]
P,u(Xz #0) ® X’_S[e {X.Y#O}] (—s FE
P, (X _ 0 B ]

— MPM I:e*Xl—s(UGS) —e X;—S(UGS) Xl_s # 0] (28)
P.(X: #0)

where
Gs(w) = G(w,y.) = Z Wyt (),
and -
Gs(w) = G(wyy.) + wy(00lg) = Z Wsa; (i) 4 wy(o0lg),
pa

are finite-dimensional [0, oo]-valued linear functionals for M-valued two-sided paths w. In
fact, (2.8) holds because

=0y, Gyt )+Xs (0 p)] = Gs(X),

X;=0} = €
and that for any n € M,
P,le Oy Loyl =Pyl OX) — ¢ G0 = gm006,) _ g7,
Now we have that
lllglo P (e” X)X, 5 0)

(Zix) lim PM(XI_J # 0) lim Pﬂ[e—xt—s(UGS) _ efxl—.v(véx)

t— 00 P[I.(Xt 7&0) t—l>oo

2 2 ) —n(v~
Lemmas _:.6 and 2.7 e_;\é / (e_’](UG.v) —e n(vG‘Y))Qoo,O(dn)
M
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=™ / P,le X1 x, 20)1Qo00(dn)
M

(2 4) (Q OP) —G (Xt )lX # 0] Lemma 2.4 E[é‘iG(Y)].

This and [25, Theorem 1.18] imply the desired result. [l

3. The Q-process: Proof of Theorem 1.2

According to (1.7) and (1.8), we have P, [X,(¢)] = M u(g) € (0, 00) for any t € R, and
p € M°. This allows us to define, for any 7 € R, and u € M?, a probability measure Q}',,
on (M, (M)) such that

[ X:(¢)
eM (@)

We will prove Theorem 1.2 by showing that Q' is the strong limit of Q;, when r — oco.

In fact, we can prove a result which is stronger than Theorem 1.2. Before presenting this
result, we introduce some notation and give a technical lemma. Denote by ﬁg) the law of the
M-valued process (X,),>o under P, (-|X; # 0). More precisely, for any + > 0 and u € M?,
define P(’) as the probability measure on {2 such that

Q'x[F1=P, . F(Xt)], F € bB(M). (3.1

POIH] =P, [H|X, #0], H ebp?.

The following lemma can be verified from [43, Theorem 62.19] .

Lemma 3.1. For any pu € M?°, there exists a unique probability measure l~>ff°) on (2, F)
such that for any s > 0 and H € p.Zy, it holds that

~ X,
PO H] = PM[ @ H].
a eM ()
Remark 3.2. From Lemma 3.1 we have E(fo)(Xt €)= Q}'(-) for every t > 0.

We say a family (R?”),o of probability measures on {2 converges, as ¢ — oo, locally
strongly to a probability measure R on (2 if for any s > 0 and H € bp.%; it holds that
lim,_, oo RO(H) = R(H). The following proposition is the main result of this section, and it is
stronger than Theorem 1.2.

Proposition 3.3. For any u € M?, ﬁg) converges to ﬁffo) locally strongly as t — oo.

Proof of Theorem 1.2. We can verify using Lemma 3.1, Proposition 3.3 that for any t € R,
uw € M°and F € bB(M),
Q1 [F1 =P IF(X)] — POIF(X)] = Q[F]. O

Before proving Proposition 3.3, we first prove the following lemma.

Lemma 3.4. For any p € M° and s € R, it holds that

1 Py(X,—y #0)
limsup sup
t—o0 pemo N(@P) Pu(X; # 0)
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Proof. Let v,(x) be given as in (2.1). By (2.2) and Lemma 2.1, we have for any u, n € M?,
s>0and¢t > s,

P,(X;—s #0) < n(i—s) p(v)
P.(X, #0) = w(v) 1 —enw
2 V) (LA supyep [Cilt — s, VDn@) — p(wr)
v() [+ Ci(t, x))p(u(dx) 1 — e’
Using this, [28, (3.20)], Lemma 2.1, the bounded convergence theorem and [28, (3.39)]
qp P #0000 (L supyep [C1 =5, 0D _a(w) e
neme (@) Pu(X: #0) — v(v) [+ Ci(t, x)p(x)p(dx) 1 — e #0100 ()

which implies the desired result. [J

Proof of Proposition 3.3. Fix arbitrary u € M° s > 0 and H € b.%;. It follows from
Lemma 3.4 that there exist Co(u, s) > 0 and #y > s such that for any t > 1y, P ,-almost surely,

PXS (Xt—s # 0)
P.(X, # 0)
Using the Markov property, Lemma 2.7, (3.2) and the dominated convergence theorem, we
have

= Cap, )X(9). (3.2

POIH] = —P‘;[}(I); 1{;’70?’] = PM[H : —P;s(();’—;i;”]
Ay u( Ay
E_MXs(fﬁ) _ S(c0)

:zm[’uw | =P

as desired. [

4. Llog L Type results: Proofs of Theorems 1.3 and 1.4

Our proofs of Theorems 1.3 and 1.4 are separated into the following five propositions whose
proofs are postponed to Subsections 4.1, 4.2, 4.3, 4.4, and 4.5, respectively.

Proposition 4.1. There exists a constant K € [0, oo) which is independent of the initial value
w € M°? such that

lim e™Py (X, #0) = Ku(g), pe M. (4.1)

In the remainder of this paper, IC always denotes the constant above.
Proposition 4.2. K > 0 if and only if £ < oo.

Proposition 4.3. It holds that
| nouatem =xc
M

When K > 0, Proposition 4.3 allows us to consider the (unique) probability measure Quo oo
on M satisfying

Qoo.e(F) = /M F() - Kn(@)Qo0(dn), F € bAM). (4.2)
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Proposition 4.4. Let i € M° be arbitrary. If K > 0, then Q}', converges weakly t0 Qoo o
ast — oo. If K = 0, then Q' ,, does not converge weakly as t — oco.

Proposition 4.5. If K > 0, then Q. , converges strongly t0 Qe 00 as ¥ — 00. If K = 0, then
Qw.r does not converge strongly as r — o0.

Proposition 4.6. If £ < oo, then for any u € M° and non-negative continuous function f
on E,

lim_ P, (10, £ 0) = [ €70 Qu (e

t,r—00

Proofs of Theorems 1.3 and 1.4. The desired results can be verified directly from Proposi-
tions 4.1-4.6.

4.1. Exponential decay of the survival probability

In order to prove Proposition 4.1, we need the spine decomposition theorem for superpro-
cesses. To formulate this theorem, we first introduce the Kuznetsov measures via the following
lemma which is proved in [25, Section 8.4] .

Lemma 4.7. There exists a unique o-finite kernel N = (Ny(A) : x € E,A € F) from
(E, B(E)) to (12, .F) such that
(1) Ny(Xg #0) =0 for any x € E;
(2) Ny(X; =0 for all t > 0) =0 for every x € E; and
(3) for any uw € M, if N is a Poisson random measure on (2 with intensity uN, then
(nLioy () + N(X1)10,00)(#))i>0 is an M-valued stochastic process of the same finite

dimensional distributions as a (€, \)-superprocess with initial value w. Here N(X;) =
fQ X(w)N(dw) = fQ o N(dw), t > 0.

The family of o-finite measures (N, ),cg is known as the Kuznetsov measures of X. Note
that those measures are typically not finite. One way to use them is to transform them into
probability measures. Notice that from Lemma 4.7(3) and Campbell’s theorem,

(WNX (O] =Pul X (N = (T, /), weM,t>0,f €bpB(E). 4.3)

Therefore, for any u € M? and ¢+ > 0, there exists a unique probability measure ,LTN(Z) on
(2, F) such that for any H € bZ, uN"[H] = (uN)[H - e~ 11(¢)"' X, ($)].

Another ingredient for the spine decomposition theorem is the so-called spine process which
is an E-valued Markov process with transition semigroup (S;);>o on E defined so that

S f(x) = e Mp@) ' T(¢f)x), =0, febB(E)xeE. 4.4

The following lemma can be verified using [43, Theorem 62.19] .

Lemma 4.8. (S;);>0 is a conservative Borel right semigroup on E.

In this section, we will add a little twist to the classical spine decomposition theorem by
only considering a specific initial value v, but with a two-sided spine. This is possible thanks to
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the following lemma whose proof is postponed to the Appendix. For any probability measure
@ on E, we define a probability measure fi on E so that

A(f) = (@) ' w@f) forevery f € bpB(E). (4.5)

In particular, () = v(¢f) for any f € bpA(E). We say an E-valued two-sided process
(g:):er defined on a probability space ({2, ¥) is measurable if (¢, w) — g,(w) is a measurable
map from (R x 2y, B(R) ® ¥) to (E, B(E)).

Lemma 4.9. v is an invariant probability measure of the semigroup (S;),>o. In particular, there
exists a two-sided E-valued measurable stationary Markov process with transition semigroup
(Sy)i=0 and one-dimensional distribution V.

Proof. It is straight-forward to verify that ¥ is an invariant measure for the semigroup (S;);>o.
Using Kolmogorov’s extension theorem, we can construct an E-valued two-sided stationary
Markov process (&");cr, canonically on the product space E R with transition semigroup (S;);>0
and one-dimensional distribution v.

To finish the proof, we only have to construct a measurable process (£),cg which is
a modification of (§);cr. To do this, we consider the compact metric space E which is
the Ray-Knight completion of E with respect to the right semigroup (S;);>9. (We refer our
readers to [25, p. 318] for the precise construction.) Denote by p the corresponding metric
of E. Thanks to [25, Theorem A.30] and Lemma 4.8, we have E € %(E, p) and B(E) =
AB(E, p); and therefore, (§),cr is also an E-valued process. According to [25, Theorem A.32
& Proposition A.7] for any natural number n, the E-valued process (§)ie[—n,00) admits an
E—cadlég modification. Thus (§);cgr admits an E—céldlég modification, denoted by (§*)cr.
Finally, fixing an element xo € E, taking the measurable map ¥ : x — x1,cg +xol, g from
(E, B(E)) to (E, B(E)), we can verify that £ = ¥(£),t € R is an E-valued measurable
modification of the process (§);cr as desired. [J

Roughly speaking, the spine decomposition theorem says that the M-valued process (X;);>0
under the probability ﬁ;fo) can be decomposed in law as the sum of a copy of the original
(&, ¥)-superprocess and an M-valued immigration process along the trajectory of an immortal
moving particle. Note that we will only consider the case when  is taken as v in this section.
To formulate this theorem, we construct random elements (W, E, N, (sk, yr, W) ,), on
a probability space with probability measure Q, so that the following statements (4.6)—(4.10)
hold.

(4.6) € = (E)er is a two-sided E-valued measurable stationary Markov process with
transition semigroup (S;);>o and one-dimensional distribution .

(4.7) Conditioned on § , (Sk, yi)ge, is a sequence of R x R, -valued random elements such
that D := > iey 85y is a Poisson random measure on R x R, with intensity
ds ® yr (€. dy)._

(4.8) Conditioned on & and (sg, y)f2,, (W®)> | is a sequence of independent M-valued
right-continuous stochastic processes such that, for each natural number k, w® =
(W,(k)),zo has distribution Pys, where y = y; and x = ésk.

(4.9) Conditioned on 5, N is a Poisson random measure on R x {2, independent of
(Sk»> Vi W(k)),f‘;], with intensity 20(§S)2ds ® Nés (dw).
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4.100 WO = (W,(O)),zo is a M-valued right-continuous process with law P,,, independent of
(éf, N’ (Sk7 )’k, W(k))lfil)

Remark 4.10. The existence of the above random elements (W(O), é,./\/' , (S Vi W(k)),fil)
follows from the existence of the spine process (Lemma 4.9), the superprocesses [25], and the
Poisson random measures [21, Theorem 2.4] . The precise construction of a probability space
that carries those structures will be omitted since it is tedious but straightforward.

Notice that there are two types of immigration along the spine &. The discrete immigration
is given by (W(k)),fi], while the continuous immigration is governed by the Poisson random
measure N'. We are interested in the total contributions, at a given time ¢, of all the immigration
whose earliest immigrant ancestor is born in a time interval (a, b]. More precisely, we define,
for each —oco <a <b <t < oo and f € bpA(E),

oo
ZM ) =Y WL (O (s + / wi— (/N (ds, dw). (4.11)
=1 (a,b1x 2
It can be verified using Lemma 4.11 that when a > —oo, Z,(“’b] is an M-valued random
element. However, this does not hold in general if @ = —o0. In particular, Z(()_OC’O](q&) might
take 0o as a value. With the convention that co~' = 0 and 0~! = oo, we define a constant
K = Q[zy ). (4.12)

We will prove Proposition 4.1 by showing that /C is finite and fulfills (4.1).
The spine decomposition theorem will be summarized in the following lemma. For its proof,
we refer our readers to [36, Theorem 1.5 & Corollary 1.6]. We define Z,(O’O] =0 for any ¢t > 0.

Lemma 4.11. The M-valued process (W,(O) + Zgo't]),zo under Q has the same finite-
dimensional distributions as the coordinate process (X,);>o under P$)°°). Moreover, for any ty >
0, the M-valued process (Z,(O’l]),elg,,oj under Q has the same finite-dimensional distributions

as the coordinate process (X;):efo,1,] under \TN(TO).

We are now ready to give the proof of Proposition 4.1.

Proof of Proposition 4.1. Step 1. One can verify that for any —o0 <a < b <t < oo and
s € R, the M-valued random elements Z\“”' and Z{****™* have the same distribution. This is
due to the fact that both the discrete immigration (4.7)—(4.8) and the continuous immigration
(4.9) are defined in a time-homogeneous way along the spine (&);cr which is a stationary
process (4.6).

Step 2. Let IC be given as in (4.12). We will show that IC < oo and (4.1) holds when u = v.
The main idea is to work with the reciprocal of the additive martingale e=*' X,(¢) under the
measure T’f}’o) to analyze the survival probability. In fact, for any ¢ > 0, from Lemmas 3.1,
4.11, and Step 1, we have

e MPL(X, # 0) = POOLX,(¢)!]

= Q[(W () + @) '] = QW (¢) + 25 ")) '] (4.13)
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From (1.8), (4.10) and the Markov property of superprocesses, we can verify that the process
(e=™ W,(O)(qﬁ)),zo is a non-negative Q-martingale. So by the martingale convergence theorem and
(1.10), we have Q-almost surely W,«))((p) — 0 as t — oo. From the fact that ¢ +— Z(()_I'O](qﬁ)

is a non-decreasing process with almost sure limit Z(()_OO’O](qb) in [0, oo], we have almost
surely

W@+ 27 @)™ o 2y ™ 9)™ 10,00l

Now, we can apply the dominated convergence theorem in (4.13) and get the desired result in
this step. In fact, the family of non-negative random variables {(W,(O)(¢>)—+—Z(()_Z’O](qb))_l > 1}
is dominated by Z((fl’ol(¢>)_1, which is Q-integrable since, according to Step 1, Lemmas 4.11,
4.7(3), Campbell’s theorem and (1.8), we have

~;(D

QIZS )1 = Iz @)1 = vNV X (9) 7]
=e¢ " (WN)(X; # 0) = —¢ *logP,(X; = 0) < co. (4.14)

Final step. To see (4.1) holds for all u € M?, we use Step 2 and Lemma 2.7. [
4.2. The LlogL criterion

Let (W(O), E,N, (st, v, W(k)),‘zozl) be the random elements constructed in Section 4.1. Our
proof of Proposition 4.2 will rely on the following two lemmas.

Lemma 4.12. There exist so,€,0 > 0 and § > 0 such that for any x € E,s > sy and
y = e /P(x), it holds that Pys (X (p) > 0) > 4.

Proof. From [28, (3.20)] we know that there exist 7y, a, € > 0 such that for all s > 7y, we
have v(V;¢) > a exp(—es). According to [28, Proposition 2.2] we know that there exists s;, > 0
such that for all s > s and x € E we have V,¢(x) > %d)(x)v(Vsd)). Now take sy = fo V S,

we have for all s > sy and x € E, Vi¢(x) > %(])(x)e’“. Let 6 € (0,a/2). We have for any

ees
s>s0,x€Eandy2Wthat

Pys, (ws(¢) > 6) =Py, (7@ < ™)
Chebyshev

=1 =Py (e > > 1—e"Pys [e ]

=1 —efe Vb)) > | _ ofpy5eem® 5 | 0-a/2 5 o

as desired. [

Lemma 4.13. (1) If £ < o0, then for any € > 0,
oo
D L son(s0) - yee™ - p(Ey) < 00, Qeas.

k=1
(2) If € = o0, then for any € > 0 and sy > 0,

—S0 o] -
/ ds / yn(és’ d)’) = 00, Q_a's‘
—o0 e P(E)!
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Lemma 4.13 is similar to [26, Lemma 3.2] and its proof is pretty long. We postpone its
proof to the Appendix.

Proof of Proposition 4.2.
Step 1. Assuming £ < oo, we will show that /O > 0. To do this, we verify using Campbell’s
theorem, (1.8), (4.3), (4.6) and (4.9) that

Q[ /( g s @WEs.dw)] =] /

0

0
= Q[ / 2a(§s)ze—“¢(§x)ds] =2 / e 50 2)ds < oo, (4.15)

- —00

0
20E7ds | wo @ @)
00 n

where in the last inequality we used the fact that o, ¢ € bZA(E) and A < 0. Then we define
the o-algebra

G =0 (&, sk, Y2y, (4.16)

and verify from (1.7), (1.8), (4.8), and Lemma 4.13 that Q-almost surely,

QX WE @M soni(50|#) = 2Py, (X @M -oc(s0)
k=1 k=1

=Y - Ty d)ED - Lson(se) = ) yee " p(E) - 1 oo oi(sk) < 0. 4.17)
k=1 k=1

From (4.15) and (4.17), we can verify that Q-almost surely,

280 = [ e @N s dw) + 3 W @l < .

(—00,0]x 2 k=1

It follows from (4.12) that K = Q[Z{ *"(¢)~"] > 0 as desired.
Step 2. Assuming £ = oo, we will show that L = 0. Let 59, €,0 and § > 0 be given as in
Lemma 4.12. We claim that in this case

ng =#k:k>1,keZ, s <0, W¥ (@) >0} =00, Q-as. (4.18)

—S)

Using this claim, we immediately have that Zéﬁw’ol(qs) > 6Ony = oo almost surely, which
implies the desired result since K = Q[Zéfoo’m(@"]. Now we prove the claim (4.18). From
(4.8), we have Q-almost surely,

Qle™ 191 = [ [ QUexp(—1-.01501 ) )1

k=1

o0
= l_[ Pyks;% [exp{—1(—os,0(s) (x_,, )>0}}] = CXP{— /
k=1

F(s, yyD(ds, dy)]
RXR+

where for any (s, y) € R x R, the random variable F(s, y) is given by

F(s, y) = —logPys. [exp{—T(—co.0/()1(x_,@)>6)}];
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and where D is the Poisson random measure defined as in (4.7). Now by (4.7) and Campbell’s
theorem,

R (0,00)
= exp(— / ds / Pys [1 = exXpl—1 (o001 x_y =01}y &, dy))
R (0,00)

0
:exp(—(l _e—l)/ ds /(0 )Py(g% (X_(¢) > Q)yn(és,dy)). (4.19)

Note that from Lemmas 4.12 and 4.13(2), we have Q-almost surely,
0 () B —s0 00 5
| o rp @ = omEianzs [ o rGan =
—00 0 s —o0 dE)~le—es
Now from this and (4.19), we have Q[e™"¢] = 0 which implies the desired claim (4.18). O
4.3. First moment of the Yaglom law

Let
(W& N, (56, ye. W)

be the random elements constructed in Section 4.1. Our proof of Proposition 4.3 in the case
K > 0 relies on the following lemma.

Lemma 4.14. If K > 0, then Z(()_OO’O] is an M-valued random element.

Proof. From (1.9), we know that there exists a #y > O such that
Cy ==sup{|H, f(x)| : t > 19, f € LT (v), x € E} < 0.

Step 1. We will show that Q-almost surely Z((fto‘o](l g) < oo. In fact, from Step 1 of the
proof of Proposition 4.1, we know that, under Q, Z((flo’ol(lg) and Z,((?’tOI(IE) have the same
distribution. From Lemma 4.11, we know that they are both stochastically dominated by the
random variable X,,(1¢) under I~’<v°°>. Thus the desired result in this step is valid.

Step 2. We will show that Q-almost surely
/ w_,(1g)N(ds, dw) < oo.
(—o00,—1y]x 2

By (4.9) and Campbell’s theorem, we get that

W
of [ WV @s,dw)] = Qf [ 20@Rds [ wo e dw)]
(=00, —1p]x 2 0

—0Q

A ~fo ~ = y o
“q / 20 ERT1E)s] < 2ol / ds / (T—1p)()v(dx)
—00 E

—00
(1.8),(1.9)
=

1
2IIfflli,/ d5L37AS¢(X)V(1E)(1+(H—s1E)(x))V(dx)

(1.9) ~fo 1.10)
< 2(1+C3)||a||§o/ e *ds < 0.

o0
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Step 3. We will show that if IC > 0 then Q-almost surely
o0
k
> W AR oo (i) < o0.
k=1

Recall the definition (4.16) of the o-algebra ¢. Then by (1.7), (1.9), (4.8) and Lemma 4.13,
we have Q-almost surely that

QY WA (60 F ) = 3 v (T 1e)E) - Low s (50
k=1

>~

M

yie " p(E ) (14 (Hog 1)) L (—c0,—101(5%)

~
Il

1

<(1+Cy) Z)’ke_mk(b(ésk)1(—00,—r0](sk) < 00.
k=1

Final Step. From Steps 1, 2 and 3, we know that Z(()7°°’0](1 g) < oo almost surely provided
K > 0. Then one can use a routine measure theoretic argument to get the desired result of this
lemma. [

When K > 0, the above lemma allows us to define a probability measure 6 on M as
the distribution of Zéﬁw’ol under the probability Q. It was mentioned in Section 4 that, after
establishing Proposition 4.3, one can also construct a probability measure Quo oo using (4.2)
provided C > 0. It will be explained later in Remark 4.15 that (3 and Qo are exactly the
same.

We are now ready to give the proof of Proposition 4.3.

Proof of Proposition 4.3.
Step 1. In this step, we will prove Proposition 4.3 in the case I > 0. Let F € bC(M) and
t > 0 be arbitrary. Using Lemmas 3.1, 4.11 and Step 1 of the proof of Proposition 4.1, we
have
Py [, 20 F (X1 = PO[eM X, (9) ' F(X))]
0 0, 0 —1,0
o[ FO L Z 1 O 4 27
W@ + 2" (@) W@ + 5 (@)

(4.20)

It follows from (4.10) and Lemma 2.3 that the M-valued process (W,(O)),Zo converges to 0 in
probability when 7 1 oo (with respect to any separable metric compatible with the topology
of the Polish space M.) It is also clear from (4.11), Lemma 4.14 and monotonicity that the
following statement holds.

The M-valued process (Z((f”ol)»o converges to Z(()foo’ol almost surely as ¢ 1 oo.
4.21)

So by the continuous mapping theorem, we have
FOW" + z5 "™

(—00,0] — (—00,0]
WOt 2 e 20 @@
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in probability. Notice also that the family of random variables
|F 7
W @) + 2, (@)

’ > l}
is dominated by the random variable Z(()_]‘O](qb)’1 - sup,caq [ F ()| which is Q-integrable by
(4.14). Now we can apply the dominated convergence theorem in (4.20) and get that

lim P, [1x, 20 F(X)] = QIZ5™ " ()™ F(Zg ™).

11— 00

Thus from Theorem 1.1 and Proposition 4.1,

| FQuotan) = lim PFCRIX, #0)

Lm0 e MP,[1ix, 200 F(X)]
lim,_, o e P, (X; # 0)

_ k! fM 0@ F(Q(dn). 22)

= K7'QIzy @) F(zy "]

Since F is arbitrary, we can replace F(n) in (4.22) by F(n)-(n(¢) An) where n is an arbitrary
natural number. Taking n 1 oo and using the monotone convergence theorem, we then arrive
at

/M F(1) - n(#)Qoo,0(dn) = K~ /M F)Q(n), F € bpC(M) (4.23)

which implies the desired result in this step.

Step 2. In this step, we will prove Proposition 4.3 in the case £ = 0. According to
Lemma 2.1, there exists #p > 0 such that for any t > #) and x € E, 2v(v)¢(x) > v:(x).
Now for any ¢ > #;, we have from (2.2) and (2.4) that

/ N2v(0)$)Que () = / n(0)Quo0(dn) = / (1 — ") Qg o(d)
M M M

= / P, (X, # 0)Quo0(dn) = €.
M

From (2.2), Lemma 2.3 and Proposition 4.1 we have that

—log(1 — P,(X, #0))
PX, £0)

V() = € HPU(X, £ 0)- — Kv(g) = 0.

Now we have that

fM 16)Quo o(dn) = € /Q20(v)) —> 00

which implies the desired result for this step. [J

Remark 4.15. From the definition (4.2) of Qs and (4.23), it is clear that Quo 0o = 6 when
K> 0.

4.4. Limit of the Q-process

Using the spine decomposition theorem (Lemma 4.11), we can get the following lemma.
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Lemma 4.16. If £ < oo, then Q] , converges weakly t0 Qo 00 as t — 00.

Proof. We note that for any f € bpC(E),

_ ~oo)e WO 0] B Y
/ e "(f)Qf,oc(d’)) — Pf}oo)[e Xr(f)] = Qle W (-2, (f)] =P,le Xr(f)]Q[e Z, (f)]
M

where the first equality is due to (3.1) and Lemma 3.1, the second equality is due to
Lemma 4.11, and the third equality is due to (4.10) and Step 1 of the proof of Proposition 4.1.
Thus,

(=1,0]
lim [ ePQY (dn) = lim P,[e *""] lim Q[e~% O
t—o0 M ’ t—00 1—>00

_ 7(=00.,0] _
— Qe " = / Qg o (),
M

where the second equality is due to Lemma 2.3 and (4.21), and the last equality is due to
Remark 4.15. Now the desired result follows from [25, Theorem 1.18] . [

The above lemma is a special case of Proposition 4.4. For the general case, we will use
the spine decomposition theorem for superprocesses with arbitrary initial value u € M°.
Now the corresponding spine process will not be stationary, and cannot be extended into a
two-sided process in general. Therefore, in this subsection, we construct the random elements
(WOE N, (sx, ye, W) in a different probability space with respect to a new probability
measure Q,,, under which statements (4.24), (4.7) (with R replaced by R ), (4.8), (4.9) (with
R replaced by R, ) and (4.10) (with P, replaced by P,) hold.

(4.24) § = (§Z),ZQ is an E-valued right continuous Markov process with transition semigroup
(Sy)i>0 and initial distribution ft given by (4.5).

We present the spine decomposition for superprocesses with arbitrary initial value in the
following lemma. We refer our readers to [36] for its proof. For any 0 <a < b <t < oo, and
f € bp#A(E), let the random variable Z,(“’b](f) be defined as in (4.11).

Lemma 4.17. Let u € M?° be arbitrary. The M-valued process (W,(O) + Zt(o’t])tzo under
Q. has the same finite-dimensional distributions as the coordinate process (X;);=o under
Pﬁf"). Moreover, for any t > 0, the M-valued process (Zio’s])se[o,,] under Q,, has the same

finite-dimensional distributions as the coordinate process (X;)sejo.r] under MN( s

For any t > 0, f € bpA(E) and x € E, define L, f(x) := Q;s, [e‘Zgo'”(f)] and Lo f(x) =
lim SUP; 00 ‘th(x)

Lemma 4.18. For any x € E and f € bpAB(E), lim;_, o L; f(x) = V(Lo f).

Proof. Step 1. We will show that for any f € bpA(E) and x € E, Lo f(x) < V(L f). To
this end, let us take arbitrary f € bpA(E), s,t € Ry and x € E, and verify that

_Z(t,H—s

Lrs ) = Qs e 205700 < Qu [e 2470 = @ [Qu, [e™# V1] = S, £ ().
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In fact, only the second equality above needs more explanation. From (4.7) (with R replaced
by R;), (4.8), (4.9) (with R replaced by R, ) and Campbell’s formula, we can verify that

(t,t+s]

Qs te 7701 = s [ex| - | (—log Pys, L™+ )D(dr, dy) |
(t,1+5]1x(0,00) e
exp]— / wyss- (NINr, du)) |
(t,t+s]x 2
=Qs, [exp{— / Pys. [1— e Xt (Ndr @ yn(ér, dy)] X
(Li+s]x(0,00)

eXP{_f (1— ein‘v_r(f))ZU(ér)zdr ® Nér (dw)”
(t,t+s]x 2

= Q; [e—F<<§,+r>re<o,x]>]

where for any E-valued process (x,)re,s}, the functional F is defined by

F((xp)re,s]) = dr/ Py [1 — e X Dlyr(x,, dy) +
©s1  J(0,00

/ 20 (x,)*dr / (1 — e rUNN, (dw).
0,s] 2

Therefore, by the Markov property of the spine process &, we have

(t,1+s

Q51[6—21+x ](f)] — Q(S [e—F((.%,_*_,),e(O,_r])]
—F(E _0.s]
= st [ngr [e F((Er)re(o,s])]] — st [ngt [e Zs (f)]]'
Now by (1.9),

Lo ) < SLFO) E p@) e M T DL, ) = (14 Hi(@L; F)0)) DLy ).
Noticing that, from (1.9), lim—, o SUP,c g gebaar) [ Hi8(x)| = 0. Therefore, letting 1 — oo, we
have

Loo f(x) = V(L f). (4.25)

Now, taking limsup,_, ., in (4.25), using the reverse Fatou’s lemma, we get the desired result
for this step.

Step 2. We will show that for any f € bpZA(E), the Borel function £; f on E converges to
the constant V(L f) in probability as t — oo under v. First note that, if V(L f) = O then
this is trivial from Step 1. So let us assume that V(L f) > O for the rest of this step. Take
arbitrary &1, &, € (0, 1), ¢ > 0, and define

U =U'=xecE:Lfx)>{A+e)(Loof))
Lo=L7?:={xecE:Lfx)<—e)(Lxsf).
From the reverse Fatou’s lemma and Step 1, we have

lim sup ¥(U;) < v(limsup 1y,) = D(Nyy=0 Uiz, U) = (@) = 0.

—>00 t—00
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Now we only need to show that lim,_, o, V(L;) = 0. From (4.25), and the fact that the function
L; f is bounded by 1, we have

V(Loo f) = V(L f) = V(Lo f - Ar,) + V(L f - 1y) + V(L f - Lz,uue)
< (1 = e)0(Loo HTL,) + 9(U,) + (1 + e)V(Loo (1 = D(L1) — D(U,))

< (I +eD)v(Loo f) — (61 + V(Lo IV(Ly) + V(U,).
Taking liminf,_, o, we have
D(Loof) < (1 + )V Loo f) — (1 + £2)D(Loo f) lim sup D(L;?).
—00
Letting ¢; — 0, we have

D(Loo f) < W(Loo ) = 20(Loo f) limsup D(L;?).

=00

This is impossible unless limsup,_, ., (L;?) = 0 holds as desired.
Step 3. We will show that for any f € bpZA(E) and x € E, liminf,_, o L, f(x) > V(Lo f)-
To this end, we fix arbitrary f € bpA(E) and x € E, and note that for any t, s > 0,

Lips f(x) = Qs [exp] =25 (N} 280 = 0]
= Qu,[Qs, [exp{-Z (N} E] - s, (2% = 0fE) ]

= Qs [L:fE) - Qs (25 = 0]E)]. (4.26)

We claim that for any ¢+ > 0 and s > 0, the random measure Z;?;;l under ng(o|§,) has the

same distribution as X, under Qs, [PZ(o,l](~)|§,]. In fact, from the Markov property of (X;);>0,
t
we have

Pﬂ[efxrﬂ(f)] =P, [Py, [efXx(f)]] — Pﬂ[esz(fo)]

for arbitrary u € M; and similarly from [25, (8.44)] , we have

[ a= e = [ - e O, € dup, (X € duo
2 M2

:/ (1 — e VDN, (dw).
M

Therefore, we can verify from (4.7) (with R replaced by R.), (4.8), (4.9) (with R replaced by
R) and Campbell’s formula that

_ ~ _50,1] ~
Qs [P 0a(e™ )& ] = Qs L™ 1]

t
=Q, [exp{— f dr / Py, [1 — e " D]yn (&, dr) —
0 ©,00)

|

/ 20 (€,)dr / (1 —e_"”*"(v"f))Nér(dw)}
0 0
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t
=Q;, [exp { - f dr / Pys, [1— e 0PNy (§,, dr) —
0 (0,00) "

|

/ 20 (€,)2dr / ¢! —e_w’“*’(f))Ngr(dw)}
0 2

= Qs [ AT DI,

as claimed.
In particular, due to Lemma 2.3 and the bounded convergence theorem, for each ¢ > 0, it
holds that

Qs, (25 = 08) = Qs,[Pon(Xs = 0)J&] > 1 as's — co.

On the other hand, for any ¢ > 0, defining a function F;, € bp#(E) by
Foe() = g, -t pri=er» ¥ € E,

we can verify from (4.24), (1.9) and Step 2 that, for any ¢ > 0,
Qs (15 f ) = V(Lo )] > &) = 8 Fye(x) = (1) e T - Fie)(x)

= 0(Fy0)(1 + (Hi Fy0)(x)) < 0(Fy)(1+  sup  |Hg(x)]) —> 0.
geL(v).xeE s

Therefore, for any t > 0, L, f (&) - Qs, (z}&;' = 0|&,) converges to I(Lo f) in probability with
respect to Qs, as s — oo. By taking limit inferior in (4.26) as s — oo and using the bounded
convergence theorem, we get the desired result for this step.

Final Step. Combine the results in Steps 1 and 3. [

We are now ready to give the proof of Proposition 4.4.

Proof of Proposition 4.4 in the case K > 0. Step I. Let f € bpZA(E) and ¢ > 0 be arbitrary.
0,t
We will show that Q,, [3*25 ](f>] = (L, f). To do this, we note that by Lemma 4.17,

_ SROL-X(hy “x,.(n Xi(@)
Lif@) = SN = N[ MO TR ] x e k.

Therefore, again by Lemma 4.17 we have

Qul e_z,“m(f)] — N[ X = /
E

_ X, (¢)
X:(f)
N, [e T (¢)]u(dx)

= u(¢)™! /(/sz)(X) - po)u(dx) = n(L, f).
E
Step 2. We will show that for any u € M? and f € bpA(E),

lim [ e "YQF (dn) = V(Lo f).

t—>00 M

In fact, from Lemmas 3.1, 4.17 and Step 1, we have that

/ e 1DQE_(dn) = B [e=X1 )]
. ©
M

() (©0.1] ~
= QuLe " DA = P [T DNUL f), 120,
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Now the desired result in this step follows from Lemmas 2.3, 4.18 and the bounded convergence
theorem.
Final Step. From Lemma 4.16 for any f € bpC(E),

lim | e"0QY () = f ™" Qug 0 (d).
M

—00 M

Combining this with Step 2 and [25, Theorem 1.18], we get the desired result. [

Proof of Proposition 4.4 in the case = 0. We give a proof by contradiction. Assume that
there exists 4 € M? such that Q. converges weakly to a probability measure, say Q* on
M. Then we have that

/e*”("”Qﬁ‘w(dn)Z/ 1l QE_(dn) / =191 (dn) > 0.
M ’ M ! =00 [ aq

On the other hand, from xe™ < 1 for every x > 0, and Proposition 4.1, we have

fM 8777(¢)Q¢l:00(dn) < /M n((p)leﬁfw(dn) = e*/\fﬂ((b)flpﬂ(xt #0) ;T.? 0

which is a contradiction.
4.5. Limit of the two-sided process

Proof of Proposition 4.5 in the case I > 0. From (2.4) and (2.5) we have
Qo [F] = / e VP, [F(X0)1ix, 20,]1Qo0.0(dn)
Ml)

= / F(me ™ Py(X, # 0)Qu0(dn), F € bpB(M), r > 0. (4.27)

Note that by Proposition 4.3, n(¢)Qw.0(dn) is a finite measure concentrated on M?, and that
by Lemma 3.4 and Proposition 4.1, for any F € bp#(M), and r large enough,

~ 1 B 1 P,(X, #0)
F MP (X, #0)—— < || Flloce M Py(X, £ 0 — =7
Sup, FONe Py (X #0755 < 1Pl PUX 2 0) sup b X, £0) ~

Now by Proposition 4.1 and the bounded convergence theorem we have

lim Qu, [F] = / F(n) - Kn(@)Quo0(dn) = Quc[Fl.  F € bpB(M)
r—0Q Mg

as desired. [

Proof of Proposition 4.5 in the case L = 0. We give a proof by contradiction. Assume
that Q. , converges strongly to a probability measure, say Q*, as r — oo. Taking F(n) =
e "9 n e M we have lim, o, Qs [F] = Q*[F] > 0. On the other hand, we first observe
from sup,.,xe ™ < 1 that F(n) < n(¢)~! for every n € M. Then, noticing that (4.27) still
holds in this case, and also noticing from Proposition 4.1 and Lemma 3.4 that

o —ar 1 Py(X, #0)
HZ%)O F(me "Py(X, #0) <e " P,(X, #0) ,,lelgo (@) Py(X, £0) o

Using the bounded convergence theorem we have lim,_, o Qo [F] = 0, which is a contra-
diction. [
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4.6. Double limit

Lemma 4.19. [f &£ < oo, then

: e v(vy)
lim sup =
1—>00 r>0 v(vt+r)

1.

Proof. According to [28, (3.10)] ,
Ar t+r v,
e v() = exp{/ i Ovs)ds}, t>0,r>0,
t

V() v(vy)
where Yyu,(x) = Yo(x, vs(x)), x € E,s > 0, and

o0
Yolx, A) == o(x)*2A? +/ (e_M -1 +Au) w(x,du), xe E,A>0.
0

To prove the desired result, it suffices to show

o U( !p()vs)
ds < o0, for some ¢ > 0. (4.28)
t v(vy)
It is easy to see that for any x € E,
Yro(x, A)

oA

is a nonnegative increasing function with respect to A and ¥(x, 0) = 0. Thanks to the mean
value theorem,

=20(x)’A + /OO (1 - e_’\”) um(x, du)
0

0Yro(x, 1)
Yolx, &) = Yolx, &) — Yo(x, 0) < AT, xeE,x>0.
Therefore,
0 , A
Yovg(x) < vy(x) Wox, 1) , xekE s>0.
A A=vg(x)

By Lemma 2.1, there exists Ty > 0 such that v;(x) < 2¢(x)v(v,) for any x € E and s > T.

For s > Ty,
)\_Ux(‘)>

=20 (x)*Pp(x)vs(x) + f - (1 — e ™) p(x)um (x, du)
0

81&0(% )‘)

v(Povy) = 2v(vs)v (¢> o

Note that for any x € E and s > T,

a‘/fo(" )")

Px) —-

A=vg(x)
o.¢]
< 2[0?@llcovs(x) + / (1 = 72 @90M) G yum (x, du).
0

Define a measure p on (0, c0) so that for any non-negative Borel function f on (0, co),

f(u),O(Olu):/EV(dX)/(0 )f(¢(X)u)ﬂ(x,du)~

(0,00)
Then for any s > T,

V(Tovy) < 20(vy) [2||oz¢||oov<vs) + f N (1= et up(du)} .
0
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Now the integral on the left hand side of (4.28) can be bounded by

* v(Povy)
(o) ———ds < 4)lo?P |l + 21, > Ty, r >0,
t Us

where

o0 o0 oo
I, = / v(vy)ds, and II; == / ds/ (l — e_z"(vf)”) up(du).
t t 0

From (2.2) and Propositions 4.1 and 4.2, we know that e *v(v,) - K > 0 as t — oo. In

particular, there exist Ty > Ty and C4 > 0 such that v(vs) < C4e** for every s > Ty. This yields
I, < oo for t > Ty. Note that [~ (1 — e™2**) up(du) is an increasing function with respect to
6. Thus for sufficiently large ¢ so that t > T} and 2C4e™ < 1,

2C4ue —e ¢
1, < / ds/ 1—e*204e ) up(du) = Iklf u,o(du)/ dz

< m u,o(du)/ ds < ﬁ u ,o(du) + ﬁ u(l + log u) p(du).

When £ < o0, it is easy to see that II, < co. The proof is complete. [

Lemma 4.20. Suppose £ < co. Then for any u € M2,

(@)e*' Py (X, # 0)
lim sup sup < 16.

1200 120 peme N(PIPu (Xiyr #0) —

Proof. It is well known that 1 —e™ < u and that there is a § > 0 such that 1 —e™ > u/2 for
u € [0, §]. By [28, (3.39)] we have lim,_, o, v(v,) = 0. By Lemma 2.1, given u € M?, there
exists T>(n) > 0 such that u(v,) < § for t > T,(u). Therefore, for any n, u € M°, t > Tr(u)
and r > 0, we have

P, (X, #0) 1—e ) _ 2n(r)
P, (Xir #0) 1 —e #0) = p(uy,)

The uniform lower and upper bounds of v,(x) are given in Lemma 2.1 as well: There is a

T5 > 0, such that ¢(x)v(v;)/2 < v,(x) < 2¢(x)v(vy) for ¢t > T3 and x € E. From Lemma 4.19,

there exists a T4 > 0, such that e v(v,)/v(v,4,) < 2 for every t > T4 and r > 0. Now for any

n,ueMt>T(u)VvT;vTyand r > 0,

(@)e*' Py (X, # 0) _ @)t An(@)v(v,) - 8eMv(v,)
77(¢)P,1 (Xt+r # 0) - 77(¢’) M(¢)V(Ut+r)/2 N \)(UH_,«)
The proof is complete. [

< 16.

Proof of Proposition 4.6. Fix arbitrary u € M and non-negative continuous function f on
E. For any ¢t,r > 0,
P (e My, 20)
Pu(Xi1, #0)
_ P (e Py (X, #£0) o) (e—x,(f)“(‘f))ehpx,(xr # 0))
P/L(Xt-H’ # 0) Xt((b)Pu(XH—r # 0)

P, (e )Xy, #0) =
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where the probability P(°°) is given as in Lemma 3.1. According to the Skorohod representation

theorem (see [19, Theorem 5.31] , for example) there exists an M-valued process (}2[);>0
converging almost surely to an M-valued random element Xo On some probability space
(Q ]-' P) so that the law of XOo is Q.00 and the law of Xt is Q, ~ for every t > 0. Now by

Remark 3.2 we have
P, (¢ XD|X,,, #0) = ( —x,(f)ﬂ(tb)e“PX,(X i 0)) =0,
Xi(@)Pu(X, 1y #0)
Note that, by Lemma 4.20, there exists 75(x«) > 0 such that for any ¢ > T5(u) and r > 0,
iy M@EPy (X, #0)
X(@)P (X4 # 0)

Also notice that e=Xt() converges almost surely to e=X*(/) as t — 00. So now if one can
show that almost surely

. w@)e'Py (X, #0)
1r=>00 X, ()P, (X;4, # 0)

then by the bounded convergence theorem we get the desire result for this proposition.
Let us now verify (4.29). From (2.2), we have

W@ Py (X, #0) 1= X puy,)  p@)et X (v,)
X:(@)P,, (X4, #0) Xi(v) 1—e ) X ()u(vry,)

By Lemma 2.1, we have for ¢,r > 0,

vnXi@)(1 = sup 1 0)1) = Kilw) < v@IR @)1+ sup [C1(r, 1)

xekE xeE

<17.

(4.29)

r>0. (4.30)

with lim,_, o sup,.. |Ci(r, x)| = 0. By [28, (3.39)] we have lim,_, o v(v,) = 0 and that
lim sup X,(¢) < hm X (19llole) = Xoo(lpllaclp) < 00, as.

—>00
Thus lim; ,—, oo X +(v;) = 0 almost surely. Therefore,

1= e*)zt(vr)
lim ——— =1, as.
tr—eo  X(v)

Similarly we have for every t,r > 0,
V(@) (1= sup [Co(t +7,0]) < 1vrs,) < V(s IR@)(1 4 5up C1 4+ 7,2)]))
xe€E xeE
and
lim M(Ul+r)
im

tr—oo | —e— wQigr)

Using Lemma 4.19 for the third fraction on the right hand side of (4.30), we get

i M(¢)€“Xt(vr) (@) v(w) X, ($)(1 + sup, i [Ci(r, X))

imsup —— < limsup —

1.r—>00 Xz(¢)u(vz+r) =00 X(@W (i )(@)(1 = sup, . [Ci(t + 7, X))
eMo(vy)

= lim sup =1.

tr—>oc V(Vrgr)
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On the other hand,
i w(@)e X, (v,) (@) v(w) X (@)(1 — sup, . |Ci(r, X))
iminf o 07 > > liminf —
=00 X (O)(vre,) % X (@ (@)1 4 sup, g |Ci(z + 7, %))

At
= liminf & ev@)
tr—>0c V()

=1.

The proof is complete. U
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Appendix

Lemma A.1. The transition semigroup (Q;);>o given in (1.6) preserves bB(M).

Proof. Denote E := E U {d}, where 9 is an isolated point not contained in E. The Polish
space of all finite Borel measures on E, equipped with the topology of weak convergence, is
denoted by M(E). Define a conservative Borel right transition semigroup (?I),zo on (E, B(E))
using [25, (A.20)] . Let & be a Borel right process with transition semigroup (P,);=o. Define
¥ as the extension of ¥ on E x R, such that ¥(d,-) = 0. Let X be a (£, /)-superprocess
whose transition semigroup is denoted by (@,)rzo. According to [25, Theorem 5.11] , (@,),20
is a Borel right transition semigroup on M(E). Define a map I" : M(E) — M so that for
any i € M(E), the measure I'j1 is the restriction of the set function u on Z(E). Define a
map A : M — M(E) so that for any u € M, the measure Au on E is the unique extension
of u on ZB(E) so that Au({d}) = 0. Obviously we have I' o A is the identity map on M;
and from the fact that 9 is an isolated point in £ we know I" and A are continuous maps.
Fix an arbitrary t > 0 and F € bZA(M). It can be verified (see the proof of [25, Theorem
5.12] ) that Q,(F o I')(x) = (Q,F) o I'(w) for each @ € M(E). From this we can verify
that O, F = (Q,(F o I') o A is a real valued bounded Borel function on M. Therefore, the
semigroup (Q,);>o preserves bZ&(M) as desired. [

Proof of Lemma 4.13 (1). Fix arbitrary 0 < § < €. From (4.7), we have
o0
D 1oy p(Ey) = / Li;<0)ye” p(E,)D(ds, dy) = T+11,
k=1 RxR4+

where

1;:/ L o ye“¢(§s)D(dS dy),
RxR4 _¢(Es) -
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e [ 1 e s @D, ).
RxRy o=

We first show that II < oo, Q-a.s. In fact, from (4.6) and (1.12),

/ dS/ yﬂ(é‘v,dy) f dS/V(dX)/ yr(x,dy)

o(Es)

0 00
= [ a fE H()(dn) f oy dy)

&
fv(dx)/ yo(x)m(x, dy)/log(}d’(x)) ) =

¢(x)

Therefore, we have Q-almost surely

/RxRJr[l A (1{}‘ e o) yees(])(s ))]ds yn(&, dy)

#E)’

5/ 1 —8s ds - yn(e;,dy) < 0.
RxRy 07 5F =0

Now from (4.7) and [21, Theorem 2.7(i)] we have QI < oo|§) = 1. We then show that
I < 00, Q-a.s. In fact, from (4.6) and (4.7),

Qi = Q[Qg]] = / / e gyl ]

o0

/ / D 0 e )+ / ds/ e 9. d)

¢(§v)

Q[ a5 [[evo@om@uan+ [ as [T e an]
0 0
< Il / e ds / B(dx) / Vo, dy) + / oDy /E 5(dv) /1 y(x. dy)

< Q.

Now the desired result of this lemma follows. [J

Proof of Lemma 4.13 (2). Fix the arbitrary € > 0 and sy > 0. Define a constant
K = max{||$|lcc, e}, (A.1)

and random variables

nr —/ ds/ yx@E.dy)., T e (0,00l
¢(§v)
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Step 1. We will show that Q[7] = co. In particular, this implies that there exists a #; > 0
such that Q[n7] > 0 for all T > ¢;. To show that Q[#7,] = 0o, we note from (4.6) and Fubini’s
theorem that

Q] = / ds / 5(dv) f y(x. dy)

¢(‘€)
- / $Cov(dr) f y(x, dy) f
16 ¢ log( ‘W))
=2 [ o [ (log(row) - tog & )y, an
P(x)
1 A
=2 [ v [, yoeoebowoaer.an - = (A2)
P(x)
where
=InkK- sup/OO yr(x, dy) < oo. (A3)
xeE J1
Since

/ v(dv) / Y(x) log (yp(1))w (x. dy) = € = 00

¢(x)

and

/ v(dx)/ yp(x) log(yp(x))m(x, dy) < KlogK/ v(dx)/ m(x,dy) < oo,

¢(x)

we get that

f v(dv) / V() log(yp () (x. dy) =

¢x)

Now the desired result in this step follows from (A.2), (A.3) and above.
Step 2. We will show that Q[nr] < oo for all T € (0, 0o). From (4.6), (A.1) and Fubini’s
theorem, we have

0 o) 0 0
Qlnr] = / ds / 5(dv) / Yy, dy) < / ds f () / y(x. dy)
-7 E de(;js -7 E 1

o0
<T- sup/ yr(x,dy) < oo. (A4)
I

xeE

Step 3. We will show that there exists a ©, > 0 such that for any t > £, x € E, and
f € bpA(E), it holds that S; f(x) < 2v(f). In fact, let H be as in (1.9), then there exists a
t; > 0 such that for any t > 1,, x € E and f € bpA(E), |H;(¢f)(x)| < 1. Now for any ¢ > 1,
xeEand f € bp%(E), we can verify from (4.4) and (1.9) that

St f(x) = ——Ti(@f)(x) = v(gf/)(1 + Hi(pf)(x)) = 20(f).
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Step 4. Let ty := max{t;, t,}. We will show that there exists a constant C5 > 0 such that for
all T > ty, it holds that Q[n%] < CsQ[nr]?. To do this we note that for any T > 1,

Q2] = Q[(/_OT dt /; rE, dr)) : (/_OT ds /; ur &, du))]

br) bs)
0 o0 5 0 o0 5
=2Q[/ dr /K » rn(é‘t,dr)/ ds /K B un(’g‘x,du)] M +1V
- #E) ! 6
where
0 o) 5 (t+19)N0 o) 5
I = ZQ[ f dt f rrE,, dr) f ds / un(és,du)]
_r Kejet ! KI,’TES
o) o(Es)
and
0 00 B 0 00 B
IV = 2Q[/ dt/ e, dr) ds/ ‘urr(és,du)].
-T Ke—€t (t4+19)A0 Ke—€5

#(r) p(Es)
We first show that there exists a constant C¢ > 0 such that for all T > ¢y, it holds that
III < CGQ[nT]z. In fact, note # — Q[#,] is non-decreasing, we have for any T > f,

0 00 N t+to oo 5
1 < ZQ[ / dr / rE,, dr) / ds / un(é;fs,du)]
-T Ke—¢t t 1

PEr)

e 2ty
< 2t0(SUE/1 un(x,du))Q[nr] < Qo]
xe 0]

(sup floo um(x, du))Q[nT]z.

xeE
Note that from Step 1,
21 o
0 (sup/ un(x,du)) < 00.
Q[nto] xeE J1

We now show that for any T > 1y, IV < 4Q[nr1?. For fixed T > 1y, it follows from Fubini’s
theorem and (4.6) that

—19 00 B 0 00 B
IV = Q[z f dr / rrLdr) | ds / | uﬂ(és,du)]
-T % f+ty Ke—€s

¢(Es)

—ty ~ OO 5 0 oo 5
=2f Q / rE, dr) dsf un(&,du)]dt
T L ) Ke—¢! 1+t Ke—€S
P &r) P(Es)
-t T e} B 0 0 B 5
zzf Q Q[/ rr(E,, dr) ds/ un(&s,du)‘%]]dt
-T L Ke_<! 1+t Ke—<o
P(&r) P(Es)
—1p r proo B 0 oo 5 B
= 2/ Q (. dr) Q[f ur &y, du) f,]ds]dt
-7 LJ Kez¢! 1+1o Ke—€5
P(r) oEs)
—ty [ poo 5 0 5
= 2/ Q / ra (&, dr) Ssths(é,)ds]dt
-T L % t+tg
—1Ip [ee} 0
= 2] dtf f)(dy)/ ra(y,dr) Ss—ths(y)ds, (A.5)
- JE o 4+
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where, for any f € R, Jt = 0(5; s € (—o0o,t]), and for any s <Oand y € E,
hy(y) = / cum(y,du) < sup/ um(x,du) < oo. (A.6)
L(g&;’ xeE J1

Note for any ¢t € (—T,—1y) and s € (¢t + ), 0), we have s — t > fy > t,, which, together
with Step 3, implies that for any y € E, S;_;h;(y) < 2V(hy). Therefore, from (A.4), (A.5) and
(A.6), we have

—1y (o] 0
IV < 4/ dt/ ﬁ(dy)/ ra(y, dr) v(hg)ds
-T E K(;(;f’ t+o

0 0
<4 f S(h)dr - / 5(hy)ds = 4Q[ny .
-T -T

Now the desired result in this step follows.
Step 5. We show that Q(n. = 00) > 0. Note that for any T > 0, from the Cauchy—Schwartz
inequality,

1
\/ QIQ(rr = 3Qtnr1) = Qlirly, - fop,)

1
= Qlnr]l — Q[nTl{nT<%QMT]}] > Qlnr] — Q[EQ[’]T] '7T<2Q[77T]}:| Q[ﬂr]
Let #p be as in Step 4. Then, there exists a C; > 0 such that for any T > 1,

I Qe
Qe = 5Q0011) 2 Q(nr = 5QUnr1) = s =€ (A7)

By the monotone convergence theorem and Step 1, we have
Q7] —— Qlnec] = 00
T—o0

Now by (A.7) and the monotone convergence theorem again,

Qe = 00) = Jim Q{1 = 3QUnr1) = G,

Step 6. We will show that v is an ergodic measure of the semigroup (S;);>0 in the sense
of [4, Section 3.2]. To do this, we claim that for any ¢ € L?(D) satisfying S;¢ = ¢ in L2(®)
for all ¢ > 0, it holds that ¢ is a constant v-a.e. In fact for v- almost every x € E, from (1.9)
and (4.4), we have

p(x) = Sip(x) = Mq’;( )Tz(¢"P+)(x)_ “(l)( )Tz(cb(/) )(x)

= v(pe")(1 + Hi(pp")(x)) — v(ge ) (1 + H,(¢9 )(x)) = v@9),

which implies the desired claim. Now the desired result in this step follows from [4, Theorem
324l

Step 7. We will show that {n,, = oo} is an invariant event for this ergodic process (§,),€R
under Q in the sense that, for any r € R, Q(AgAA;) = 0 where

0 00
At = {/ ds/K’és yn(§s+l‘vdy)=Oo}’ teR.
—o0 Ke™€S

¢(§J+t)
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We first claim that
A, CA_;,, reRt>0. (A.8)

In fact, on the event A, we have

[,

0 00
iz [ o [ r G
) ¢

*© ¢<sq+, ) - $Etr—n
:/ yﬂ(§v+r,dY)
v+r)
- / / 37 Goer. dy) — / ds / 3 Esirn dy)
¢><es+r> - ¢(sy+r>
0 00
Z/ dS/ Y Egpr, dy) — |2] - Sup/ yr(x,dy) =
—00 dﬁé ) xeE J1
as claimed. We then claim that for any » € R and ¢ > 0, Q-almost surely,
Ke €S
¢ rrr1) ~
/ / ey YT Eir, dy) < 00, (A.9)
S Estrt1)

In fact, by (4.6),

0 Kgfés
¢(E¢ rt) s ~ ¢(x)
/ f jj,j 37 Eirirn dy)| = / ds / P(dx) / e YT, AY)
—e(s Ke—€(s+1)
oo JE )

bEsyrir)
—L1og 60
=/ v(dx)/ ym(x, dy)/ Wu)ﬂ
¢(x>
= t/ v(dx)/ yr(x,dy) <t- sup/ yr(x,dy) < oo
¢(y) xeE

which implies the claim. Finally, we claim that
AN, CAy, reR >0, (A.10)

where (2, is the event that (A.9) holds. In fact, on the event A, N (2., we have

0 0
/ dS/ 5 yn(éerrthv d)’)

e Ke™¢
SEs+r+1)
0 o 0 ¢<[§(f“ )
~ s s
—/_OO ds/ —e(st) }’7T($x+r+z,dy)—/_OQ ds fke—e<s+t) Y7 (Esqrte, dy)
Cstrir) $Estrt1)
! e 0 ¢(I§E_“ )
s s+r—+t -~
= / ds / v dy) — / ds f 0 Eprar, dy)
Ke—€S Ke—€(s+1)
-0 —0oQ =
dCEstr) SCEs+r+1)
0 o ¢<§Fﬂ )
S+r+t P
= s [T wan— [ [T s = oo
e ¢><ss+r) $Estrin)
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as claimed. Now, for any r < ¢ in R, from (A.8), we know that Q(A; \ A,) = 0; from (A.9)
and (A.10), we know that Q(A, \ A;) = 0. Therefore, the desired result in this step follows.
Final Step. From steps 5, 7 and [4, Theorem 1.2.4.(i)] , we get that

0 [ee)
/ ds fK L ymE,dy) =00, Q-as. (A.11)

H(Es)

From (4.6), we know that (és)seR has the same distribution as (és_so)seR. Therefore we have
from (A.11) that

0 . )
/ ds/ yr (&5, dy) =00, Q-as.
—00 K~e*€S

$(Es—sg)

Now we have Q-a.s.,

=50 o) _ 0 00 _
/ ds /_es yr (&, dy) = / ds /_U eso yﬂ(ss_so, dy)
—0Q e —00 e e

#(Es) PGs—sq)
0 o) 5
> f ds / oy €y, dy) = 00
oo _Ke=€S
4)(5;—&0)

as desired. [
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