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ON THE SUBCRITICAL SELF-CATALYTIC BRANCHING
BROWNIAN MOTIONS

HAOJIE HOU AND ZHENYAO SUN

ABSTRACT. The self-catalytic branching Brownian motions (SBBM) are extensions of
the classical one-dimensional branching Brownian motions by incorporating pairwise
branchings catalyzed by the intersection local times of the particle pairs. These pro-
cesses naturally arise as the moment duals of certain reaction-diffusion equations per-
turbed by multiplicative space-time white noise. For the subcritical case of the catalytic
branching mechanism, we construct the SBBM allowing an infinite number of initial
particles. Additionally, we establish the coming down from infinity (CDI) property for
these systems and characterize their CDI rates.

1. INTRODUCTION

1.1. Motivation. The branching Brownian motion (BBM) is a classical probabilistic
model describing a system of particles that move independently according to Brownian
motions and branch independently into random number of offspring at random times.
This model serves as a cornerstone of modern probability theory, with applications span-
ning partial differential equations, statistical physics, and mathematical biology. Foun-
dational works such as [McK75|] and [Bra78§]| established its dual connection to the FKPP
equation, while a modern overview is provided in [Ber14].

While the classical BBM has been extensively studied, more complex models have
emerged to incorporate intraspecific competition. Examples include the branching coa-
lescing Brownian motions [Shi88], where pairs of particles merge randomly based on their
pairwise intersection local times; the N-BBM [Mail6], which maintains a fixed popu-
lation size through a selection mechanism; the L-BBM [Pail6], where particles farther
than a distance L from the leading particle are deleted; and BBM with decaying mass
[ABBP19|, where each particle carries a mass that decays at a rate proportional to its
neighboring mass field.

A further extension of the branching coalescing Brownian motion is the self-catalytic
branching Brownian motion (SBBM), first introduced in [Ath98] and further developed
in [AT00]. In this model, branching events are catalyzed by the intersection local times
of particle pairs, allowing not only the competitive but also the cooperative interactions
between particles. A defining mathematical feature of SBBM is its dual relationship with
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a family of stochastic reaction-diffusion equations, akin to the connection between BBM
and the FKPP equation. This duality provides a comprehensive framework for studying
both SBBMs and their dual SPDEs.

For example, the foundational work [Shi88] employed branching coalescing Brownian
motion to establish the weak uniqueness of the stochastic FKPP equation. This result
was later extended in [AT00], which used SBBM to prove the well-posedness of a family
of stochastic reaction-diffusion equations. Another important contribution is [Tri95],
where local-time coalescing Brownian motions (LCBM) were utilized to demonstrate
the compact interface property of the Wright-Fisher stochastic heat equation (Wright-
Fisher SHE). Later, an advanced small-noise asymptotic analysis of the propagation
speed of the stochastic FKPP equation was established in [MMQT11], which, via duality,
confirmed the Brunet-Derrida conjecture for the branching coalescing Brownian motions.
The duality framework was also employed in [DF16] to demonstrate the convergence
of the biased voter model to the stochastic FKPP equation. The branching coalescing
Brownian motions on metric graphs were utilized in [Fan21] to study the stochastic FKPP
equation on metric graphs. A two-type coalescing Brownian motion system was applied
in [F'T'23] to derive the quasi-stationary distributions of the stochastic FKPP equation on
the circle. Moreover, the analytical properties of the Wright-Fisher SHE were applied in
[BMS24a] to prove the coming down from infinity (CDI) property of LCBM. Building on
this result, [BMS24b] showed that a system of branching coalescing Brownian motions,
allowing for infinitely many offspring in its branching mechanism, has its total population
reflected from infinity. This phenomenon was further used in [BMS24b| to demonstrate
a regularization-by-noise effect of the Wright-Fisher space-time white noise.

In this article, we continue the study of the SBBM by addressing the following funda-
mental question:

o What happens if there are infinitely many initial particles in an SBBM?

This question was previously explored in [HT05] in the context of LCBM with a com-
prehensive resolution provided in [BMS24a]. We will show that, under the assumptions
that the catalytic branching is subcritical and not parity-preserving, an SBBM model
supporting infinitely many initial particles can be defined as the limit of a sequence of
SBBMs with finitely many initial particles (Theorem [[.2)). The law of this limiting pro-
cess is characterized by the initial trace—a key concept introduced in [BMS24a]—and the
branching mechanisms. Additionally, we will establish the CDI result: a necessary and
sufficient condition for the finiteness of the number of particles in any region at any time
(Theorem (i) & (ii)); and characterize the corresponding CDI rates in terms of the
particle system’s mean-field equation (Theorem [[.3 (iii), (iv) & (v)); thereby generalizing
the results in [BMS24a]. Our findings reveal an universal behavior: the CDI rates, while
depending on the initial trace and the mean-field effect of the pairwise interaction, are
independent of the precise form of the branching mechanisms.

1.2. Main results. The SBBM model has five parameters:
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(1.1) The initial configuration (z;)!_,, which is a finite list in R. Without loss of gen-
erality, we assume that it is the first n elements of an infinite sequence (x;)°; in
R where n € N is arbitrary.

(1.2) The ordinary branching rate 3, > 0;

(1.3) The ordinary offspring law (py)32,, which is a probability measure on Z., the
space of non-negative integers;

(1.4) The catalytic branching rate 15, > 0;

(1.5) The catalytic offspring law (gx)?,, which is a probability measure on Z, .

The SBBM with the above parameters is a particle system which evolves according to

the following rules (L6)—(T3).

(1.6) At time 0, there are n particles located in the real line R whose locations are given
by the initial configuration (z;) .

(1.7) Each particle moves as independent Brownian motions unless one of the following
ordinary branching or catalytic branching occurs.

(1.8) Each particle induces an ordinary branching according to an independent expo-
nential clock of rate 5,. When an ordinary branching occurs, the corresponding
particle will be killed and be replaced, at its location of death, by a random
number of new particles. This random number will be independently sampled
according to the ordinary offspring law (px)52,.

(1.9) Each unordered pair of particles induces a catalytic branching according to an
independent exponential clock of rate % B. with respect to their intersection local
time. When a catalytic branching occurs, the corresponding pair of particles will
both be killed and be replaced, at their mutual location of death, by a random
number of new particles. This random number will be independently sampled
according to the catalytic offspring distribution (gx)32,.

Note that, producing one child in an ordinary branching, or two children in a catalytic
branching, does not change the configuration of the particle profile at the occurring time
of that branching. Therefore, we can assume, without loss of generality, that p; = ¢ =
0. We say the ordinary branching is subcritical, critical, or supercritical, according to
ZkeZ+ kpy is strictly less than, equals to, or strictly greater than, 1, respectively. We
say that the catalytic branching is subcritical, critical, or supercritical, according to
Zkez+ kqy is strictly less than, equals to, or strictly greater than, 2, respectively. We
will only be considering the case when the catalytic branching is subcritical, that is, we
assume that

> kgr < 2. (1.10)

For technical reasons, we also assume the existence of the exponential moments of the

two offspring laws:
(1.11) There exists R > 1 such that > 2  R*py < co and Y -, RFg; < oo.

A priori speaking, a particle system following the rules ((LO)—(L9) can only be defined
up to its explosion time. In order to be more precise, let Té") := 0, and inductively

for every k € Z,, let T,gi)l be the earliest occurring time of a branching after the time
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7',5") (if Tkn) = 00, or if there is no branching occurring after the time 7',5") < 00, then

set T]ij_)l := oo for convention.) Thanks to the strong Markov property of the Brownian
motions, one can construct a particle system following the rules (L6)—(L9) in the time
interval [0,752)) where 787 = limy_e0 7',5") is called the explosion time. (We omit the
details of the construction since it is tedious but straightforward.)

Our first result, whose proof is postponed in Section [2 says that this explosion won’t

really happen.

Proposition 1.1. Almost surely, 7 = .

For every t > 0, we denote by It(") the collection of unique labels of the particles that
are alive at time t. (How we label the particles are not crucial for our purpose.) For every
t>0and a € I () , denote by X(" “ the spatial location of the particle labeled by « at
time ¢t. For every ¢ Z 0 and U € B(R), denote by Z™(U) := |{a € I : X" € U}| the
number of alive particles at time ¢ whose locations belong to U. Here, B(R) represents
the collection of Borel subsets of R, and |A| represents the cardinality of a given set A.

As a convention, at the occurring time of a branching, we always consider the corre-
sponding children as alive but not their parent. By this convention, (Zt(n))tzo is a cadlag
process taking values in NV, the space of locally finite integer-valued non-negative mea-
sures on R. We ask NV to endow the vague topology, i.e. the coarsest topology such that
the map p +— p(f) from N to R is continues for every f € C.(R). Here, C.(R) represents
the collection of compactly supported continuous functions on R; and for any Borel mea-
sure v and Borel measurable function g on R, v(g) represents the integral [ g(z)v(dx)
whenever it is well-defined. It is known that A is Polish [Kall7, Theorem 4.2]. For any
Borel measure v and non-negative Borel measurable function g on R, let g - v be the
unique Borel measure on R such that (g - v)(A) = v(14g) for any Borel subset A of R.

Note that the law of the process (Zt(n))tzo induced on D(R, '), the space of N-valued
cadlag paths indexed by R, is uniquely determined by the parameters listed in (LII)-
(LH). Any N-valued cadlag process who shares the same law as (Zt(n)>t20 will be therefore
referred to as an SBBM with respect to those parameters.

Notice that Zf := > "7 _, 0,, where (z;)I, is the first n elements of the infinite sequence
(2;)22,. We are interested in the asymptotic behavior of the process (Zt("))t>0 when
n — oo. If one can show the existence of a limiting process in some sense, then it is
reasonable to regard that limit as an SBBM with infinitely many initial particles. With
this purpose in mind, we introduce several notations. Let T be the collection of the pair
(A, i) where A is a closed subset of R and ji is a Radon measure on A° = R\ A. In
particular, define (A, ) € T so that

A = {y cER: Z ]—(y—r,y—i—r)(xi) = OO,VT > O} (112)

i=1
and

= ZlAc(sz‘)(;xi (1.13)
i=1
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where the sequence (x;)%2; is given as in ([LI)). This pair (A, p) will be referred to as the
initial trace. The support of the initial trace (A, u1) is defined by supp(A, ) := AUsupp(p)
where supp(u) represents the support of the measure p. For every z € R, we define

D(2) =B, (Zpk(l — ) —(1- z)) (1.14)
and
U(z) = B (Z ar(l—2)F — (1 - z)2> (1.15)

whenever the infinite series on the right hand sides are absolutely summable. The func-
tions ® and ¥ will be referred to as the ordinary branching mechanism and the catalytic
branching mechanism, respectively.

Let us also assume the following;:

(1.16) The catalytic offspring law is not parity-preserving, that is, there exists an odd
number k such that g, > 0.

This assumption is crucial for our establishment of the distributional convergence of
(Z™)20 as n — co. We will comment on this assumption in Subsubsection [3.11

Theorem 1.2. There exists an N -valued cadlag Markov process (Z;)i=o such that (Zt(n))t>0
converges to (Z;)i>o as n — 0o in finite dimensional distributions. Moreover, the law of
the process (Zy)io induced on D((0,00),N), the space of N -valued cadlag paths indexed
by (0,00), is uniquely determined by (A, p), ® and V.

The proof of Theorem is postponed to Section [Bl

In light of Theorem [[.2] any N-valued cadlag process indexed by (0, 00) who shares
the same law as the process (Z;)~o in Theorem will be referred to as an SBBM with
ordinary branching mechanism @, catalytic branching mechanism W, and initial trace
(A, ).

In the rest of this subsection, let (Z;);~ be such a process, whose corresponding prob-
ability measure and expectation operator is denoted by Ps ,) and E ,), respectively.
Our next result establishes the CDI property, and the corresponding CDI rates, for
this process. Let us denote by C?((0,00) x R) the collection of real-valued functions
(ht(2))t>00er Which is continuously differentiable in ¢ and twice continuously differen-
tiable in x. For every (A, fi) € T, from [LG96, Theorem 4], there exists a unique non-
negative v = (v ()20 2cr € C12((0, 00) x R) satisfying the following equation in
the classical pointwise sense:

(G 1y (s v v
o0 () = Lo ()~ YO B2 s 00 e R
y+r _
{y eR:Vr> O,l}fél/ v,fA’“)(x)d:c = oo} = A; (1.17)
y—r
i [ ol @)ds = [o(@ialdo), o e k),
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Here, C. (1~\C) is the collection of compactely supported continuous functions on A€ and

U'(0+) := G, <2 - i k:qk> € (0, 00). (1.18)

Equation (LI7) will be referred to as the mean-field equation of the SBBM (Z;);~o. We
say a set A C R is bounded if sup{|z|: z € A} < oo. The closure of a set A C R will be
denoted by A.

Theorem 1.3. For arbitrary open interval U C R:

(i) If U Nsupp(A, p) is unbounded, then Py ) (Z:(U) = +o00,Vt > 0) = 1.
(ii) If U Nsupp(A, i) is bounded, then P(a ) (Z:(U) < 00, Vt > 0) = 1.

Moreover, when U N supp(A, 1) is bounded:

(ili) It holds that B ,,)[Z:(U)] < oo for everyt > 0.
(iv) IfUNA =0, then limsup, g En ) [Z:(U)] < oo.
(v) IfUNA#0, then limy o Ey 0 [Z:(U)] = oo and

-1
(/ UEA’“)(x)dx) Z,U) 251, in L' wort. P
U
The proof of Theorem [L.3] will be given in Section [6l We note here that the CDI rate
t— / oM (2)dz, >0
U

while dependent on the initial trace (A, ) and the constant W’'(0+), which captures the
mean-field effect of the pairwise interaction, are independent of the precise form of the
branching mechanisms ® and V.

1.3. Perspectives.

1.3.1. Discussion of assumptions. The subcritical assumption (LI0) on the catalytic
branching is crucial for our results. In the supercritical regime, where ZkeZ+ kg, > 2,
a naive physicist’s mean-field analysis suggests that, with positive probability, an every-
where explosion occurs in finite time, even when the initial number of particles is finite.
This leads to several questions: What is the probability of the explosion? How can the
explosion time and the growth of the population before the explosion be characterized?
What is the behavior of the system conditioned on non-explosion? We refer our readers
to [OP24] where these type of questions are considered for the (non-spatial) branching
processes with pairwise interactions.

The critical case, Zkem kqi. = 2, is perhaps more intriguing. We do not expect the
CDI property to hold in this case. However, under suitable assumptions and rescaling,
we anticipate that the empirical measure of the SBBM with critical catalytic branching
is likely to converge to the multiplicative linear SHE, 0,z = %z + z&, where £ denotes the
space-time white noise. Notably, the multiplicative linear SHE is closely related to the
KPZ equation, 0;h = $02h — 5(9,h)? + &, for which we refer our readers to [Qual2]. This
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connection invites a further question: Do certain observables of the SBBM with critical
catalytic branching belong to the KPZ universality class?

The non-parity-preserving assumption (LI6) is also crucial for our main results. To
illustrate this, consider the scenario where 5, = 0 and ¢y = 1, in which (LI6]) fails to
hold. The SBBM model with these parameters is referred to as the local-time annihilating
Brownian motions. Using the methods in this article, it can be shown that for any ¢ > 0,
the sequence of N -valued random elements (Zt("))neN is tight. However, we do not expect
the sub-sequential convergence-in-distribution limit to be unique. Instead, we anticipate
that, in addition to the initial trace (A, i), one needs to introduce an initial parity field
to fully characterize all possible sub-sequential limits. We refer interested readers to
[HOV21] for a detailed analysis of such questions in the setting of (instant) annihilating
Brownian motions, where particles annihilate immediately upon contact.

The technical assumption (L.IT]) is included primarily for convenience, facilitating the
application of the duality result in [AT00, Theorem 1] (see Proposition 3.3l below). We be-
lieve this requirement can be significantly weakened, particularly for ordinary branching
mechanisms. Indeed, when the pairwise interaction is given by the coalescing (¢; = 1),
[BMS24b] extends the duality result of [AT00, Theorem 1] without imposing any moment
conditions on the ordinary branching. Remarkably, their approach even accommodates
cases where ordinary branching can produce infinitely many offspring with positive proba-
bility. Exploring the optimal moment conditions on the branching mechanisms necessary
for our results to hold is an interesting question, but lies beyond the scope of the current

paper.

1.3.2. Coming down from infinity. The CDI property describes how certain observables
in a time-homogeneous dynamical system, starting from an infinite value, become finite
immediately after the system starts to evolve. For example, the solution to the ordinary
differential equation

La(t) = —z(t)?, t>0,
z(0) = oo,

which is explicitly given by x(t) = 1/t, exhibits the CDI property.

Recently, the CDI phenomenon has also been observed across various stochastic dy-
namical systems. A well-known example is Kingman’s coalescent, where every pair of
particles coalesce according to independent exponential clocks [AId99]. Other examples
include the A-coalescent, which generalizes Kingman’s coalescent by allowing simulta-
neous mergers of multiple particles [Sch00], [BBLI10]; the spatial A-coalescent, where
particles perform continuous-time independent random walks on a lattice, and particles
occupying the same site coalesce according to the usual A-coalescent [LS06], [ABL12]; the
branching process with pairwise interactions (BPI), which generalizes the Galton-Watson
process by incorporating pairwise branchings [OP24]; the logistic continuous-state branch-
ing processes (logistic CSBP), which is the continuous-state analog of the BPI where the
interaction is competitive [Lam05], [Foul9]; the non-linear CSBP, which generalizes the
logistic CSBP by allowing more complex density-dependent interactions [LYZ19], [LZ24];
the time-changed Lévy processes, which is closely related to the non-linear CSBP [FLZ21],
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[BDS24]; branching random walk with non-local competition [MP24]; and, last but not
least, the dynamlcal @2 model, which formally solves the 3-dimensional smgular SPDE
Op = 3 8 — pP+mp+ &, where € denotes the space-time white noise IMW17].

1.3.3. The Mean-field equations. The general idea of the MFE is to study the behavior of
a high-dimensional random model using a simpler model that approximates the original
by averaging over degrees of freedom (the number of values that are free to vary). By
solving the MFE, some insight into the behavior of the original system can be obtained
at a lower computational cost.

In the SBBM model, the values that are free to vary include:

(1.19) the movement of the particles;
(1.20) the occurrence time and the number of children of the ordinary branchings;
(1.21) the occurrence time and the number of children of the catalytic branchings.

We call the following equation

/
subjected to the initial condition similar to that of the equation (LLIT), the MFE of the
SBBM model, with the idea that 7;(z)dx is an approximation of the empirical measure,
and that the three terms on the right-hand side of (I.22]) are the mean-field averages of
the three groups of randomness (LL.I9)—(L21]), respectively. Note that, in Theorem [L.3]
the rate of CDI is given by the solution to the equation (LI7) instead of (L22), where the
linear term corresponding to the ordinary branching is absent. This is fine, since one can
verify that, uniformly in = € R, v(z) and 9,(z) are asymptotically equivalent as ¢ | 0.
By that, we mean lim;_,osup,cp |v:(z)/0:(x) — 1| = 0.

1.3.4. Proof Strategy: Duality. In general, we say a Markov process (X;);>0, with state
space X and transition kernel (P;);>o, and a Markov process (Y};);>0, with state space
Y and transition kernel (Q;):>o, satisfy a dual relationship w.r.t. a given dual function
H:XxY—=R,if

/ H<x7y0)Pt<x07 d.’lf) = / H<x07y)Qt<y07 dy)7 Ty € Xa Yo cY.
X Y

For example, the one-dimensional standard Brownian motion (B;);>o and the solution
(ht)e>0 to the heat equation

A
atht(x) = Eht(x)v t > O,IL' € R)

which can be regarded as a (deterministic) Markov process with state space C,(R), satisfy
a dual relationship w.r.t. the dual function (B,h) € R x Cy(R) — h(B). Here, C,(R)
represents the collection of bounded continuous functions on R.

Our proofs of the main theorems rely on a moment duality between the SBBM (Z;);>¢
and the following stochastic reaction-diffusion equation:

A
atut(x) = Eut( ) + \/ Ut Wt t Z O,.’L‘ c R, (123)
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where W is a space-time white noise. The corresponding dual function H is given by

H(u, Z) = [[(1 = w(z))” ™D, weCR[0,27]),Z €N, (1.24)

zeR

where z* € [1,2) is a constant determined by W. This duality first appeared in [Shi8§] for
the LCBM and was later generalized for a large family of SBBM in [AT00]. As we will
see in this paper, this duality can be further generalized to incorporate infinitely many
initial particles. We will be more precise about the solution theory of the SPDE (I.23)),
the possibly infinite product in (L24]), and the generalized version of this moment dual,
in Sections B 4, and B, respectively. We note here that, if there is no catalytic branching,
i.e., B. = 0, then this duality degenerates to McKean’s duality between the BBM and
the FKPP equations. Furthermore, if there is no ordinary branching, i.e., 5, = 8. = 0,
this duality degenerates to the trivial duality between Brownian motions and the heat
equation.

Our proof strategy is similar to that of [BMS24al]. The idea is to compare the above
moment dual with a Laplacian dual connecting the MFE (L22) to a super-Brownian
motion, which is a measure-valued Markov process whose density evolves according to

the SPDE:

Oty () = %ﬂt(az) — O (0+)iy(2) + /U (0+)iy(z)Wy(z), t>0,2 €R, (1.25)
w.r.t. the dual function (0,a) € C(R)? — exp{— [©(z)a(x)dz}. The super-Brownian
motions arise originally as the rescaling limit of the empirical measure of the (near)
critical BBM, and its study has expanded into a major area of research over the last
few decades. For the precise dual connection between the PDE ([.22) and the SPDE
(L25), see [KS8Y] and [LGI6]. For a modern overview of the super-Brownian motions,
we refer our readers to [Lill]. Note that the coefficients —®’(0+4)a;(z) and W'(0+)a.(x)
in the SPDE (L25]) can be considered as the linearizations of —®(u,(z)) and ¥ (u.(x)),
respectively. Thus, the behavior of the solutions to the SPDEs (L23) and (L2H) are
similar at small times provided that they share a small initial value. Because of this,
many properties of the dual SPDE ([L23)), including its compact support property among
others, can be obtained via analytical tools such as the weak comparison principle, the
Feynman-Kac formula, 1t6’s formula, and the BDG inequality, etc. It is exactly those
analytical results on the dual SPDE ([L.23]) that can be translated via duality into the
CDI property of the SBBM.

We want to mention here that, even though the ideas are the same, the proofs in
[BMS24a] also rely heavily on the monotonicity of the LCBM, which is not available for
the more general SBBM model. Because of this, the actual proofs are quite different from
that of [BMS24al at several technical levels. For example, the result of Theorem (i)
for the LCBM is proved in [BMS24a] via a straightforward coupling argument. But here,
the proof for the SBBM is much more involved relying on the construction of certain
super-martingales. Another technical thing is that one cannot take the logarithm of the
dual function H in (L24) as it is done in [BMS24a] for the sake of a better comparison
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between the moment dual and the Laplacian dual. This is because the function H might
take negative values in our general settings.
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2. NON-EXPLOSION

Let (z:) 1, Bo, (Pk)20, Be and (qx)72, be given as in (LI)-(LH). Assume that (LI0)
and (LII) hold. As it has been mentioned in Subsection [[2] an SBBM, following the
rules (LO)—(T3), is a priori defined only up to its explosion time Tég ),

In this section, we will prove Proposition [T which says that the explosion won’t really
happen. Since we are fixing n, the initial number of particles, we will drop the superscript
“(n)” to simplify the notations. In particular, 7, := 7 and for every t € 0, 7o), We
denote by [, := It(") the collection of unique labels of the particles that is alive at time
t. For every ¢t € [0,7.) and a € I, denote by X2 := X the spatial location of
the particle labeled by a at time ¢. For every ¢ € [0,7) and U € B(R), denote by
Z(U) = Zt(n)(U) = H{a € I; : X{* € U}| the number of alive particles at time ¢t whose
locations belong to U. Also, define

Xo =P kpr€[0,00),  Ae:=f Y kg € [0,00), (2.1)
k=0 k=0
and
®'(0+) == B, (1 -y kpk> =By — Ao. (2.2)
k=0

Let us warm up with a simpler version of Propotision [T by excluding the ordinary
branching. That is, we first consider the case that 5, = 0. For every t € [0, o0], define
N; := |{k € N : 75, < t}| to be the total number of branchings in the time interval [0, ).
In particular, N is the total number of branchings that will ever occur in finite time.

Lemma 2.1. Suppose that there is no ordinary branching, i.e. B, = 0, then Ny, < 00
almost surely. In particular, Too > TN, +1 = 00 almost surely.

Proof. In this case, we know that all the branchings are catalytic branchings. It is not
hard to see that the process (Z, (R))h=, is a Markov chain taking values in Z, stopped
at the (possibly infinite) random step No. Observe from (L.6) and (L9), the initial value
of this Markov chain is n, and the corresponding transition matrix is

Pi,j = 1{i22,j2i72}%‘+2—i + 1{@'=j=1} + 1{@'=j=0}> i,j € Ly.
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Since we assumed that ¢ = 0, the only two absorbing states of this Markov chain are 0
and 1. From (LIT]) and the standard theory of the Markov chains, we can verify that a
Markov chain with the above transition matrix P will be absorbed by its absorbing states
{0,1} in finite steps almost surely. Now, from the fact that the 1-d Brownian motion
is recurrent, it is not hard to see that (Z,, (R))y> is exactly a Markov chain with the
transition matrix P stopped upon hitting its absorbing states {0, 1}. Therefore, N, < oo
almost surely, as desired. U

In the rest of this section, let us consider the more general case 5, > 0. Lemma 2]
says that the SBBM can be defined up to all finite time if 5, = 0. This fact is crucial for
a coupling argument below, where we couple two SBBMs together with one of them not
allowed to have ordinary branching.

Define 7§ := 0, and inductively for every k € Z,, let 7;,, be the earliest occurring
time of an ordinary branching after the time 7 (if 70 = 7, or if 70 < 7 and there is
no ordinary branching occurring in the time interval (7¢,7.), we define 79, := 7 for
convention.) Similarly, denote by (77)rez, the occuring times of the catalytic branchings.

Lemma 2.2. Almost surely, for every k € Z., there are only finitely many catalytic
branching occurring in the time interval (12,75, ,).

Proof. Let us fix an arbitrary k € Z,. On one hand, almost surely on the event {70 = 7},
the time interval (72, 72,,) = 0. So obviously, there is no catalytic branching occurring
in this empty time interval. On the other hand, by the strong Markov property of
the Brownian motions, the process (Z;)icor.) can be coupled with a process (Z;);>0,
which is an SBBM without the ordinary branching, such that almost surely on the event
{78 < Too}y Ziyre = Z; for every t € [0,72,, — 7¢). From Lemma 2], we know that
(Z(R))¢0 jumps only finite many times. So almost surely on the event {0 < 7.},
(Zt(]R))tE(T£7T§+1) jumps only finite many times. The desired result now follows. O

Lemma 2.3. For every m € N, almost surely on the event {15 = Too}, To = Too = 00.

Proof. Almost surely on the event {79 = 7}, there exists an N € N such that 75 <
TR41 = Too- Therefore, almost surely on this event, the time interval [0,7.) can be
decomposed into finitely many disjoint sub-intervals in the following way:

N

[0, 70) = (7, 740)- (2.3)
k=0

Note from Lemma 2.2 that, almost surely on the event {72 = 7.}, there are only finitely
many catalytic branchings occurring in each of the sub-intervals on the right hand side
of (2.3). Therefore, almost surely on the event {79 = 7.}, N, < oo, i.e. there are only
finitely many branchings occurring before the explosion; from how the explosion time 7.
is defined, we must have 7., = 00, as desired. U

In the rest of this section, let us fix an arbitrary m € N and define a new process
(Z)™ )10 so that almost surely on the event {70 = 7.} = {70 = 7. = 0}, 2" = Z,
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for every t € [0, 00); and almost surely on the event {72 < 7.},

Zo,m L Zt7 te [077—%)7
L\ &, telm, o)
where (Zto ™)i>0 is an SBBM without ordinary branching whose initial value is given by
Zro . Loosely speaking, (Z;"")¢>0 is an SBBM with at most m many ordinary branchings
allowed.

Lemma 2.4. The process (e® N 70™(R))sg is a local super-martingale where
Q' (0+) is given as in (2.2).

Proof. Consider the following disjoint decomposition of the time interval [0, co):

0, 00) = (U [)) s, 20). (2.4)

k=0

Almost surely, in each of the time intervals on the right hand side of (2.4]), we can verify
that the integer-valued process Z°™(R) jumps only finite many times. (To see this, we
apply Lemma to the intervals |7, 77,,) with k& € {0,...,m — 1}, and apply Lemma
211 for the last interval [72,, 00).) Therefore, Z>™(R) jumps only finite many times in the
full time interval [0, co).

Now, we have the finite sum decomposition

ZY™(R) —n = > AZO™(R) + > AZO™(R), t>0,as (2.5)
se(0,e]n{7p,....,79 } s€(0, e\ {7, }
where A~y 1= vy — v for every t > 0 and real-valued cadlag process (7;)i>0. The first
term on the right hand side of ([2.5]) are the jumps induced by the ordinary branchings,
and the second term are the jumps induced by the catalytic branchings. From how those
jumps are induced, we can find their compensators. In fact, it is not hard to see that the
processes:

tAT,
MP™ = > AZ>™(R) + &'(0+) / Zo™(R)ds, t >0,

s€(0,t)N{79,...,T9 } 0
and

c,m o,m 1 o,m

MP™ = > AZO™(R) + 5\1!’(0+)Lt , >0,
s€(0, 4\ {75 }

are local-martingales (c.f. [BMS24b, Lemma 3.3].) Here, L;"" is the total amount of in-
tersection local times induced by all the unordered pairs of atoms in the process of atomic

measures Z>™ up to the time ¢ > 0; and ¥/'(0+) > 0 according to (LII). Therefore,
almost surely,

tATO

m 1
ZP™M(R) —n= My™ + M{™ — @'(0+) / Z3™ (R)ds — SW'(0+) L™, ¢ 0.
0
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Now, almost surely for every t > 0,
6<I>’(0+)(t/\’rﬁl)ZtO7m(R) -n

t tATS, ,
= / e 0NN Z0™(R) + @ (0+) / Z™M(R)e® O ds
0 0

t t
= / ¥ ONEAT) (dMO™ 4 AME™) — %\p'(oﬂ / e ONEATIALO™(R).  (2.6)

0 0
Note that the first term on the right hand side of (2.0) is a local-martingale, while the
second term is a non-increasing process with locally finite variation. The desired result
follows. O

For every t > 0, define a random variable N;"" := [{k € N: 70 < t,k < m}| which is
the total number of ordinary branchings for the process (Z;"™);>o in the time interval
0,1).

Lemma 2.5. For every t >0, E[N™] < nf, [ e~ ©Hsds.

Proof. From Lemma 2.4} the process (e®'(OHA™) 7™ (R)) ., is a local super-martingale.
Let (pr)ken be a sequence of stopping times increasingly converges to oo such that
(e ONWreeAT) ZOW (R))=0 is a (true) super-martingale for every k € N. By Fatou’s
lemma, for every ¢t > 0,

o [e(b/(oJr)(t/\Tf,’l) me(]R)} ) L!CITI?O e® (0H)(tApRATS,) Zf/’\?k (R)}

< lim inf B[ O3 700 (R)] < .

In particular, for every t > 0,
tATS, t t
E{/ Z;’””(R)ds] < / e~ PO [e¢,(0+)(SAT&)Z§’m(R)] ds < n/ e PO,
0 0 0

Note that the following holds almost surely for every ¢ > 0:
NP™ < NY™ = > 1.

s€(0,t)N{7p,.., 73}
From how the ordinary branching are induced, we can find the compensator for the
process (N™)i>0. In fact, it is not hard to see that the process

tATY,

N = NO™ — / " B,Zom(R)ds, ¢ >0,
0

is a (true) martingale (c.f. [BMS24bl Lemma 3.3].) Now we have

t
By < BN~ B[ [ auzen @] <o [ et O
0 0

as desired. 0

tATS,

m

We are now ready to present the proof of Proposition [LL1l
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Proof of Proposition[1.1l. Note that m is arbitrarily chosen, and by lemma 2.5
E[[{k e N: 70 <tk <m}|] < n/t Boe ¥ OHsds ¢ >0.
0
Taking m 1 oo, we obtain from the monotone convergence theorem that
E[{k e N: 70 < t}]] < n/t Boe ¥ OHsds ¢ >0.
0

In particular, we can define the almost surely finite random variable
N?Z={keN:7. <t} <oo, t>0.

Therefore, almost surely 7., > 7¢|,— neoqp > ¢ for every ¢ > 0. This implies the desired
result. O

In the rest of this section, we establish a result which will be used later in Section
As it has been explained in Subsection that, from Proposition [Tl (Z;):>0 is a cadlag
process taking values in N. It is also clear that Z;(R) < oo almost surely for every ¢ > 0.

Proposition 2.6. Suppose that g is a smooth function with bounded derivatives of any
orders. Then the process

, 1 (" &
M =Pl Z,(g) — 5/ e® O 7 (g")ds (2.7)

0

1 b
+5W(0+) / O N g(X)dL P, t >0
0 {oBYClsiaf

is a (true) martingale. Here, (Lia’ﬂ})tzo, the intersection local time between any two
particles labelled by o and 3, is defined as the unique continuous process such that
t

1
= lim — 1

L{a75}
¢ e—0 € 0

ffogycryn{|xe—xP|<c}ds, a5, ¢ 2 0.

Proof. Define ©° := {72 : k € N} N [0,00), and ©° := {7 : k € N} N [0,00), the set
of the occurring times of the ordinary branchings, and the set of the occurring times
of the catalytic branchings, respectively. From Proposition [, we know that almost
surely for every t > 0, ©° N (0,t] and ©° N (0,¢] are finite sets. Noticing that, between
each two consecutive branching times, Z. evolves as the empirical measure of a system
of independent Brownian motions. Therefore, we have the decomposition that almost
surely for every ¢t > 0,

729) - Zolg) = il + + / Zighds+ S AZ@)+ Y AZ)

2
s€0°N(0,t] s€0°N(0,t]

~ al . . . . . . .
where m? is a continuous local martingale with quadratic variation

<’ﬁ”b‘f]/>t = /Ot Zs((¢')%)ds, t>0.
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Here, A~, := v, — 75— for any s > 0 and real-valued cadlag process (7¢):>0. Let U be the
(deterministic) countable set of all possible labels of the particles, and let Uy := {{a, f} C
U : a # [} be the set of all the possible unordered pairs of labels. It is standard to see
that

Y AZ(g) = / (k—1)g(X* )N°(dk,de, ds), t>0,a.s.

$€0°N(0,1] Z4-xUx(0,1]

and

Y Az - / (k — 2)g(X* )N*(dk, d{a, B}, ds), 1> 0,
Z4 xUzx(0,t]

s€0°N(0,t]

where N° is a point process on Z; x U x R, with compensator
N°({k} x {a} x ds) := Boprlincrnds, (k,a,8) € Z, x U x R,
and N¢ is a point process on Z, X Uy x R with compensator
; 1
Ne({k} x {{a, B}} x ds) :== §ﬁchdL§W}, (k,{a,B},s) € Zo x Uy x Ry,

in the sense of [TW89, Definition 3.1]. Now, by Ito’s formula [TW89, Theorem 5.1], we
have almost surely for every t > 0,

e Z,(g9) = Zo(g)
t ! / 1 t / t !
= / e® (0P qmg +3 / e? 057 (¢")ds + d(0+) / Z(g)e® ) ds
0 0 0
+ / e? O3 (k — 1)g(X> )N°(dk, da, ds)
Zy xUX(0,t]
+ [ VO — 2)g(X2 )N(dk, d{a, B}, ds).
Zy xUzx(0,t]

Observe that (M]);>¢ is a local martingale, since almost surely for every ¢ > 0,
M = Zo(g) +mi +m? +m?

where

t
/ ! ~ o
my ::/ e® OPsqme’
0

mod = / ¥ ODs (] 1)g(X2) (No(dk;, da, ds) — N°(dk, da, ds)),
Zy xUX(0,t]

mg = / e OV (k — 2)g(X2) (N(dk, d{a, B}, ds) — N°(dk, d{a, B}, ds) ).
Zy xUax(0,t]



16 H. HOU AND Z. SUN

Now, replacing g by 1g in (21), from the fact that ¥/(0+) > 0, it is easy to see that
(e® O Z,(R));>0 is a local super-martingale. Therefore, there exists a sequence of op-
tional times (pg)ren converging increasingly to oo such that (e®©Her 7, (R))isg is a
super-martingale for every £ € N. By Fatou’s lemma, for every ¢ > 0,

E[eq’/(O’L)tZt(R)] < lilggiC)I.}fE[e@I(0+)tAkatApk (R)] < Zo(R) = n. (2.8)

There also exists a sequence of optional times (p} )ren converging increasingly to oo such
that (M tlfp, )i>0 1s a martingale for every k € N. Taking expectation on the both sides of
1 )t>

(Z7) while replacing ¢g by 1g and ¢ by ¢ A pj,, we obtain that for every £ € N and ¢ > 0,
1x & (04t Lo M g04)s {a8)
n= E[MMPJ — E[e Zung, (R)] +5V(04)E e S Anes .
A {a,B}CliaB

Taking k T oo, from the monotone convergence theorem, we have for any ¢t > 0,

t
E / POy AL <2/ T (04). (2.9)
0 {o,BYCIs:0B

From (2.8)), we can verify that

E Ut ez¢’<°+>szs((g’)2)ds] < 00, (2.10)

0

EU e®' (O3 (f — 1)g(X§‘7)‘N°(dk,da,ds) < o0, (2.11)
Zy xUX(0,t]
and from (2.9) that
E { / e®' (OH)s (k. — 2)g(X§_)‘]\7C(dk, d{a, B}, ds)} < 0. (2.12)
Z4+ xUzx(0,t]

From (ZI0), @II) and @I we can verify that (m{ )iso, (m9)=0 and (m9)=o are

(true) martingales, respectively. The desired result of this proposition follows. O

3. THE puaL SPDEs

Let the parameters (z;)i-;, Bo, (Pk)irg, Bc and (qgx)72, be given as in (LI)-(L5). As-
sume that (LI0) and (LII)) hold. Due to Proposition [[.T] (which is proved in the previ-
ous section), an SBBM w.r.t. above parameters can be constructed up to all time. Let

(It(n))tzo, (Xt(nm)aelt("),tzo and (Zt(n))tzo be the corresponding notations for this SBBM,

given as in Subsection (right after Proposition [1])
In this section, we discuss the duality relation between this SBBM and the following
1-d stochastic partial differential equation (SPDE)

Oyuy(z) = %ut(x) — O(uy(x)) + \/\If(ut(x))Wt,x, t>02eR, (3.1)
up(z) = f(z), =z €R,
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where ® and W are defined as in (LI4) and (II5) respectively, and W is a space-time
white noise on [0, 00) X R. We need to be careful about the solution concept of the SPDE
(B1). In particular, we want the random variable u;(z), for every ¢ > 0 and z € R, to
take its values in a subinterval of R such that W(u,(x)) is non-negative. To this end, let
us first analyze the function W(-). Define

2 :=inf{z € [1,2] : ¥(z) = 0}

with the convention that inf() = oo. The following analytic lemma suggests that the
random field (u;(z))t>0.er should take its value in [0, 2*]. (We include the proof of this
analytic lemma in the Supplement Material [HS25].)

Lemma 3.1. It can be verified that z* € [1,2], U(z*) =0, ®(2*) > 0, ®(0) = ¥(0) =0,
and W(z) > 0 for every z € [0, z*]. Furthmore, if (LI6) holds then z* < 2.

We now give the solution concept of SPDE (B.]). Denote by C(R, [0, 2*]) the collec-
tion of [0, z*]-valued continuous functions on R, equipped with the topology of uniform
convergence on compact sets. Let f, the initial value of the SPDE (B1]), be an arbitrary
clement of C(R, [0, 2*]). We say (Q, F, (F,)i=0, Py, W) is a stochastic basis, if (Q, F,P;) is
a complete probability space equipped with an augmented filtration (.7:}),520 in the sense
of [Kal2l, Lemma 9.8], and W := (Wy(¢) : t > 0,6 € L*(R)) is an (F;)=o-adapted
cylindrical Wiener process on L?*(R) with covariance structure

By [Wi(6)W, ()] = t/\s/cb de, 15> 0,60 € L*(R)

in the sense of [DPZI4, Section 4.1.2.]. Given a stochastic basis (0, F, (F})i=0, Py, W),
we say an (F;)>o-adapted C(R, [0, z*])-valued continuous process (u¢)¢>o solves the SPDE
@B, if ug = f and for every (¢, x) € (0,00) x R, almost surely

we) = [ o= 0sds = [[ peolo = p0lulisdy + (32)
//Otpt o( = )/ (us(y))W (dsdy).

Here,
po(x) = e/ \2mt, (t,2) € (0,00) X R

is the heat kernel, and the third term on the right hand side of (3.2)) is the stochastic in-
tegral driven by the space-time white noise (see [Wal86|] or equivalently [DPZ14l Section
4.2.1.]). In particular, for any (F;);>o-predictable L*(R)-valued process (H;);>o satis-
fying that almost surely fot ||HS||%2(R)ds < oo for every t > 0, the stochastic integral
f fot W (dsdy))>o is an (ﬁt)tzo—adapted continuous martingale with quadratic vari-
ation ( fo ||H ||L2(R)d3)t20- Equation (3.2) is also known as the mild form of the SPDE

BI).
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Let us be more precise about the existence of the solutions. In this paper, we will be
only considering the weak existence. By that, we mean the existence of a stochastic ba-
sis (0, F, (F)iz0, Py, W), and an (F;);so-adapted C(R, [0, z*])-valued continuous process
(ut)e>o solving the SPDE (B1).

Let us also be more precise about the uniqueness of the solutions. We will be only
considering the uniqueness in law. We say the uniqueness in law holds for the SPDE
(B) if any two solutions sharing the same initial value, but not necessarily the same
stochastic basis, induce the same law on the path space C([0,c0),C(R, [0, 2*])).

Lemma 3.2. The weak existence holds for the SPDE (8.1]).

Proof. Thanks to Lemma B the existence of the SPDE (B is standard. See [Shi94]
Theorem 2.6] and [MMR21], Section 2.1] for example. O

The uniqueness in law for the SPDE (B.1]) also holds. To show this, let us first give the
moment duality relation between the SPDE (B.1]) and the SBBM.

Proposition 3.3. Suppose that C(R, [0, z*|)-valued continuous process (ut)i>o is a solu-
tion to the SPDE 1)) w.r.t. a stochastic basis (S0, F, (Fi)is0, Py, W). Then it holds for
every t > 0 that

n

[T = wa)

=1

o ~E| [T (1—f(Xt(")’o‘)) . (3.3)

aEIt(")

Proof. In [AT00], Athreya and Tribe considered the moment dual for the SPDEs

1
8twt(l') = §Awt( ) + b U}t + \/ O U}t ft T t Z O,x - R (34)

where ¢ is a space-time white noise on [0, 00) x R,

Z bp2", —Ry, Ry), (3.5)

and
Zakz —R,,R,). (3.6)

Here, R, > 0 and R, > 0 are the convergence radius for the infinite series on the right
hand sides of ([B.5]) and (B.6) respectively. To utilize the result in [AT00], let us take

L /Bopka S Z-‘r \ {1}7
by = {—ﬁo, o (3.7)

and

B {ﬂch, keZy\ {2}
O -—
_/Bca k=2,
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In this way, it is clear from (LIT]) that R, > 1 and R, > 1. One can also verify that
the [1 — z*, 1]-valued continuous random field (1 — u¢())i>0.cr satisfies the SPDE (3.4)).
(Recall that we assumed p; = g2 = 0 for convention.)

Let us assume for the moment that the ordinary offspring law is subcritical:

> kpp < 1. (3.8)
k=0
Define -
b(z) = > |l =8> m, 2 € (=R, R,)\ {0},
k€Zy:z#1 k=0
and

o(z) = Z o] 2572 = 6Cquzk_2, z€ (—R,,R,) \ {0}.
kEZ 41242 k=0
Note that in this case,

V(1) =8, pr(k—1) <0, (3.9)
and kooo
5(1) =By au(k—2) <0.

Therefore, the condition (H1) in [AT00, Theorem 1] holds. Moreover, from

b(1) = > okl =5 Y px =,
k=0

k€Zy:2z#1

and (B.9), there exists a v > 0 such that
b(e?) < By = —by. (3.10)
Similarly, there exists a 7' > 0 such that &(e”') < —o,. These give the condition (H2)
in [AT00, Theorem 1]. So, under the assumption (B.8), the desired relation ([B.3]) is a
corollary of [AT0O0, Theorem 1].
Note that the condition ([B.8)) is used to deduce ([B.9), and (B.10), which is mainly used
in [AT00] to prevent the explosion of the dual particle system, and to ensure the finiteness
of the expectation of the following term

t
sup exp{(u—i—bﬂ/ \[s(”)|ds}, (3.11)
0

0<t<T

respectively, where T' > 0 and p := Zkez+7k 21 |bg|. See Section 2.2, especially Lemma 3,
of [AT00].

For our case when >~ kp, > 1, since the explosion for the dual particle system
won’t happen by Proposition [T, and that the term (B.I1]) equals to 1 under our choice
of parameters (3.7)), one can still verify the desired duality (3.3]) following the steps of
[AT00]. We omit the details. O
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Lemma 3.4. The uniqueness in law holds for the SPDE ([B.1)).
Proof. This follows from Proposition and [AT00, Lemma 1]. O

Recall that the initial value f € C(R, [0, 2*]) of the SPDE (30]) is chosen arbitrary. Let
Zf represent the law of the unique in law solution u = (u¢(x))i>04er to the SPDE (B.1])
on C([0,0),C(R, [0, 2*])). The following lemma is standard, and is known as the weak
comparison principle. (We include its proof in the Supplement Material [HS25].)

Lemma 3.5. Suppose that u) = (u!”(2))is00er and u® = (U (2))zower are two
solutions to the SPDE [B.1)) with initial values f&) and f@ in C(R, [0, 2*]) respectively.
Suppose that fO < f@ on R. Then vV is stochastically dominated by u, in the sense
that, there exists a probability kernel ;) 2 on C([0,00),C(R,[0,2*])) such that, for

Zr-a.s. wh € C([0,00),C(R, [0, 2%])) and Hja) s (W, )-a.5. w?, we have
wi (@) <wP(z), t>0,7€R;
and that, for any Borel subset A of C([0,00),C(R, [0, z*])),
L (A /f%/f(l) s (W, 4) L0 (dw®).
For our purpose, we sometimes need the initial value of the SPDE (B.]) to be the
non-decreasing limit of a sequence of continuous functions on R.

Proposition 3.6. Let g be a measurable function on R which can be approximated by
the elements of C(R, [0, 2*]) monotonically from below, i.e. there exists a pointwisely non-
decreasing sequence (f™)°_, in C(R,[0, z*]) such that f'™(z) 1 g(x) for every x € R
as m 1 oo. Then, there exists a C(R, [0, z*])-valued continuous process (u;)i=o with initial

value ug := g, on a probability space whose probability measure will be denoted by Iﬁ’g, such
that the following two statements hold.

(3.12) For each ¢ € C*(R), almost surely

[uterstas = [ g+ / | LWz -
/ / (us(y))B(y)dsdy + M, ¢ >0,

where (Mt(¢))t20 is a (Gi)i>o0-adapted continuous martingale with quadratic varia-

tion
<M(¢’ > = // (us(y))o(y)*dsdy, t>0

and (Gi)i>o0 is the natural filtration of the process (ut)i>o.
(3.13) For every t > 0, the duality formula [B.3) holds with f being replaced by g.

The proof of the above proposition is standard using the weak comparison principle.
(We include a proof in the Supplement Material [HS25].)
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4. PROBABILISTIC ESTIMATES FOR THE DUAL SPDE

In this section, we give some probabilistic estimates for the dual SPDE (u;):>0. Espe-
cially, we give upper/lower bounds for some finite/infinite moments of the random field
1 — u; when the initial value ug is close to 0. Those bounds will be crucial for the proof
of Theorems and in the later sections.

Let (z;)52, and n be given as in (L.2). Let (It(n))tzo, (Xt(n)’a)ael(n) 1> and (Zt(n))tzo be
notations given as in Subsection [[.2] (right after Proposition [[T]) for an SBBM with initial
configuration (z;)?_;, and parameters 5,, (px)e,, Be and (qx)72, given as in (L.2)-(L3).
Assume that (LI0), (LIT) and (LI6) hold. Let (A, ) € T be given as in (I.12]) and (LI3).
For every (A, i) € T, let (0/™" (2))i>0.0er € C2((0, 00) x R) be the unique non-negative
solution to the MFE (LI7). Let ® and ¥ be given as in (IL.14) and (LIH) respectively.
Let f be a measurable function on R which can be approximated by the elements of
C(R, [0, z*]) monotonically from below. Let (u;);~o be the continuous C(R, [0, z*])-valued
process given as in Proposition 3.6, with initial value ug := f, on a probability space
whose probability measure will be denoted by P £

When the initial value wug is close to 0, the behavior of the random field (u;)¢>o is
largely related to the linearization of the function ® and ¥ at 0. The following analytical
lemma helps us with the linearization technique. (We include its proof in the Supplement
Material [HS25].)

Lemma 4.1. Suppose that N € N and ()Y, is a finite list in [0,2], then

Combining Lemmas BT and ET], as well as the facts that (1—2)% < 1 for every z € [0, 2]
and k € N, we see that for all z € [0, z*] C [0, 2],

— X2 < P'(04)2 < P(2) < Boz and 0 < U(z2) < 20,2, (4.1)
where )\, is defined in (2.1]). Moreover, define

w(7) = inf 0w

o ) 7 €10,1). (4.2)

It is clear that x(¥) € [0,1] and lims o x(y) = 1. With those linear bounds of the
functions ® and ¥, we have a preliminary upper bound for the first moment of the
random field ;.

Lemma 4.2. For everyt >0 and x € R, it holds that
Ejlui(x)] < e OV, [f(By)] < EL[f(B)],

where (By)i>o is a 1-d standard Brownian motion with initial value x under the expectation
operator E,..
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Proof. Taking expectation in the mild formula (3.2]), we see that for every ¢ > 0 and
r € R,

By [ud(2)] = / Pl — ) f(y)dy — / / Pl — ) [0 (s (y))ldsdy.

By Feynman-Kac formula and (&1]), we conclude that for every ¢ > 0 and z € R,

2 CEf[®(uo(2))]
E:lu;(x)] = E; |expg — = ds B,
ylue()] p{ /O Bl n2)] oo, }f( )
< e YOE [f(B)] < B, [f(By)]. O

Rather than the first moment, we are more interested in the infinite moments of the
random field 1 — wuy, since they arise naturally when one takes n to co in the duality
relation (B.3]). To this end, we need to work with the infinite product. For a sequence of

real numbers (z;);en, define
oo

z; = lim Zi
whenever the limit exists. (This definition is standard, see [Rud87, Definition 15.2].)
Recall that z* € [0,2). For every [0, z*|-valued measurable function v on R, closed subset
A of R, and integer-valued locally finite measure L on A¢, define

A(Ae)
[T = u(@)y™ = T[T (1 = u(z)
rehe i=1
where (zl)fz(jl\c) is a (possibly finite or infinite) sequence in A° such that ji = g:(?c) 0.
It is clear that this definition does not depends on the particular choice of the sequence
(zi)fz(?c), since one can verify that

[T = utayy r (4.3)

xef\c

_ i _qyaliaeieut)es T _ ;
= Lia({eeieuens} )<} (1) eXp{/A log(1 u(ﬂf)\)ﬂ(dx)}-

It is worth to note from the above expression that
(4.4) for every [0, z*]-valued measurable function u on R,
[ H<1 _ u(x))ﬂ({w})
z€R
is a measurable map from N to (—1,1].

The next lemma shows how the infinite moments of the random field 1 — w; is related
to the SBBM. It motivates the rest of the results of this section.
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Lemma 4.3. For anyt > 0,

e[ 1 (1)) -5

aelt(n)

1w, (2)=0,vzeny H (1-— ut(az))“({l‘})] .

xEAC

=Ky

Proof. Thanks to Proposition 8.3 it suffices to consider the limit

. . (n),a — 71 e
i | IT (1= r(2077)) | = Jim B

ozelt"

1=

[Ta- ut(xi))] . (4.5)

Let us first explain that the infinite product

[T — () = tim T = wa(e)

i=1 i=1
is a well-defined random variable. Note that u;(x;) takes their values in [0, z*]. From
Lemma B and (LI6]), we have z* < 2. On one hand, if there are infinitely many i such
that w(z;) € [1,2*] C [1,2), then [[;2,(1 — u¢)(2;) = 0. On the other hand, if there are
only finitely many ¢ such that u,(z;) € [1, 2*], then the infinite product is also well-defined

since the sequence
n

[0 -w)). nen
i=1
is eventually monotone. Since uy(x) is continuous in x € R, by (4.3), almost surely,

H(l - ut(xl)) = 1{Ut(1’)=0,V!L’€A} H (1 — ut(:p))“({m})
=1 zEAC

Now, by bounded convergence theorem, we can exchange the limit and the expectation
on the right hand side of (A3]), and get the desired result. O

The next lemma says that the infinite moments of the random field 1 — u; can be
estimated by the Laplace transform of u;.

Lemma 4.4. Let € € (0, %) and U C R be an open interval. Suppose that F' is a closed
interval containing {x; : i € N}. Define

9(7> — {1_1Og<1 - 7)/77 :;/ i E)Ov 1>7 (46)

Then for any t > 0 and v € (g,1),

By | T[0— w)(0)| 2 B, exp{—ew@ut(xi)}] 9B, (SftuyﬁéFus(y)>’v),
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and
~ 00 ~ 00 ~ 1
E., 11(1 —uy)(z;) | < Eeqy exp{— z;ut(xl)} + P.q, (ssstlng us(y) > 5)

We omit the proof of the above lemma because it is similar to that of [BMS24al, Lemma
2.2] except some minor variations to incorporate the fact that one can not take the
logarithm of the random field 1 — u;. (We include a detailed proof in the Supplementary
Material [HS25].)

Now, we want to give upper/lower bounds for the Laplace transform of the random
field u; in terms of the solution (v;)i>p to the MFE (LI7). The idea is to investigate
Doob’s decomposition of the semimartingale

5 exp{— / us<y>vt_s<y>dy}

on [0,#]. To do this, we need several analytical results for (v;)i>o. For every (A1) €T,
we use (o) (7))i>02er € CH2((0,00) x R) to denote the unique non-negative solution of
(LI7) with ¥/(0+) being replaced by 1. It is easy to check that for all (A, i) € T and

t>0,r R,
oM () = W(0+) oM O (), (4.7)

From this and [BMS24al (2.4)-(2.10)], we can verify that for every (A1) € 7 and
t>0,z €R,

- 2

A, R,
(@) <o) = g 49
Ut([\’o) (I‘) = ’Ut([\+{z}70) (:U + Z), VZ € ]R, (49)
U§A7O)(l‘) _ vé_]\’o)(—l‘). (4.10)

Here, we used Minkowski’s notation aA + bB := {ax + by : © € A,y € B} for a,b € R
and A, B C R; and 0 represents the null measure. We also have that

s, 1/l
v§( 0] 0)<|$D < ?(1 + \/E)e T, (4.11)
and
_ 1 dist —k, k ist({x},[~k,k])?
R ) [ (412

uniformly for ¢ > 0,z € R and k > 0. Here, dist(A, B) := inf{[a —b| : a« € A,b € B}
represents the distance between two given sets A, B C R. For every t > 0, (A,1) € T
and closed interval F' C R, define

. t .
pRAP) / / o8 (2)2d 2 (4.13)
0 c

Lemma 4.5. The following statements hold.
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(i) If U is an open interval such that U N{x; : i € N} is bounded, then for every

b>a>0,
sup /U§A’“)(y)dy < 0. (4.14)
t€la,b] JU
(ii) If F' is a closed interval containing Uien(z; — 1,2; + 1), then VORE) < 5o for

every t > 0. In particular, it holds in this case that limy V( w ) — .
(iii) Let
Ak :=lag,0) and Fg:=[bg,0), KEeEN
be unbounded intervals where (ax)ken, (bx)ken are sequences in R such that

lim dist(Ag, F5) = lim (ax — bg)" = oo,
K—o0 K—o0

Then for every t > 0, limg o0 VfAK’O’FK) = 0.

Proof. Let us prove (i). Let us fix an arbitrary open interval U such that UN{z; : i € N}
is bounded. Let F be the smallest closed interval which contains {z; : i € N}. There are
four different cases to consider.

e If F =R, then it must be the case that U is bounded. In this case, #14) follows
from (£.8).

o If F = (—o0, A] for some 5 € R, then it must be the case that U is the subset of
(cr, 00) for some v € R. In this case, it was argued in the proof of [BMS24al, Lemma
2.3] that

B 00
[y < [ 0w [0y
U @ 0
The desired (4.14) now follows from (4.8) and (£TIT]).

o If [ = [a, 00) for some a € R then, similarly to the previous case, [@14) holds.

o If ' = [a, ] for some —oco < a < i < oo, then it was argued in the proof of
[BMS24a), Lemma 2.3] that

A, (1%52,5521,0)
Ld”@@s/wQ (y)d.

The desired (4.14) now follows from (4.12).

Noticing from (A1), (ii) of this lemma are essentially given by [BMS24al Lemma 2.3
and Lemma 3.1 (2)].

We now prove (iii). Without loss of generality, we assume that cyx := ax — bx > 1 for

every K € N. By (49), (410) and (4I1]), uniformly for every K € N and ¢ > 0,

b
AKOFK / / aKoo dZdT—/ / [Ooo ) dzdr
_ ((—00,0],0) [ .\2 z _ 22
= U, 2)*dzdr < / / — (1 + —)e = dzdr.
/0 /CK ( ) 0 CK r \/,F

N
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Therefore, noticing
a2
sup{a2(1 +a)e 7 1a> 0} < 00,
we have uniformly for every K € N and ¢ > 0,

Aw OF t 0o .2 00 2
YL 0Fi) 5/ / e zrdzdr < t/ e 2 dz.
0 CK CK

The desired result of (iii) now follows. O
We now present our upper/lower bounds for certain Laplace transform of w;.

Lemma 4.6. Let F' be a closed interval containing Uijen(x; — 1, 2; + 1) and U be an open
interval. Let 0 < e <~ < 1. Suppose that the initial value of (u;)i>o is f = ely. Let 0(7)
be given as in ([L0). Then for anyt > 0,

eXp{—Q(v) Z ut(xi)}] (4.15)

Aot B
> exp{—fe / v§A’“)(y)dy} —P51U< sup u,(y) > " \I/'(O+)) —
U

EEIU

- s<t,yeF Qﬁc
WO )
20—7) "
and
E.q, exp{—Zut(xi)}] (4.16)
i=1

< exp{—efe(v)eﬁof / o) <y>dy} i P( sup us(y) > 7) T eyt
U

s<t,ycF

Here, W' (0+), Ao, ®'(0+) and k are given as in (LIF), 1)), 22) and ([L2) respectively.

We omit the tedious proof of Lemma because it is similar to that of [BMS24al
Lemma 2.4]. (We refer the diligent readers to the Supplementary Material [HS25] for a
detailed proof.)

In the upper/lower bounds for the Laplace transform of the random field u; in Lemma
above, except the terms involving the solution (v;);>¢ to the MFE (ILI7), there are
still terms related to the probability of the random field w; itself. In the next lemma, we
explain how these terms can be controlled by the initial data 1.

Lemma 4.7. Let U be an open interval and F' be a closed interval. Let t > 0 and
€ (0,1). Suppose that U N F' is bounded. Then

1~
CqU, F,t,y) :== sup —IP)51U( sup us(y) > 7) < 0. (4.17)
ee(0,y/2) € s<t,ycF

In particular, limsup, o Gq(U, F,t,y) < oo. Moreover, if U is an open interval such that
its intersection with Fy := [K,00) is bounded for every K € R, then we also have that

th—)oo Ch:l((j, FK, t, ’)/) =0.
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We omit the tedious proof of the above Lemma, because it is standard, and is similar to
that of [Tri95, Lemma 3.1]. (We refer the diligent readers to the Supplementary Material
[HS25] for a detailed proof.)

As an application of the results in this section, we establish a compact support property
for the random field ;.

Lemma 4.8. Let € > 0 be small enough so that 4e <2 =Y 77 kg, = V' (0+)/8.. Let U
be a bounded open subset of R. Let f, the initial value of the SPDE ([B1]), be bounded by
ely. Lett > 0 be arbitrary. Then, it holds that

Klgfoopf(ut(x) =0,V > K)=1

and

Kl_1>r£OOIP’f(ut(:c) =0,Vo < -K) =1
Proof. We only prove the first limit, since the second one follows by symmetry. By the
weak comparison principle, i.e. Lemma [B.5] we can assume f = ely without loss of
generality. Let K > 2 be arbitrary. We can construct a sequence (Z;);eny in R such that
{Z; :i € N} = (K,+00) N Q. Note that (ILI2)) and (LI3) holds with (z;)°, and (A, p)
being replaced by (#;)5°; and (Ag,0) where Ay := [K,+00). Let v = 7(g) < 1 be close
v'(0+)

enough to 1 such that 4e < 5 - In particular, it holds that 0 < e < v < 1. Fix

0 = 0(~) according to (4.0). By Lemma (4.0, with Fx := [K/2,400), we have
GXP{—Q(W) > ut(ii)}
i=1

gelot -
> exp{—1 " / vt(AK’O)(y)dy} — P51U< sup  us(y) > lll"(0+)) -
-7 Ju

s<t,yeFk 260

Py, (ui(z) =0,Ve > K) =E.q,, (4.18)

el (0+)e?r!
2(1=7)
By (49)) and (4£.11)), since U is bounded, we have that

lim ex —86)\0t U(AK’O)( Jdy p =1
Koo P L—y )yt s

Also, by Lemma (iii), we see that

Vt(AK’(LFK)-

lim YT — g,
K—+o0

Therefore, it remains to prove that the second term on the right-hand side of (418
converges to 0 as K — oo. From ¢ € (0, 2-V’(0+)) and Lemma 7] the absolute value

? 4Bc
of this term is bounded by e(ff(U, F, ¢, 55-V'(0+)) 2% 0. We arrive at the desired

result. O
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5. EXISTENCE: PROOF OF THEOREM

In this section, we will prove Theorem

Let (z;)$2; and n be given as in (L2). Let (It("))tzo, (Xt(n)’a)ae[(n) 1> and (Zt(n))tzo be
notations given as in Subsection (right after Proposition [[LT]) for an SBBM w.r.t. ini-
tial configuration (z;)! ,, ordinary branching rate [,, ordinary branching law (pg)i2,,
catalytic branching rate f., and catalytic branching law (gx)3, given as in (L2)—(L3).

Assume that (LI0), (LII), and (LI6) hold. Let (A,u) € T be given as in (LI2) and
(CIR). For every (A7) € T, let (0 (2))m00ex € CY2((0,00) x R) be the unique
non-negative solution to the equation (LI7). Let ® and ¥ be given as in (LI4) and
(LIH) respectively. Let f be a measurable function on R which can be approximated
by the elements of C(R, [0, 2*]) monotonically from below. Let (u;);~o be the continuous
C(R, [0, z*])-valued process given as in Proposition B.6, with initial value ug = f, on a
probability space whose probability measure will be denoted by P £

The proof of Theorem will be divided into three parts. In Subsection [B.1] we will
show the convergence in finite-dimensional distributions of (Zt("))t>0 as n — 0o to a
Markov process (Zt)t>0. In Subsection B.2] we will give several preliminary results on
the process (Zt)t>0, in particular, showing that it is stochastically right-continuous. In
Subsection 5.3, we will show that (Z;);s0 has a cadlag modification (Z;);so.

5.1. Convergence in finite dimensional distributions. In this subsection, we will
show the convergence in finite-dimensional distributions of (Zt(n)) as n — oo. Let us
start with an analytic lemma which gives the continuity of certain functions on N. (We
include its proof in the Supplement Material [HS25].)

Lemma 5.1. Suppose that vy, converges to v in N' when m — oo. Let g € C(R,[—1,1])
satisfy that 1 — g has compact support. Then

rrngréo H g(z Vm ({=h H g(z u({z}) (5.1)

z€eR z€R

Corollary 5.2. If f has compact support and is bounded by V'(0+)/(45.), then for each
t>0,
lim Ef :f@f

m—o0

[10 ey

z€R

Proof. For each K > 0 and ¢ > 0, it holds that

[Ta- ut<z>>"<{z}>] . (5.2)

z€R

Er ([T =)@ —Ef | T] (0 - ut(z))y({z})]
z€ER z€R
<Ep | [T = w(z) ™ = T (1 = wa(2))" Y 1{W<I)ZO,V|I|>K}]
zeR z€R

+ 2P (3 s.t. |z > K, u(z) > 0).
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From Lemma [5.1] and the bounded convergence theorem, we know that the first term on
the right hand side converges to 0 when m — oco. Now from Lemma 8| taking m — oo
first and then K — oo, we get (0.2)) as desired. O

In the next proposition, we show that (Zt("))t>0 converges to some Markov process in
finite dimensional distributions.

Proposition 5.3. There exists an N -valued time-homogenecous Markov process (Zt)t>0
such that (Zt("))t>0 converges to (Z;)i=o0 as n — 0o in finite dimensional distributions.

The entrance law (@§A’“))t>o of (Z)e=o are characterized so that, for any non-negative
continuous function g on R with compact support and t > 0,

/ —(g) gZ(Au( dv) = Ey_ oy [H(l —ut(xz))]

i=1

=Ei_e-s ll{ut =0,vz€A} H 1 — () })] (5.3)

TEAC

The transition kernels (2y)=0 of (Zi)is0 are characterized so that, for any non-negative
continuous function g on R with compact support, t >0, and v € N,

/e—ﬁ(g)o@t(y, di) =Ey oy [H(l - ut(z))”({z]’)] _ (5.4)

z€R

In particular, the finite dimensional distributions of (Z)eo is determined by (A, ), ®,
and V.

Remark 5.4. Comparing (5.3]) and (5.4]), we have ) = 2(v,-) for any v € N and
t>0.

Proof. Step 1. Let us fix an arbitrary ¢ > 0 and show that the AM-valued random element
Zt(") converges in distribution to some A -valued random element Z;, as n — co. Fix
an arbitrary non-negative continuous function g on R with compact support. From
[Kall7, Corollary 4.14], it suffices to show the convergence in distribution of the random
variable Z{" (g) as n — co. By Lemma B3 with f := 1 — %, we see that the following
limit exists for each 6 > 0:

Jm E[e%"0] = m E| T e (5.5)
aelt(")
= ]El—6799 [H(l - ut(xl)) El e— 99 ll{ut 0V$EA} H 1 - ut {x})
i=1 TEAC

To show the weak convergence of Zt(n) (g), by Lévy’s continuity theorem, it suffices to prove

that limgy g limnﬁooE[e*(’Zén)(g)] = 1. Recall from (LII) and (LI8) that ¥'(0+)/8. =
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2—> 7 okae €(0,2). Let § > 0 be small enough so that
/
U'(0+4) <1
86. ~ 4
Let U be a bounded open interval containing the support of g, and F' be a closed interval
containing U;en(z; — 1,2 4+ 1). By Lemma [4.3] we have that

0<@ :=1—e = <

lim E[e_gzt(n)(g)} > lim E[(l — QI)ZEM(U)] = g,

n—oo n—oo

[Ja- ut)(xi)].

i=1
From Lemmas 4] and [2.6 for v = 1/2,
EG/IU H(l — ut)(.rZ)] (56)

i=1

N 9/e>\ot (Ap) ﬁ» ~ \I,/
- eXp - 1 f}/ U Ut (y)dy —Lo1y Sup U‘S<y) > 2/8 (0_'_) -

— s<tyeF
0"V (0+)e2Aet

2(1-9)
Note that 8/ — 0 as § — 0. By Lemma 4.7, we have

Pe'lz]( sup_us(y) > - \1/’(0+)) < 9'Ch](U, F,t,l\lf’(0+)) 2% 0,

Vt(Avﬂ/vF) — QPG,IU ( Sup U/S(y) > ’y) )

s<t,yeF

s<t,yeF 260 2ﬁc
and
@9,1U< sup us(y) > fy) < ¢'Gq(U, F,t,7) 929 .
s<t,yeF
Here, (ff(-,+,-,") is the constant given as in Lemma 7. From Lemma 3] we have

Vt(A’” ) < . Therefore, the third term on the right hand side of (5.6]) converges to 0 as
0 — 0. Now, we have

lim inf lim E[e"gzﬁ(n)(g)] > lim inf E(;/w
6—0 n—oo 6—0

0/6)\025 A
> limexp{—l—/ug ’“)(y)dy} =1,
U

0—0 -

as desired for this step. Moreover, we can verify from (5.5) that the distribution of Z;,

denoted by @fA’“ ), satisfies (B.3)). In fact, we know that g@t(A’“ ) is the unique probability
measure on N satisfying (5.3)), thanks to [Kall7, Theorem 4.11 (iii)].

Step 2. Fixing integer m > 1 and real numbers 0 < ¢; < --- < t,,,, we will show in this
step the convergence in distribution of the N"-valued random element (Zt(ln), cen Zt(Z)) as
n — oo. From Step [ for each k € {1,...,m}, the family of N-valued random elements
{Zt(;1 ) neN } is tight. From this, it is easy to see that the family of N™-valued random
elements {(Zt(ln), e Zt(:;)) :n € N} is also tight, and therefore, by [Kal21, Theorem 23.2],
is relatively compact in distribution. This implies the existence of a strictly increasing

[Ia- ut)(ﬂ?z)]

i=1
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sequence (ng)72, in N satisfying that the N"™-valued random element (Zt(f’“), e Z,f:’“))
converges in distribution as & — oco. Let the N™-valued random element (Ztl, ey Ztm)
be the corresponding subsequential convergence in distribution limit. We will show that

(Zy,,...,Z,.) is also the convergence in distribution limit of (Zt(ln), e Zt(Z)) as n — oo.
To do this, by [Kall7, Theorem 4.11 (iii)], it suffices to show that

m (n) .
lim E[ei iz 4 (gl)} exists in R, (5.7)
n—oo
where, for each i € {1,...,m}, g; is an arbitrarily chosen non-negative continuous func-

tion on R with compact support satisfying that |1 — e 9%
(57) holds, it must be the case that

E[e*ﬂzl Zti(gi)] — lim E[e—zz@lzﬁf)(m)]. (5.8)

n—oo

o < V'(04)/(48:). In fact, if

By the principle of induction, we can assume without loss of generality that (5.7]) holds
with m being replaced by m — 1. In particular, we can assume that (Ztl, cee ZAtmfl) is
the convergence in distribution limit of (Zt(ln ), ceey ZfZ)_l) as n — oo. By Skorokhod’s
representation theorem, we can further assume (in this step) without loss of generality
that {(Zt(ln), e Zt(Z)_l) :neN}and (Z,,..., 2%, _,) are coupled in one probability space
so that (Z,..., Zt(::)_l) converges almost surely to (Z,,...,Z, _,) when n — oo.

For every ¢t > 0 and h € C(R, [0, ¥'(0+)/(45.)]) with compact support, define

[T - (e

z€R

HM'\v) =E, , vEN, (5.9)

which is a bounded continuous function on A, according to Corollary From Propo-
sition 3.3] and the Markov property of the process (Zt(n))tzo, almost surely

tm—tm—1

E [67 S 2] (91)

_ m—1 ,(n), —e—gm n
(20t | = o B ALO Y (200,

Therefore, by the dominated convergence theorem, we have

m m=1 ) —om (n
i e S A] — i B[ SR AT (2] (510
m—1 54 . —_e—9m ~
= E |:e_ Zi:l Zti (gZ)Htlm—t:zfl (Ztmfl )i| °

This implies (5.7)), and therefore, the desired result of this step.

Step 3. For every integer m € N and real numbers 0 < t; < --- < {t,,, denote
by ,@t(lA o 7)tm the distribution of the N"-valued random elements (Ztl, cee Ztm) given as
in the previous steps. It is straightforward to verify that the family of distributions
(yt(ﬁ.’.‘i)tm)meN,0<t1<---<tm is projective in the sense of [Kal21l p. 179]. Recall that N is

Polish. Therefore, by Kolmogorov’s extension theorem (see [Kal21l, Theorem 8.23] for
example), there exists an N-valued process (Z;)i~o such that, for every integer m € N
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and real numbers 0 < t; < --- < t,,,, the distribution of (Ztl, o Ztm) is given by ,@§ﬁf77)tm.
Moreover, from (5.8) and (5.10), we have
Ee” Zh o] —g|em S Al e (2, )] (5.11)

for every m € {2,3,...}, 0 <t; <--- <t,, and testing functions (g;)7, given as in Step
2

Step 4. Note that, the result in Step [l essentially implies that, for any ¢ > 0, closed
subset A of R, and locally finite integer-valued measure i on A°, there exists a unique
probability measure & on N, such that, for any non-negative continuous function g on
R with compact support,

/ e "D (A7) = Eroeo | Lgy,—oweery 1] (- g () D

TEAC

For every ¢t > 0 and v € N, by taking A = ) and i = v in the above statement, we
know that there exists a unique probability measure 2,(v,-) on N such that (5.4) holds.
(When t = 0, we set Z;(v, ) =9,.)

It can be verified that (2;)>0 is a family of kernels on A. In fact, fixing ¢ > 0, denote by
H the collection of bounded measurable function F on N such that v +— [ F(7)2,(v,dD)
is a measurable map from A to R. It is clear that # is a monotone vector space (MVS)
in the sense of [Sha88, Appendix A0]. Denote by K the collection of bounded measurable
map 7 +— e "9 from A to R where ¢ is a non-negative continuous function on R with
compact support. Now, from (£4]), (5.4) and [Kal2l, Lemma 1.28], It can been argued
that, for every F' € K, v — [ F(9)2;(v,dp) is a measurable map from AN to R. In
other word, KL C H. Also, note that K is a multiplicative class of bounded real functions
on N in the sense of [Sha88, Appendix A0]. It is also clear that (k) is the Borel o-
field By of N generated by the vague topology. So from [Sha88, Theorem A0.6], we
have B,(N) C H. Here, B, (N) represents the collection of bounded Borel measurable
functions on N. This proves that 2, is a kernel from N to itself.

Step 5. Let (2;)i>0 be the family of probability kernels given as in Step @l For every
me{2,3,...},0<t; <--- <t, and testing functions (g;)7, chosen as in Step 2, from

(510)) we have
E[e‘zz’;lzﬁi(gi)} :E{e_zyi—llzi(gi)/e_ﬁ(gm)o@tm—tm1(Ztm1>d’7) .

From this, it is clear that (Z;)eo is a time-homogeneous Markov process with transi-
tion kernels (2;);>0. The entrance laws of this Markov process, i.e. its one-dimensional

distributions (,@t(A’“ ))t>0, was characterized already in Step [ through (5.3)). We are
done. 0

5.2. Stochastic right continuity. In this subsection, we are going to give several pre-
liminary results on the Markov process (Z;);~¢ given as in Proposition (5.3 Without
loss of generality, we assume that (Z;);>¢ is the canonical process defined on the path
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space € := N wwhich is the collection of maps from (0,00) to N. More precisely,
Zy(w) = w(t) for every w € Q and t > 0. Let FZ and (F7)>0 be the natural o-field, and
the natural filtration, generated by the process (Zt)t>0. The corresponding probability
measure, and the expectation operator, will be denoted by P(4 .y, and E(, ,,), respectively.

To show the existence of a cadlag modification of a process, one typically needs in-
formation about its finite dimensional distributions. Equations (5.3]) and (5.4) can be
regarded as the duality formulas between the process (Z;)i~o and the SPDE (3], which
essentially characterizes the finite dimensional distributions of (Z;);so. Note that they
hold under the condition that the initial value of the dual SPDE (u;);>¢ is a non-negative,
compactly supported, continuous function bounded by 1. This condition will be relaxed
in Proposition and Corollary 5.7 below where the following analytical lemma will play
arole. (The proof of this analytic lemma is included in the Supplement Material [HS25].)

Lemma 5.5. For each i € N, let (zfm))meN be an increasing sequence in [0, z*] whose
limit is denoted by z; € [0, z*]. Then

[e.e]

Tim. ﬁ(1 . z§m>) =] - =) (5.12)

i=1

Proposition 5.6. Let t > 0. It holds that

/ (Hu - f(x))“““)) 2 (dv) = By

z€R

[Ja- ut(xi))].

=1

Proof. Step 1. Let us first assume that f is a continuous [0, z*]-valued function on R with
compact support. From Lemma .1} we known that the map v — [],x(1 — f(z))"{=})
from N to [—1, 1] is continuous. Now, from Proposition and Lemma [4.3] we have

~ . ) (n) - _ o
B | [T (1= f()* ”] = lim E\[J(1 - fl))” V| = E; H<1—ut<xi>>]
z€R z€R =1
as desired.

Step 2. Let us now assume that f is a [0, z*]-valued measurable function on R which
can be approximated by a sequence (fp,)men in C(R, [0, 2*]) monotonically from below.
Let (Gm)men be a sequence of continuous functions on R with compact support which
approximates 1g from below. Then it is clear that f can be approximated from below
by (fm)ien = ( fmgm)meN, a sequence of [0, z*]-valued continuous functions on R with
compact support. Without loss of generality, it is standard (see the proof of Proposition
in the Supplementary Material [HS25]) to assume the existence of a sequence of
C([0,00),C(R, [0, z*]))-valued random element (u(™),,cxy such that

e for each m € N, u(™ has the law .%}, ;
e almost surely, u™ < u(™*Y on [0,00) x R for each m € N; and that
e almost surely, for almost every (s,y) € (0,00) X R w.r.t. the Lebesgue measure,

ud™ (y) 1 us(y).
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From what we have proved in Step [I, we have

[0t fe D

z€eR

Ea,p =E;

ﬁ(1 - ug"“(xi))].

i=1
Taking m 1 oo, from Lemma 5.5 and bounded convergence theorem, we obtain the desired
result. O

From Proposition and Remark [5.4] one can verify the following result which gen-

eralizes (0.4)).
Corollary 5.7. Lett > 0 and v € N. It holds that

/ (H(l - f<sc>>““”> 2,(v,dv) = E;

zeR

[T - ut<x>>“““>] .

reR

As an application of Proposition 5.6l we can control the expected number of particles
in any given interval at any given time in the following proposition. This result will be
needed later when we show that (Z;)~0 has a cadlag version.

Proposition 5.8. Suppose that F' is a closed interval containing Ujen(z; — 1,2; + 1)
and that U is an open interval. Suppose that U N F is bounded. Let v € (0,1) and
Yo =7V'(0+)/(28.). Then for every t > 0,

e

7 ot (As) U'(0+)er! (Ao, )
B [Z0)] < 1 | o™ )y + ==V ) 30U Pt o) < oo

Here, (-, -, -, *) is the constant given as in Lemma 4.7

We omit the proof of the above proposition because it is similar to that of [BMS24al,
Proposition 2.6]. (A detailed proof can be found in the Supplementary Material [HS25].)

Corollary 5.9. Suppose that g is a bounded non-negative continuous function whose
support is contained in an open interval U. Suppose that U N F is bounded where F' is a
closed interval containing U2 (x; — 1, 2; + 1). Then for any b > a > 0,

sup E ) [Zt(g)] < 0.
t€la,b]

Proof. Fix arbitrary b > a > 0. Let v € (0,1) and vy = yV’(0+)/(20.). From Proposition
B.8, for every t > 0,

B | 2i(9)] < 9llEinm | Z:(U))

ert A ‘I/'(O+)e>‘°t AuR
< gl = ( [ o pay+ TN gt ),

From Lemma (i),

sup / v (y)dy < oo
U

te|a,b]
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from Lemma (i), t — VOB g o finite increasing function on (0, 00); from Lemma
A7 t = Oq(U,R,t,7) is a finite increasing function on (0,00). Therefore, for every
b>1t>a>0, we have

sup Ea [Zt(g)}

tela,b]
€>\°b A ! 0+ €>\°b A
< Nlglloey— | sup / o )y + TOEEE 0D ) g (o R, b, 0
— 7 \telap) JU
< 0
as desired for this lemma. O

As mentioned earlier, we want to show that (Zt)t>0 has a cadlag modification. The
idea is to consider, for each g € C°(R), the following “super-martingale”:

o I -
o® (0+)tZt(g) _ 5/ e® (0+)SZs(g)dS, t>0. (5.13)
0

Two technical problems arise:

(5.14) To utilize the regularization theory of martingales/super-martingales, e.g. [Kal21,
Theorem 9.28], one typically needs to work with a filtration satisfying the usual
hypothesis rather than the natural filtration (F7Z ).

(5.15) The integral term on the right hand side of (5.13)) is not well-defined yet, because

it is not clear whether Z,(g) is measurable in s or not.

Let the o-field F and filtration (F;);~0 be the usual augmentation of FZ and (EZ)DO
w.r.t. the probability P,y in the sense of [Kal2l, Lemma 9.8]. We will fix the first

technical problem (5.14)) by showing that (Z;)i is a Markov process w.r.t. the filtration
(Ft)e>0 in Proposition below. We will fix the second problem (5.15]) by showing that
(Z4(g))s>0 has a measurable version in Proposition 513 below. Here, we say a real-valued
process (A;)i>o defined on the probability space (€2, F,P(a ) is measurable, if (w,t) —
Ay(w) is a measurable map from the product measurable space (€2 x (0,00), F ® B(g,«))
o (R, B(R)). Our proofs of Propositions and rely on some preliminary results
saying that (Zt)t>0 is stochastically right-continuous. We will establish those results in

Lemmas and [5.11] below.

Lemma 5.10. Suppose that F' is a closed interval containing Uen(x;—1, 2;4+1) and that U
s an open interval. Suppose that UNF is bounded. Let g be a bounded continuous function
on R such that the support of g is contained in U. Then (Z,(g))iso is stochastically right-
continuous, i.e., for any € >0 and s > 0,

hinP(A u)( Zt(g) — Zs(g)‘ > e) =0.
Proof. Without loss of generality, we assume that g is non-negative. Define
1 1
Fu(v +Z \|+Z+ ) Lew (5.16)

€L
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Step 1. We will show in this step that E ) [F7(Z;)] < oo for every t > 0. Let v € (0, 1)
and denote 7o := yU’'(0+)/(25.). From Proposition B.8, we have

Eoa | Zul(i = 1,0+ 1))]
M VO o L
< 1_7(/i1 v§ »M)(y)dy+ 5 Vt( 7“7F)) +3¢q((i = 1,i+ 1), F, t,70).
From ([4.8), (9) and how (-, -, ) is defined in Lemma .7 we have

E(r0 | Zi((i = 1i+1)]

Aot / Aot
< ° 4 N U'(0+)e
=15\ w0 2

This, and Lemma (ii), implies that sup,c; B m[Z:((i — 1,7 + 1))] < oo. Also from
Proposition 0.8, it holds that E, ,) [Z,(U)] < oo. Therefore, the desired result for this

step follows.
Step 2. Fix an arbitrary v € N satisfying that Fy;(v) < oo, we will show that

Vt(Avqu)) + 3%((_1, 1), F’ t) KYO)

lim e 99 (v,dv) = e 9 4 >0. (5.17)
To do this, let us fix the arbitrary 6 > 0. By Corollary B.7] for any s > 0,
/ e "9 (v, dD) = Ey_,-0 [Ha - us(z))"“z})] . (5.18)
z€R

It is clear that almost surely w.r.t. probability If”l,e_og, for every z € R, u4(z) converges
to 1 — e %) when s | 0. Define the closed interval

K = {zeR:dist({z},U) < 1—1—%}. (5.19)
Notice that U C K and K \ U is bounded. Since supp(g) C U C K, we see that
v(g9) = (1k - v)(g). From the condition F;(v) < oo, we have v(U) < oo. Therefore

V(K)=v(U)+v(K\U) < co. In particular, 1 - v is a finite integer-valued measure on
R. Therefore, by the bounded convergence theorem

HmE, o [H(l _ us(z))(lK-u)({z})] — ¢ 1k V)(9) — —0v(9) (5.20)

s—0

z€R
By Lemmas 1] and E.2] for every s > 0,

Ey o0 [ [T = ws(2)" @ = T (1 = ug(2)) D

z€R z€ER
S IPE]I’l—e—‘gg [ ]

H(l _ us(z))(lxc-l/)({z}) 1

z€R
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< B enofus(2)] (ke - v)({2}) € € Y B [1 - e BN 1 ()0 ({2}).

z€R z€R

From 1 — e7% < 1y, (519), and Markov’s inequality, we have for every s > 0,

Ey oo [ TI0 = ue()) ) =TT = ug(z)) D ] (5.21)

z€R z€R
< ehos Z P.(B, € U)1{di5t({z}7U)>1+\i2\}y({z})

z€R
< )\OS P Bs > 1 M < 4 )\OS V({Z})
>~ € Z 0<| ‘— + 2 I/({Z})_ s€ Z(2+|Z|)2
z€R z€R
i —1,i+1))
< 486>\08 {z} 1 2e(i—1.+1 S 456)\08 V((Z ’ - .
ZZ (24 [z])2 0T Z (1+ i)

Therefore, from the condition that Fy(v) < oo, the left hand side of (5.21) converges to
0 when s — 0. Combine this with (5.I8)) and (5.20), we get (5.17) as desired.

Step 3. We will finish the proof. Fixing an arbitrary 8 > 0. According to Step [2, for
any v € N with F(v) < oo,

li —09(9) _ o=0v9)* 9 (1. di
im (e e )" 2,(v,dv)

= liilol e~ 2079 9 (v, dp) — 279 hﬁ)l e 99 9 (v, dv) 4 e 29 = .
Therefore, from Step [I], for every s > 0 almost surely,

~ . 2 -
hgl (efeu(g) _ e—ezs(g)> 2,.(Z,,dv) = 0.

By the Markov property of the process (Z), we conclude from the bounded convergence
theorem that, for any s > 0,

- ~ 2
—07Z; —0Zs
15131@@“)[( @ _ (g)) }

: . 2 -
_ hfn a0 {/ <6—6V(9) _ e—ezs(g)> 2, (Z,, dﬁ)] = 0.
tls

This says that, for any s > 0, the random variable e=02:(9) converges to e=92:(9) when ¢ ls
in L?, and therefore, in probability. From the continuous mapping theorem (e.g. [Kal21]
Lemma 5.3]), we get the desired result for this lemma. 0

To pass the stochastic right-continuity of (Z;(g) )0 t0 (Z;)i=0, we will use a metrization
of N. One can argue that, c.f. [Yan04, Theorem 6.5.8], there exists a sequence (h;);en in
C°(R) such that the vague topology of N is compatible with the complete metric

1/0,1/1 = Z 1/\|I/0 _Vl(hi)D) g, V1 eN.
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From now on, we will fix this sequence (h;);en and treat A as a complete seperable metric
space.

Lemma 5.11. The process (Zt)t>0 1s stochastically right-continuous, i.e., for any ¢ > 0
and s > 0,

lim By, (an(Z2) > €) = 0.

Proof. From [Kal21, Lemma 5.2] and the fact that dy is bounded by 1, we only have to
show that, for any s > 0,
| =0

Note that the above holds since, from [Kal21l, Lemma 5.2] again and Lemma [5.10, we
have, for any s > 0 and ¢+ € N,

lim Eqa, [dN(Z,ZS)] =1lim > 2B, [m Z,(hs) — Z(hs)

lim E(A#) [1 A\ Zt(hz) - Zs(hz)

tls

| =o. O

As mentioned earlier, the first technical problem (5.14)) will be handled with the help
of the next proposition.

Proposition 5.12. (Z;);~0 is a Markov process with transition kernels (2y)s0 w.r.t. the
filtration (F;)¢so0, i-€. (Zt)io0 @8 (Ft)i>o-adapted and

Pes (ZHS e A’}}) — D7, A), as, A€ By,s>0,t>0 (5.22)
where By is the Borel o-field of N generated by the vague topology.

Proof. Tt is clear that (Z;)e0 is (F)iso-adapted. So we only have to verify (5.22). Note
that (5.22)) is trivial when s = 0. So, let us fix s > 0 and ¢ > 0. Take a non-negative con-
tinuous function g on R with compact support satisfying that ||[1—e 9|, < ¥/ (0+4)/(40.).

Let A4 = {B € F : P (B) = 0} be the collection of the null subsets of Q2. Define
FZ = o(FZ ) for every r > 0. From [Kal21, Lemma 9.8], we have F;, = ﬂzozlﬁtil/k.
From Proposition 5.3, we have almost surely for each k € N,

E(A 1) |:6_2t+1/k:+s(9) *Ft%rl/k} — E(A ) |:6_Zt+1/k+s(g)

Fhan]
— /ey(g)o@s<Zt+1/k,dU) = Hslie_g(Zt_’_l/k), (523)

where v — H!7¢""(v) is the bounded continuous function on N given as in (5.9). Taking
k 1 oo, from the continuous mapping theorem (e.g. [Kal21l Lemma 5.3]) and Lemma[5.11]
we know that the most right hand side of (5.23) converges to H1=¢*(Z;) in probability
when k 1 oco. From [Durl9, Theorem 4.7.3], we know that

|:6_Zt+5(g)

— 5 Ll 5
fﬁ—l/k} —>kToo Eap [6 Zii(0)

Eam E] : (5.24)
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Also, from Jensen’s inequality, Lemma [5.11], and the bounded convergence theorem, we
have that

‘F.til/k:| _— E(A,ﬂ) |:e_Zt+s(g)
Fanl]

] — 0.
kToo

E(A“u) HE(A,;L) |:€_Zt+1/k+s(g)

ol
S E(Avu) |:E(A7M) [’eiztﬁ’l/k‘FS(g) _ €7Z~t+s(g)
= E(a ) [

Combine this with (5.24), we know that the most left hand side of (5.23) converges to
the right hand side of (5.24) in L! when k 1 co. Now, taking k 1 oo in (5.23)), we obtain
that almost surely

6_2t+1/k+s(9) _ G—ZtJrs(g)

[6—2t+s(9) Ft:| = Hslieig(Zt) = /ey(g)gs<Zt7dy)

Ea,p

From [Kal21 Theorem 8.5] and [Kall7, Theorem 2.2], we can verify the desired result for
this proposition. O

The second technical problem (5.I5]) will be handled by the next proposition.

Proposition 5.13. Suppose that F is a closed interval containing Usen(x; — 1, 2;+1) and
that U is an open interval. Suppose that UNF is bounded. Let g be a bounded continuous
function on R such that the support of g is contained in U. Then under Py ), there

exists a measurable version (Y?)iso of the process (Z;(g))eso-

We omit the proof of the above proposition, because it follows the standard argument
similar to that of [Bor95, Theorem 6.2.3] noticing, from Lemma 10, that (Z:(g))i>o is

stochastically right continuous. (A detailed proof is included in the Supplement Material
[HS25].)

5.3. Cadlag realization. In this subsection, we complete the proof of Theorem

Lemma 5.14. Fiz a smooth function g with bounded derivatives of any orders. Assume
that U is an open interval containing the support of g. Let v € N satisfy that Fyy(v) < oo
where Fy(v) is given as in (5.10]).

(i) It holds that

o [200)] - Eoaun [Z00)]| < ¥ [ Bullg(Bolutao). ¢ 0

Here, for each x € R, (Bi)i>0 is a Brownian motion initiated at position x
w.r.t. the expectation operator E,. 3

(i) (E@u)[Z:(9)])es0 is continuous, and limeyo B[ Z:(9)] = v(g).

(iii) Suppose further that g is non-negative. Then for everyt > 0,

1

t
"By, | Zi(g)| - vlg) - / e B, | Z(g")|ds 0.
0
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Proof. (i). Fix an arbitrary ¢ > 0. From Fy(r) < oo we have v(U) < oco. In particular,
since v is an integer-valued measure, supp(v) NU is bounded. Therefore, from Corollary
59, Eg,)[Z:(g)] is finite, and similarly, so is Eg 1,,)[Z:(g)]. We can assume without loss
of generality that ¢ is non-negative. By the monotone convergence theorem,

)E(@,v) [Zt(g)] E@1,0) [ } ‘ = |lim — ( 0.) [1 — e_EZt(g)] —Ep1,0) [1 _ 6—62(9)D ‘

el €
From Proposition [5.6] we see that

)E< )[Zt(g)] — Eg,1,0) [Zt(g)H = hgné(E(@ )[efezdg)] Ew.1o >[€€Zﬁ(g)])'
= [l e (H(l - m(x))”“”””) (H (1= uy(w))" 1 - 1)] '

zelU zelUe
< leii(r)l éﬁle—fg [ $gc(1 — ()" -1 ]

From Lemmas 1] and 22, Fubini’s theorem, and inequality 1 — e~ 1*l < |z|, we get that

‘E(@J,) [Zt(g)} —E@p1,0) [Zt(g)} ) < lim 1E1 e—c9 {/C ut(x)u(d:c)}

el0 €
/ 1 /
<e¥0Him = [ R, [1- e—=9(Br) } (dz) < (0+)t/ E.[g(B;)]v(dz).
6J/0 & Ue c
(ii). Note that for each m € N, U, := {z : dist({z},U) < m} is an open interval
containing U and v(U,,) < co. Fixing an arbitrary m € N in the rest of this paragraph.
Let (I)zo = ()0, (X aeiazo = (X geso0 im0 a0d (Zizo = (Z")iz0 be
notations given as in Subsection (right after Proposition [IL1]) for an SBBM with

ordinary branching rate J3,, ordinary offspring law (px)32,, catalytic branching rate S,
and catalytic offspring law (gx)32,, given as in (L2)-(LEH), and an initial configuration

(%)™ U 1 ) satisfying that 1y, v = ZV(Um 0z;- It is clear from Propositions 3.3 and [5.6] that

E1y.0) [H(l . f(l,))Zt({:v}) H(l _ f(x))Zt({$})] . t>0.

z€R z€R

=K

Since f is arbitrary, it is not hard to see that,

(5.25) for each t > 0, Z, under the probability measure P,1,, 1) has the same law as Z
under P.

Define
B"™(g) = E|Z(9)| = 110}()(10,,9) + Looe) OB 015,00 | Zel9)|, >0,
From Proposition 2.6 (2.8]) and (2.9), we have for every ¢ > 0,

t
" OE| Z(g)| = v(u,9) + E{ / eq"(°+’s%Zs(g")d8} (5.26)
0
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1 t .
— S V(0+)E / O N (X )AL
0 {0,B)Cla—atB

Here, (I:t{a’ﬁ })tZO represents the intersection local time between any two particles labelled
by a and . Combining (£.20), (2.8), (2.9) and the dominated convergence theorem, we

see that (Rgm) (9))+>0 is continuous.
Define

Ri(g) = 10y ()0(9) + Liooe) OB [ Zi(g)]. £ 20,

We want to approximate (R:(g)):>0 by (Rgm) (9))+>0- Notice that there exists a ¢y > 0 such
that for every z € Uy, dist({z},U) > co(|z|+2). Also note that for every m > 3 and i € Z
with (i—1,i+1) € Uy, we have (i—1,i+1) C U{. Therefore, for every m > 3, i € Z with
(i—1,i41) € Uy, and x € (i—1,i+1), it holds that dist({z},U) > co(|z|+2) > co(|i|+1).
It also holds that Uy, C Uiez.(-1,i41)¢0,, (¢ — 1, + 1) for every m € N. Now, by Lemma
B14 (i), for t > 0 and m > 3,

Ri) - ()| < [ Balla(Bllvias
Us,
< Y ui-Litn) sw o BB

i€Z:(i—1,i41)Z U r€(i—1,i+1)

<lole Y. Mi-Lit1) swp P(Bel)

i€Z:(i—1,i41)F U 2€(i-1i+1)

< [lglloe > v((i = 1,0+ 1)Po(|Bi] = co(li] + 1))

i1€7:(i—1,i41)ZUn,

/
2 (0+)t

Together with Markov’s inequality, we have

, " t v((i—1,i+1))
O Rg) - BV )| < ol D e 120
1€Z:(i—1,i4+1)¢Un,

By the condition Fy(r) < oo and the monotone convergence theorem, we have

lim sup ‘Rt(g) — R™ (g)) = 0. (5.27)

m=00 ¢c0,T]

By the uniform limit theorem, (R:(g)):>0 must be continuous.

(iti). Fix an arbitrary m € N, and let (Z;);»0 be the SBBM considered in (ii). From
(5.25), (5:26) and the condition that g is non-negative, we have for every ¢ > 0

1

t
e By, 4 [Zt(g)] —v(1y,,9) _/0 " (0+)S§E(@’1Um”) [Zs(g”)] ds

/ il ! 4 1 >
= YOVE[Z(g)] - v(lu,g) ~ [ O SE[Z5]ds <o
0
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Now, for any ¢ > 0, we have

: . b oons .
O, [ Zi()| - vl9) - / OB [Z:(9")] ds

1

t
<e? (0+)tE(@,1UmV) [Zt(g)] - v(1y,9) _/ ¢’ (0+)S§E(@’1U'””) [Zs(g")] ds
0

+ 2 (0+)

t
Rt(g) — Rgm)(g)’ + V(lUfng) +/ e® (0+)8’Rs(g//) . Rgm)(g”)]ds
0

< e<I>’(O+)t

t
Ri(g) — R™ (g)’ +v(1ye g) + / e? O3 Ry(g") — RI™(¢")|ds.  (5.28)
0

Noticing from v(g) < oo, (B.27)), and the fact that (5.27) also holds with g being replaced
by ¢”, the right hand side of (5:28)) converges to 0 when m — oco. Therefore, the desired
result in (iii) of this lemma holds. O

Lemma 5.15. Let g be a non-negative smooth function on R with bounded derivatives
of any order whose support is contained in an open interval U. Suppose that U N F' s
bounded where F is a closed interval containing U, (x; — 1,2, +1). Let a > 0. Let

~ I

(Y2 )0 be a measurable version of the process (Z,(g"))eso given as in Proposition [F13.
Then

t
/ il ! 1 iadipw /4
M,(t;a) == ¥ O Z,(g) — / e? (0+)55Y59 ds, t>a, (5.29)
is a super-martingale on the filtered probability space (Q, F, (Fi)tza, Pay))- In particular,
(My(t; a))i>q has a cadlag modification.

Proof. From Proposition and Corollary £.9] we know that the second term on the
right hand side of (5.29)) is a well-defined random variable with finite mean. Clearly the
process (M,(t;a))i>q is adapted to the filtration (F;);>,. Notice that almost surely, for
every t > a and r > 0,

/ ’ ~ ~ r / ]_ ~ I
My (04 1i0) = My(tia) = O (O L () - Zia) - [ OO 5TE s )
0

Let us fix an arbitrary ¢ > a and an arbitrary bounded continuous function ¢ on R whose
support is contained in U. From Proposition 512 [Kal21, Theorem 8.5], and Remark
6.4l for each » > 0 and m € N, we have almost surely,

Bov [ (Z0)) 7] = [ 2010) 2120 00) = By 1y [ (2:00)) |

where the truncation function X, (2) := 21[_,m)(2) for every z € R. Taking m 1 oo, it
can be verified from the dominated convergence theorem and Corollary that, for each
r > 0, almost surely, E ,)[Zi1(¢0)|Fi] = E 3,)[Z:(#)]. Combine this with Proposition

BI3, we have, for each r > 0, almost surely, E ) [V,5,|F] = E(@jt)[zr((b)]. Note from

Lemma [5.14] (ii), almost surely, E 7 \[Z,()] is continuous, and therefore measurable, in
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r > 0. From Corollary and Fubini’s theorem, we can verify that, for each » > 0,
almost surely,

" 1~ " 1 ~
E(A,ﬂ) {/ o® (OJF)Siyﬁst ]:t] :/ e® (0+)S§E(@,Zt) [Zs(gb)}ds.
0 0
Now, we can verify that for each r» > 0, almost surely

B [My(t + 13 0) = My (t; a) | Fi]

’ / = ~ " ! 1 7
_ 20 (ecb (OHTE(@,Z}) [Zr(g)} — Zi(g) — /0 e? (OJF)SEE(@’Z) [Zs(g”)] ds).

From the Step [ of the proof of Lemma [5.10, we know that FU(Z) < 0o almost surely
w.r.t. Pa,). Therefore, from Lemma (.14 (iii), we know that, for each » > 0, almost
surely, E ) [My(t +15a) — My(t;a)|F] < 0. Since t > a is chosen arbitrarilly, we have
that (M,(t; a))t>q is a super-martingale w.r.t. the filtration (F;);>,. It can also be verified
from Lemma [5.14] (ii) and dominated convergence theorem that (I .,)[My(t; a)])i=q is a
continuous process. Therefore, from [Kal21l Theorem 9.28], (M,(t;a));>, has a cadlag
modification. We are done. U

The following lemma is standard. (Its proof is induced in the Supplementary Material

[S25].)

Lemma 5.16. Suppose that a > 0 and (Zt)tza is a N -valued stochastic process such that
(Z1(9))t>a admits a cadlag modification for every smooth function g on R with compact
support. Then (Zy)i>q itself admits a cadlag modification.

Proof of Theorem[1.2. Since the convergence in finite dimensional distributions of the
processes (Zt(n))t>0 is already established in Proposition 5.3 we only have to show that
the corresponding limit, i.e. the A-valued process (Zt)t>o, has a cadlag modification. It
is suffice to show that (Zt)tza has a cadlag modification for an arbitrarily fixed a > 0.
Note from Lemma that, for any smooth function g on R with compact support, the
process (Z;(g))>q has a cadlag modification. Now the desired result follows from Lemma

0. 16l U

6. COMING DOWN FROM INFINITY: PROOF OF THEOREM [L.3]

Let ()24, Bos (Pk)70, Be and (k)7 be given as in (L.2)-(LH). Assume that (LI0),
(LII) and (LI6) hold. Let (A, ) € T be given as in (LI2) and (LI3). Let & and ¥ be
given as in (L.I4) and (LI respectively. Let (Z;)i~o be an SBBM with initial trace (A, u),
ordinary branching mechanism ®, and catalytic branching mechanism W. That is to say,
(Z4)i>0 is the unique in law N -valued cadlag Markov process given as in Theorem

Note that the entrance law (,@t(A’“ ))t>0 and the transition kernels (2;)i>o of the process

(Z)1>0 are given as in Proposition 53l For every (A, 1) € T, let (UISA’M) (2))t>02er €
C'2((0,00) x R) be the unique non-negative solution to the equation (LIT).

In this section, we will prove Theorem [LL3I We assume without loss of generality
that (Z;)=0 is the canonical process of D((0, 00), '), the space of N-valued cadlag paths
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indexed by (0, 00). More precisely, for any w € D((0,00),N') and ¢t > 0, Z;(w) = w;. Note
that this setup is different from Section where (Z;);~0 was the cadlag modification
of the canonical process of the path space N> Correspondingly, we redefine our
probability space Q := D((0,00,N)). Let FZ and (F7)i~o be the natural o-field and
the natural filtration generated by the process (Z;);so. For any closed subset A of R and
integer-valued locally finite measure i on A¢, denote by P the law of an SBBM with
initial trace (A, i) induced on (Q, F%). Let the o-field F and the filtration (F;);so be the
usual augmentation of FZ and (F/ )0 w.r.t. the probability P(a ).

Intuitively speaking, Z; behaves similarly to its mean field counterpart v; when ¢ is
small. The next lemma gives the integrability of v; on a given interval U in term of the
intersection between U and the initial trace.

Lemma 6.1. Let U be an open interval of R.

(i) Lett>0. Then [, v,gA’“) (x)dx < oo if and only if U Nsupp(A, 1) is bounded.
(ii) Suppose that U Nsupp(A, p) is bounded. Then

UNA=0) = limsup/ oM (z)dz < oo
t}0 U
and

UNA#) = lim/vfl\’“)(a:)dx:oo.
0 Jy

Proof. (i). The sufficiency of the boundedness of U Nsupp(A, p) follows from Lemma
(). To show its necessity, let us assume otherwise that U N supp(A, ) is unbounded. In

this case, we can find a sequence (2;);eny in UNsupp(A, ) such that {(z;—1, z;+1) : i € N}
is a family of disjoint subinterval of U. Then, by (471) and [BMS24al, (2.4)], we can verify

OO zi+1
/ oM (2)d > Z/ oM (2)da
U z

i=1 Yzl

o0 zi+1 0 1
(@’521') @,5
> Z/ v, (z)de = Z/l o 0)(:U)da: = 0.
z i=1 Y~

i=1 Y71
(ii). Observing (A7), this is done in [BMS24a, Lemma 3.2]. O

The next two lemmas demenstrate how the ‘density’ of Z; is comparable to the solution
v§A’“) of the MFE.

Lemma 6.2. Let U be an open interval such that U N supp(A, u) is bounded. Suppose
that UNA # 0. Then

(/UUt(A,M(:c)d:c) _1E(A,M)[Zt<U)] o 4

We omit the proof of the above lemma because it is similar to that of [BMS24al, Lemma
3.3]. (We include its proof in the Supplementary Material [HS25].)
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Lemma 6.3. Let U be an open interval such that U N supp(A, p) is bounded. Suppose
that UNA # (. Then

1
(/ UISA’M)(x)dx> Z(U) O, 1, in probability.
U

We omit the proof of Lemma [6.3 because it is similar to that of [BMS24a, Lemma 3.4].
(We include its proof in the Supplementary Material [HS25].)
The following technical lemma will be used in the proof of Theorem [L.3]

Lemma 6.4. Let m € N, (t;), be a list in (0,00), and (f;), be a list of non-negative
elements in C.(R). Then

m

Vg — / H(eiui(fi)gti(yifl7 dI/Z))

i=1
is a continuous function on N.

Proof. Let (™)) nen be an arbitrary sequence in A converging to some element v € N.
From Corollaries and 5.7 we know that

lim e_”l(f)Qtl(y(N),dyl):/ eV, (v,dw)
N

N—oo N

for every non-negative f € C.(R) satisfying |1 — e~ /||oc < ¥/(0+)/(48.). From this and

[Kall7, Theorem 4.11 (iii)], we know that the probability measures 2;, (v'V),-) converges
weakly to 2y, (v,-) as N 1 co. Therefore, for any bounded continuous function G on N,

lim G(Vl)Qtl(y(N),dyl):/ G(11)Z2y, (v,din).
N

N—oo N

Since the converging sequence (v™))ycy in NV is chosen arbitrarily, the above says that

(6.1) the map vy — [,,G v G(r) 2y, (VO, dvy) from N to R is continuous for every bounded
continuous function G on

In particular, the desired result of this lemma holds when m = 1.
Let us now assume, for the sake of induction, that the desired result of this lemma
holds when m is replaced by m — 1. Under this assumption,

G(1n) = / H f')o@t (vii1,dy)), v eN

is a bounded continuous function on N. Taking G(v;) := e "*UG(14) in the statement
([6.1)), we obtain the desired result for this lemma. O

We are now ready to prove Theorem

Proof of Theorem[L.3 (i). Step 1. Let T be an arbitrary (0, occ]-valued optional time
w.r.t. the filtration (F;);>0. In this step, we show that for any m € N, list of distinct
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times (s;)™; in (0,00), and list of non-negative functions (f;), in C.(R),

1{T<oo} eXp{ Z ZTJrsZ fz } ]-{T<oo}IE 0,Zr) lexp{ Z ZsZ fz }]] .

Without loss of generahty, we assume that 0 =: sg < 51 < - -+ < S, F1X an arbitrary
k € N. Define optional time

Ew WA

|12FT] + 1
2k

which takes values in the discrete space 27*N U {oo}. Notice that 7®) | T as k 1 oo
and that {T") = d} € F;, for every d € 27*N. Using the Markov property of the process
(Z¢)¢>0 w.r.t. the augmented filtration (F;);~o, ¢.f. Proposition 512 we have

Lirm—g eXP{ ZZd+sz fi) }

T = Lircoy + 001 fr—c0)

LW =K [ {T(k):d}G(Zd)], de 27N, (6.2)

where

m

G(n) = / H(e_yi(fi)gsz-—sz'_l(’/i—lad’/i)) = E@.u)

wf Sa)] we

is a bounded continuous function on N, thanks to Lemma Summing over d € 27*N
in (6.2), we get by Fubuni’s theorem that

1{T<oo} eXp{ Z ZT(k)Jrs fl }

Taking k T oo, from the fact that the process (Z;)¢~o is right-continuous, we obtain

Lircoey exp{ ZZT—I—Sz fi) }

as desired for this step.
Step 2. Let T be an arbitrary (0, co]-valued optional time w.r.t. the filtration (F%)i>o-
In this step, we will show that for any 0 < a < b < oo, x > 0 and non-negative f € C.(R),

1{T<oo}]P((Z),ZT) ( sup Zs(f) S LL’)] .

s€la,b]

Ea ) = E ) [Lir<oc} G (Zrw)].

E(Avﬂ) A W) [1{T<00}G(ZT)]

P(A“u) <T < 00, Sup ZT+s<f) < x) = E(A,u)

s€la,b]

To do this, let (s;)52; be a sequential arrangement of the elements in [a,b] N Q. From
Step [Il, we see that for any m € N,

Paw (T <00, sup Zris,(f) < !E) = E(ap {1{T<OO}P(@,ZT)< sup Zs,(f) < x)] (6.3)
1<i<m 1<i<m
Notice that supyep, s ws(f) = SuPseiqpno ws(f) for every w € D((0, 00), N). Therefore,
P(a,u)-almost surely on the event {T" < oo},

1{Supse[a,b] Zris(f)<a} ng%o 1{SUP1§i§m ZT+si(f)Sm};
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and similarly, for any v € N, Py ,y-almost surely,

Lupocom Zo(p<at = M0 Lo o 2,(n<e)}
Taking m 1 oo in (6.3]), we get the desired result.
Step 3. Let T be an arbitrary (0, co]-valued optional time w.r.t. the filtration (F%)>o-
In this step, we will show that for any 0 < a < b < oo and z > 0,

Pia,p) (T < 00, sup Zris(U) < x) =Enp

s€la,b]

Lir<co}P(0,27) ( sup Zs(U) < x)] (6.4)

s€la,b]

Let (gn)nven be an increasing sequence of compactly supported non-negative continuous
functions on R approximating the indicator function 1. We claim that for every w €

Q =D((0,00),N),
(6.5) supge(,p) ws(gn) increasingly converges to sup,e(, , ws(U) as N 1 oo.
Indeed, it is obvious from the monotonicity that the large N limit of sup,e, ;) ws(gn)
exists and is bounded by sup¢, ; ws(U). On the other hand:
o If sup,c(, 4 ws(U) < oo, then for any ¢ > 0, there exists so € [a,b] such that
Wso (U) > supge(, y ws(U) — €, which implies that

sup ws(U) —e < wg, (U) = lim wg,(gny) < lim sup ws(gn)-
s€[a,b] N—oo N—=00 sca,b]

Taking the arbitrary € | 0, we have supyep ) ws(U) < lmy o0 SUDseqp) Ws(9n)-
o If sup,c(,p ws(U) = oo, then for any K > 0, there exists sy € [a,b] such that
ws,(U) > K, which implies that

K <ws(U) = lim wg(gy) < lim sup ws(gn).
N—oo N—oo s€la,b]

Taking the arbitrary K 1 oo, we have supyep, ) ws(U) < Hmy o0 SUDsepq 4 Ws (9N )-
Thus (6.9) is valid. From (6.5]), we see that P, ,-almost surely on the event {7" < oo},

1{Supse[avb] ZT+S(U)§$} - ]\11—1)20 1 SUPs¢(a,b] ZTJrs(gN)Sx}7 T O’
and similarly, for any v € N, Pg,)-almost surely,
lim 1 x> 0.

1 =
{Supse[a,b] ZS(U)Sx} N—o00 SUPs¢(a,b] ZS(gN)§$}7

From Step 2] for every N € N and = > 0,

Pau) (T < 00, sUp Zris(gn) < $> =Enp

s€la,b]

1{T<oo}IP)((z),ZT) ( sup ZS(gN) < ;p)] .

s€la,b]

Taking N 1 oo we get the desired result for this step.
Step 4. Fix an arbitrary k£ € N and define T, := inf{t > 1/k : Z;(U) < k} which is an
optional time w.r.t. (F3)s0. Let 0 < a < b < oo. We verify in this step that P(s ,)-almost
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surely on the event {7}, < oo},

Pz )| sup Zs(U) < oo | =1.
§ s€la,b]

Note that IP(4 ,y-almost surely there exists a decreasing sequence (t,,)men in Ry converging
to 0 such that Zg, 4, (U) < k. Let (gn)nen be an increasing sequence of compactly
supported continuous functions on R approximating the indicator function 1. Then,
by the fact that (Z;);~0 is an N-valued cadlag process, P, ,)-almost surely on the event
{1}, < oo},

Zr,(U) = hm ZTk(gN) = lim lim Z7 44, (gn) < k. (6.6)

N—00 m—00

Fix an arbitrary v € N/ such that v(U) < oo. Let
Uy :={zxeR:|x— x| <1 for some xy € U}
be the unit enlargement of the open interval U, and let g be a smooth function With
bounded derivatives of all orders satisfying that 1y < g < 1p,. Pay attention that g’
compactly supported. Note that U; N F is bounded if F is the smallest closed mterval
containing each (z — 1,z + 1) such that v({z}) > 0. Therefore, c.f. Lemma [5.15]

t
/ / 1
M, (t:a) := €O Z,(g) — / YO (g")ds, t>a,

2

is a super-martingale on the filtered probability space (2, FZ, (F7)i>a, Pp,)). From this
and J[CW05, Theorem 1 of Section 1.4.], we can verify that ]P’(@,V) a.s.,

sup  Z,(U) < sup  Zy(g) < oo.
q€la,b+1]NQ g€[a,b+1]NQ

Therefore, P ,)-a.s.,
sup Zs(U) = sup hm Zs(gy) = sup lim lim Z,(gn)

s€la,b] s€lap) N0 s€la,b] V00 als,q€Q
< sup lim limsup Z,(U) < sup Z,(U) < 0.
s€la,b] N—o0 qls,qeQ q€[a,b+1]NQ

Now, since we have shown

Py, ( sup Zs(U) < oo) =1

s€la,b]

for the arbitrary v € A satisfying v(U) < oo, the desired result for this step follows from

(©.4).

Step 5. In this step, we show that
IP’(AM(Zt(U) = oo,Vt € @ N (0, OO)) = 1.

To do this, for any measurable function f on R which can be approximated by the
elements of C(R, [0, z*]) monotonically from below, let (u;)i~o be a C(R, [0, z*])-valued
continuous process given as in Proposition with initial value f on a probability space
whose expectation operator will be denoted by E ¢. Let F' be the smallest closed interval
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containing UX, (z; — 1,2; + 1). From the condition U N supp(A, p) is unbounded, we
have U N F' is unbounded. From Proposition (.6 Lemmas 4] and (i), for any
e€(0,1/2) and t > 0,

B [(1 - )7 @] =Ea,

< exp{—em(l/Q)eﬁot/

U

[Ta- ut<xi>>]

~ 1
+ IP)51U( sup us(y) > 5)

s<t,yeF

S EEIU

- 1
Ut(A,u) (y)dy} + 2]P’€1U< sup ug(y) > 5) + eﬁCertV§A,u,F)

s<t,yeF

p 1
= 2P51U< sup ug(y) > 5) + gﬁcertVt(A,u,F).

s<t,yeF

Here, V) ), and k(-) are given as in (4.13), (2.2) and (4.2]) respectively. From Lemma
[4.5] (ii) and Lemma.7] taking € | 0, we obtain that for any ¢ > 0, P(5 ,,)(Z:(U) = o0) = 1.
The desired result for this step follows.

Step 6. Let k € N be arbitrary, and let T, be the optional time given as in Step [4. Let
0 <a<b<ooand x>0 be arbitrary. From Step Bl we know that (64 holds with T’
being replaced by T}, which, by taking x 1 oo, implies that

Li7.<00}P(0,21,) ( sup Z,(U) < w)] :

s€la,b]
(6.7)
From Step Bl we know that the left hand side of (6.7)) equals to 0. From Step [, we know
that the right hand side of (6.7) equals to P(s ) (7% < 00). Therefore, Py ) (T} < 00) = 0.
As a consequence,

Paw <Tk < 00, sup Zg,45(U) < OO) =Euw

s€a,b

1= ]P)(A,,u)(Tk = OO) = ]P)(A,ﬂ)<Zt<U) > k,Vt > 1/]€)

Taking the arbitrary k£ 1 oo, by the monotone convergence theorem, we get the desired
result (i) of the Theorem [[.3] O

Proof of Theorem[1.3 (ii). Let the open interval Uy := {x € R : Jxg € U, |x — x| < 1}
be the unit enlargement of U, and let g be a smooth function with bounded derivatives
of all orders satisfying that 15 < g < 1p,. Pay attention that ¢” is compactly supported.
Note that, from the condition that U Nsupp(A, i) is bounded, we have U; N F' is bounded
where F' is the smallest closed interval containing U;en(z; — 1,x; + 1). Therefore, c.f.
Lemma [5.13] for any a > 0,

t
My(t; a) == e” ' Z,(g) — / " =Z(g")ds, t>a
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is a super-martingale w.r.t. the filtered probability space (€2, F, (F)i>a, Pa,). From this
and [CW05|, Theorem 1 of Section 1.4.], we can verify that P ,-a.s., for any b > a > 0,

sup Z,(U) < sup Z,(g) < oo.
g€[a,b)NQ g€la,b)NQ

Let (gn)nen be an increasing sequence of compactly supported continuous functions on
R approximating the indicator function 1. Then, Py ,)-almost surely, for every ¢ > 0,

Z,(U) = lim Z, = lim lim Z < su Z,(U) < o0
t< ) Ntoo t(gN> Ntoo qlt,qeQ q(QN)_qum[t%H] q< )

as desired. O

Proof of Theorem (#1i)—(v). (iii) follows from Proposition 5.8
(iv) follows from Proposition (.8, Lemmas (i), (ii), and 7]

(v) follows from Lemmas 6.2 and [6.3] and [Kal21, Theorem 5.12]. O
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SUPPLEMENT TO “ON THE SUBCRITICAL SELF-CATALYTIC
BRANCHING BROWNIAN MOTIONS”

HAOJIE HOU AND ZHENYAO SUN

This document serves as supplementary material for our paper titled “On the Subcrit-
ical Self-Catalytic Branching Brownian Motions.” It provides detailed proofs of several
propositions and lemmas presented in the main paper. The numerical labels and refer-
ences used in this supplementary material correspond to those in the main paper, while
labels with an alphabetic prefix are newly introduced and defined herein.

A. Proors orF LEMMAS [B.1] 3.5, AND PROPOSITION
Proof of Lemma[31]. From the continuity of the function ¥(-), ¥(1) = S.q0 > 0 and that

V(2) =B, (Z ae(—1)*F — 1) < B <Z qr — 1) =0,

we have 2* € [1,2] and U(2*) = 0. Observe that for any k € Z,, 2¥ — 2 = 2(2*"1 1) > 0
for every z € [—1,0]. Therefore, for every z € [1,2], we have

a(z) = o (poz S (s z>>> >0

In particular, ®(z*) > 0. The fact ®(0) = ¥(0) = 0 can be verified directly from their
expressions. From the definition of z*, the continuity of the function W(-) and the fact
that ¥(1) > 0, we have W(z) > 0 for every z € [1,2*]. Finally observe that, for every
z € [0,1), since z — 2% is a convex function on R, by Jensen’s inequality and (LIII),

Z qr2® > pimokar > 52
k=0
This proves that W(z) > 0 for every z € (0, 1].
If the additional assumption (L.I6]) holds, then just take an odd number ko with gz, > 0,
we see that

\II(Q) = BC (Z qk(_l)k - 1) S Bc <Z qrx — Qky — 1) = _2ﬁcho < 07
k=0

k#ko
which implies that z* < 2. We are done. O
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2 H. HOU AND Z. SUN

Proof of Lemma[3.3. Let (0,,)5°_; be a sequence of non-negative Lipschitz functions on
[0, 2*] converging to v/ ¥ uniformly, satisfying that o,,(0) = 0,,(2*) = 0 for each m € N.
For each i € {1,2} and m € N, let u®™ be a C(R, [0, 2*])-valued solution to the SPDE
B) with f and v/¥ being replaced by f@ and o, respectively. For each i € {1,2}
and m € N, the existence of the C([0,0),C(R, [0,2*]))-valued random element "™
is guaranteed by the standard theory of 1-d stochastic heat equation with Lipschitz
coefficients [Shi94].

By the strong comparison principle [Shi94, Corollary 2.4], we can assume without loss
of generality that, for each m € N, u(*™ and «(>™ are defined on the same probability
space satisfying that almost surely u{"™ (x) < ul®m (x) for every t > 0 and x € R. For
each i € {1,2}, it is also standard to argue, c.f. [Shi94, Proof of Theorem 2.6], that the
family of C([0,0),C(R, [0, 2*]))-valued random elements {u(™ : m € N} is tight, and
any sub-sequential convergence-in-distribution limit has the law Z). This implies that
the family of C([0, 00), C(R, [0, 2*]))?-valued random elements {(u®™ u2™) :m € N} is
tight.

Let (u,u®) be one of its sub-sequential convergence-in-distribution limit. Clearly,
the law of u®™ and u® are given by Za) and L) respectively; and almost surely,
ugl)(x) < u,g?) (x) for every t > 0 and x € R. By the disintegration theorem [Kal21]
Theorem 8.5], there exists a probability kernel ) ;2 on C([0,00),C(R, [0, 2*])) such
that ;a) je (u, ) is the regular conditional distribution of u® conditioned on given

u™. Tt is then straightforward to verify that Ky g satisfies all the properties desired
for this Lemma. O

Proof of Proposition[3.0. Construct a C([0, 00),C(R, [0, 2*]))-valued Markov chain (u(™),,en,
on a probability space with its probability measure denoted by If”g, such that the initial
value u(Y has the law Zr), and that, for each m € N, the transition kernel from steps
mtom-+11is ,/"i/f(m)7f(m+1). Here, £ and 7. are the same as in Lemma It is clear

that u(™ has the law Z;m) for each m € N; and almost surely ul(fm)(x) < u§m+1)(x) for
every t > 0,2 € R and m € N. This allows us to define a random field @ = (4:())1>0,zer
as the pointwisely non-decreasing limit of u™ when m 1 co.

It is standard (c.f. [BMS24al, p. 82]) to verify from the mild formulation (8.2]), Burkholder-
Davis-Gundy inequality, Jensen’s inequality, the property of the heat kernels, and the fact
that (u™),,en are bounded random fields, that, for any 7> 0 and [ > 2,

g

uniformly in m € N, z,y € R and ¢,s € [0, T]. Here, for any t > 0 and = € R,

0 @) -0 )| £ (1o vl + V=)

U™ () = 0™ (x) - / P — )™ (y)dy + / / Prs(z — ) ® (™ ())dsdy
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and Uém) (x) := 0. Taking m 1 oo, we know from the bounded convergence theorem that
for any 7" > 0 and [ > 2,

B, ||0i(@) - Tw)[*] 5 (Jo - |+\/|t—s) (A1)

uniformly in z,y € R and ¢, s € [0, T], where, for each t > 0 and =z € R,

U(x) = () - / Pl — y)g(y)dy + / / Pros(z — y)®(s(y))dsdy

and Up(x) := 0. From (A, we can verify (c.f. [Shi94, Lemma 6.3 (i)]) that there exists
a jointly continuous modification (U(2))i>0zer Of (Ut(2))i>00er. Define, for every ¢t > 0
and z € R,

ur(z) = Us(z) + / pi(e — 9)g(y)dy — / / Pra(t — y)®(ay(y))dsdy

and uo(z) := g(z). It is then not hard to see that (u;(z))i>0zer is a modification of
(we())e>02er and that (ug)eso is a C(R, [0, z*])-valued continuous process. In particular,
from Fubini’s theorem, almost surely, for almost every ¢t > 0 and x € R w.r.t. the Lebesgue
measure, u;(r) = uy(x).

Notice from Proposition that, for each m € N, (B3] holds with f and u being
replaced by f™ and u™ respectively. Taking m 1 oo, by the bounded convergence
theorem, we have

E, | T - ()

i=1

g

—E| [] (1—g(X§"’“>>) )

(n)

agl;

Now, since u is a modification of u, the desired statement (3.I3) holds.
Let us fix an arbitrary testing function ¢ € C(R). From [Shi94, Theorem 2.1], almost
surely for every ¢ > 0 and m € N,

/ugm)(a:w(:c)dx: /f(m)(:c dx+// gb” dsdy (A.2)
/ / (ul™ (y)) p(y)dsdy + M™

where M™ is a (Qt(m))tzo—adapted continuous martingale with quadratic variation

= //t U (ul™(y))o(y)*dsdy, >0 (A.3)

and (Qt( ))t>0 is the natural filtration of the process (ug ))tzo- In particular, for any
< t, N € N, bounded continuous map G from R" to R, and list ((s;,y;))~, in
R, we have

) SN S1 ? SN

By [G(al (30), -l () M| = By [G ()l () M) (A)
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and
Eg {G( (m) (1), ugrx) (yN)) ((Mt(m,qs))? B <M_(m,¢>)>t>} (A.5)
= B, [G ). ) o) (M) = (a9, )]

Taking m 1 oo (1(; (A.2), by the dominated convergence theorem, we know that Mt(m’(b)

converges to M, almost surely for every t > 0, where the continuous process (Mt((b))tzo

is defined through

/ut(x)gb(x)dx:/ dx+// (b” W) goy —
// (us(y dsdy+M() t>0.

Taking m 1 oo in (A3), we know that (M ’¢)>t converges to (M'?), almost surely for

every t > 0, where
<M_(¢’ // (us(y 2dsdy, t>0.

Note that, for each ¢ > 0, the families of random variables (Mt(m"b) :m € N) and

(M2 — (M™9)), . m € N) are bounded by a deterministic constant depending only
on ® Ut and ¢. Therefore, taking m 1 oo in ([A.4]) and (IEI) forany 0 < s <t N €N,
bounded continuous map G from RY to R, and list ((s;, %))~ in [0, s] x R, we have

B,y |Gty (), - st ()M | = By [ Gl (1), -t () ML)

and

E, {Gmsl (92): -+t () ((MW)Q - <M.<¢>>t)]

=k, [G(Usl(yl)v e Usy (UN)) ((Ms(@)z - <M-(¢)>s>] '

These imply that (Mt(¢))t20 is an (G;)i>0-adapted continuous martingale with quadratic
variation ((M.(d))}t)tzo. We are done. O

B. PROOF OF LEMMAS [A_1], 4.4] AND

Proof of Lemma[4.1. If z; € [0,1] for all i € N, then the desired inequality follows from
Bernoulli’s inequality. If there is ¢ # j such that z;,z; > 1, then 0 <1 — H?;l(l —2) <
2 < 2N 2. Otherwise, there exists only one iy such that z; € [0,1] for all j # iy and
that z;, € (1,2]. Without loss of generality, we assume in this case ic = 1. Then by
Bernoulli’s inequality,

N N N

[](t—=) = H 1—— >—— -5 =D

i=1 i=2 i=2 1=2

,’:]2
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which again implies the desired result. U

Proof of Lemma[f4 Lett > 0and~y € (¢,1). Define 7, := inf{s > 0 : sup,c pus(y) > 7}.
For the lower bound, noticing that 1 —w > e~ for w € [0,], we have

[e o]

[T0 —w))

i=1

o0

H(1 — ) (%) Lz <ty

i=1

eXp{—9(7) Z () } Lir>t)
. exp{—&(v) Zut(:pz)}] — 2Py, (1, < 1).

For the upper bound, using the inequality 1 — w < e~ and the fact that 1 — u,(x;) > 0
for every i € N almost surely on the event {72 > ¢}, we have

e}

H(1 — ) (i) Lz, >ty

i=1

IE:’.f;‘l[} = I’E::’z’;‘l[] + IE{;‘IU

Z _]PEIU (T'y S t) + IPE&IU

Z INE@I

I~EalU H(1 —ug) ()| = EﬂU H(l - Ut)(%‘)l{ﬁ/ggt} + I~EalU H(1 - ut)(xi)1{71/2>t}
i=1 i=1 i=1
< P, (T2 <) + E.1, exp{— Zut<xz)}] :
i=1
We are done. O

Proof of Lemma[f.6 Define 7, := inf{s > 0 : sup,cp us(y) > z} for every z € (0,1). Let
t > 0. For every 4 € [0,1), define

1 9. (5m)
o TS @Rt Wy, s e (0.0
s = 1

T3 [ w7 dy), s=t,

with ™ == (1 = 3)0(7) Y., 6s,. From stochastic Fubini’s theorem [DPZ14, Theorem
4.33], one can verify that almost surely for every 4 € [0,1) and s € [0, t],

M(v n) _ M(V" (B
//( o) + G ) )y

0 o) () S ()W ().

In particular, (M§&’"))Se[07t} is a continuous semi-martingale. By (B.Il) and It6’s formula,
it is easy to verify that almost surely for every s € [0, ¢],

exp{—e’ S)M(“”")} — exp{—e’\otMéﬂ”")} (B.2)

S

+1_&



H. HOU AND Z. SUN

] Ao(t—r
0

L=y

( T “(7 ™) )\ (u,(y))W (drdy) +

vﬁf”’"”(y)(@wy)) + Aotty(y))drdy —

ero(t—r)
Ll <y>2(\1J'<o+>ur<y>— : w<ur<y>>)dfrdy).

-7
Set

T q N
Yo = ZBC\I/ (0+) = %(2 - kz:%k’qlc> € (0,7)

We see that for any w € (0, 7o

/Ow\ll’(z)dz:ﬁc/ow< 1—2) qukl—z )d

> ﬁcw< (1 =) Z qu> = (1 =)V (0+)w

Note the fact that almost surely for r<t,AtandyeckF

\I]/<O+)ur <y> -

U (w)

(B.3)

6)\0(2577’)

1
— V) < V(0+)ur(y) = T ) <0,
where the last inequality follows from (B.3). Combining this with (@I]), A\, > 0, and
MP™ >0, we get by taking expectation for (B2) with s = 7,, A ¢ that

Ec1, [exp{— Ao(t=mao A) f (7 ")H

Ty N

> exp{—e’\OtMé%")} —

! F o (v,m)
5 el exp{ —eret=) jr(vm) er(tfr)U(%l ) ()2 %
2(1 — )2 1y [/o /C P{ h } { (v)
((1 — )V (0+)u,(y) — qj(ur(y))e/\o(t—r))dydr}

\I’I Aot 'y n
> exp{—e/\otMé%")} 0+ / / ) QEelU[ur( )]dydr.

From Lemma 4.2 we get that

EslU |:€Xp{— Ao (t— T—YO/\t)M('Y n) }:|

Ty N

" \I/ O 20t n
Zexp{—e’\OtMé% )} e (0+)e / / (@Hm ) y)2dydr.
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By the definition of M"™ and that
Ealy [G—Mt(%n)} > EelU [exp{ Polt=T20 D) 1 r(7:7) H B @51[,(7‘% < 1),

Ty N

we have

EEIU

exp{—@(fy) Zut(:cl)}] (B.4)

Aot n \I// 0 2ot n
> exp{—fe - / vt(@,uw ))(y)dy} eW'(0+)e / / ,m ) (y)?drdy —
. .

@51U< sup  ug(y) > 70).

s<t,yeF

It has been explained in [BMS24al (2.19)] that

n i ingl _
PO ) TS, A1) < ) 50,y € R,

Ur i ntoo

Now we get the first desired result (£.15]) by monotone convergence theorem while taking

n 1 oo in (B.4).
Let us now prove the upper bound (£I6). Similarly using (B.I]) and It6’s formula, we
see that almost surely for every s € [0, ],

exp{—£(7) e_5°(t_8)M(0’")} - exp{—/{(y)e_ﬁotMéO’")}

// GXp{ 50 t—r) ﬁO,n)}e—ﬁo(t—r) «

( @ ”(0 ™) \/T W(drdy))
0,u(0:m)
o () (@(ur () — Bour (y))drdy —

S (W (04 ) mwmr(y)>e—ﬁo<t—”)drdy>'

Replacing s with 7., At and taking the expectation of the above equation, combining (4.1))
and the fact that almost surely for all r <t A7, and y € F,

' (0+)ur(y) — 6V (up(y))e P > W04 )u, (y) — £(7) ¥ (ur(y)) > 0,

we have

E.q, [exp{—%(7)6‘6"“‘“”)MT(%) }]

< exp{ —/i(’V)e’ﬁ‘)tM(o’")} —

e B t—r) 7 7(0,n) Bo(t— r) (0,u(0m)) 2
€1U eXp{ o M }6 ¢ —77’ (y> X
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(/(0-+ ) ) — wwur(y)>e-ﬁ°<t—f>)drdy]

< exp{ —r(y)e P uPM) + E[ / [ ey,

where in the last inequality we used the fact that x(y) < 1.
According to (41]) and Lemma 2] we concluded from above inequality that

Eer, |exp{ —w(y)e #0-mp 00 ]

t
< exp{—n(y)e P MO |+ 2fe! / / o ) 2drdy.
0 (&

Finally, noticing that
0< K(,we*ﬁo(tft/\m)Mg]ﬁ) < e*ﬁo(tft/\Ty)M(O,n)

Ty At

and that
I~EslU [exp{_e_BO(t_t/\T’y)Mﬁs,/@ }] > I~E€1U [exp{_Mt(O,n) }:| - ]TDEIU(T“/ < t),

we conclude that

oo -Somten} | =B oo )]

< eXP{‘“(’V)eiﬁotM(go’n)} + Payy (7 < 1) + efee™! / / o “(0 ) y)2drdy.

€1U

Combining the above inequality and the fact that vt ™) converges to vlf " (c.f. the

argument below [BMS24al, (2.18)]), we get (£16). O

C. Proor oF LEMMA [4.7]

Let Bo, (Pr)32, Be and (g)52, be given as in (L2)-(LH). Suppose that (LI0), (LI
and (LI0) hold. Let ® and ¥ be given as in (LI4]) and (LI5) respectively. Let f be

a measurable function on R which can be approximated by the elements of C(R, [0, z*])
monotonically from below. Let (u;);~¢ be the continuous C(R, [0, z*])-valued process given
as in Proposition B.6l with initial value ug = f, on a probability space whose probability
measure will be denoted by P f-

In this section, we prove Lemma .7 following the standard strategy of [Tri95]. From
BI12), we can assume without loss of generality, c.f. [KS88, Proof of Lemma 2.4], that
there exists a stochastic basis (Q,F, (F)is0, Py, W) such that (u;)eo is an (F;)iso-
adapted C(R, [0, z*])-valued continuous process, and that, for each ¢ € C(R), almost
surely,

/ut(x)qﬁ(:p)dx:/f(:p) dx+// gb"y dsdy —
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// (us(y))o(y)dsdy + // (us(y))W(dsdy), t=>0.

It is then standard, c.f. [Shi94] Theorem 2.1], that the mild form (B.:2)) holds almost

surely for every (¢,z) € (O 00) x R. Define continuous random fields (M (s, y))s>0yer and
(N(s,Y))s>0yer such that for any s > 0 and y € R,

M= [ e sly — 2)0(un(2))drdz,

N(s,y) = usly) — / paly — ) f(2)dz + / / Pes(y — 2) (1, (2))drd

and My(y) := No(y) = 0. Note that, for every s > 0 and y € R, almost surely

N(s,y) = //Ospsr(y — 2)\V/ ¥ (u,(2))W (drdz). (C.1)

In the following, we take ps(x) := 0 when s < 0 and =z € R for the sake of notation
conveniences.

Lemma C.1. For every t > 0, uniformly for every (s,y), (s',y’) € [0,t] x R,

K // Ps—r(y = 2) = Po—r(y — 2)| dzdr < |y — /[ + V/|s — o] (C.2)
0
and

Ky = [[ sty =2 = posly/ = et Sy =/ + V=51 (©3)
0

Proof. For (C3), see [Shi94, Lemma 6.2 (i)]. We now prove (C.2). Let ¢ > 0 and let
(s,),(s',y') € [0,t] xR be arbitrary Without loss of generality, let us assume that s’ < s

and define J; := s — s’ and §, := |y — ¢/|. Note that ICsysy < I, + I, where

]1 = // |ps—r(y - Z) _ps—r(y, - Z)|d’l“dZ = / |pr(2’ + 531) —pr(2)|d’l“d2’
0 0

L= // ‘psfr@// - Z) - ps’fr(yl - Z)‘deZ = // ‘p5s+7’<z> _pr<z>| drd.
0 —0s

For I, we get that uniformly for the arbitrary (s,y), (s',y’) € [0,t] X R,

° |§+Z| — /(2r) 722
I g/// (€+2)? ”dgdrdz—a/ 24z / —dr
' o Jo V2 7“3 V2

For I, we decompose it as Iy = Is; + I3 where uniformly for the arbitrary (s,y), (s',vy') €
0,¢] x R,

and

VOsNs'
[21:‘// [ps.ir(2) = pr(2)ldrdz < 26, +2V/5, A5 S V0,
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and

Iyy = / / D5+ (2) — pr(2)|drdz = / / |p53+r — pp(2)|drdz

\/7/\3
s'V/6s os+r 2 s'V/6s ds +r
// / - + pa( Ydadrdz < / / —dadr
§'VA/8s s'V/8s §'VA/8s
:/ 1og(58+ )d </ 5—dr< Vo.dr <A/,
Vs r Vs r Vs

We are done. O

Lemma C.2. Let U be an open interval and € € (0,1). Let the initial value f of the
process (ut)i>o be given by f = ely. Then for any p > 1 and t > 0, uniformly for the
arbitrary open interval U, the arbitrary parameter € € (0,1), s, € (0,t) and y,y" € R,
we have

oy [|M(s,y) = M(s',y)/"] <€(|y Y|+ s — ) (B € U)+P,(By €U)),
and

fEdU[\N(s,y)—N( 0k } (\y y|+\/s—s’) (B, € U) +P,(By € U)).

Proof. From (A1) we know that the random field ¥(u) is bounded by a deterministic
constant. Therefore, uniformly for the arbitrary open interval U, the arbitrary parameter
€ (0,1), 5,8 € (0,t) and y,y" € R, we have

M(s,y) - M(s3/)| < / / Pary — 2) = Py’ — )| |0 ()| drdz S K,
0

From (410), Lemma[d.2] and the Markov property of the Brownian motion that, uniformly
for the arbitrary open interval U, the arbitrary parameter € € (0,1), and (s,y) € [0,¢] xR,

Ee1, [|M (s5,9)]] // Por(y — 2)Eey,, [|®(u,(2))]]drdz
</ / sy = 2By () S = / ey — P(B, € U)drdz

= 8/ E,[Pp,_, (B, € U)]dr = esPy(B, € U).
0

Therefore, for every p > 1, from Lemma [C.Il uniformly for the arbitrary open interval
U, the arbitrary parameter ¢ € (0,1), and (s,y), (s,y') € [0,t] x R,

1 M) = M) S (K00) (B 1Ml + B M5,

<5<|y y|+\/|s—s) P,(B, € U) + P, (By € U))

as desired for the first inequality.
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For the second inequality, by (C.II), Burkholder-Davis-Gundy’s inequality, (&T), the
fact that the random field u is bounded by 2, and the trivial inequality (a—b)? < 2(a®+0?),
we verify that, for every p > 1, and uniformly for the arbitrary open interval U, the
arbitrary parameter € € (0, 1), and (s,y), (s,y') € [0,t] x R,

2p]

Eaxy [[N(s,9) = N(s' )|

B, ' [ 0ty = 2 =t = ) VO W )

c1p (/ /ooo(ps_r(y —2) = py—r(y — 2))* U (u, (2))drdz) p]
(//OOO(pS_T(y —2) = py—r(y — z))Qur(z)drdz) p]

o
( Se) OO(Ps—r(y—Z)—ps'—r(y'—Z))QIEdU[ur(z)]drdz
s (K%.00)" 1// Doce(y = 2% + por(yf — 2))Beny [t ()] drdlz.

From Lemma 2] we have uniformly for the arbitrary open interval U, the arbitrary
parameter € € (0,1), and (s,y) € [0,t] x R,

JI pest =B uelardz < [ty 2P, € vy

N
=h

N

N

(y — 2)P.(B, € U)drdz

< 6//000 \/ﬁpsr
_ 5/05 \/ﬁpyws € U)dr < <P, (B, € U).

Now, from above and Lemma [C.I] for every p > 1, uniformly for the arbitrary open
interval U, the arbitrary parameter ¢ € (0, 1), and (s,y), (s',y') € [0,t] x R, we have

By [IN(s,9) = N(s' y/)ﬁp] <=(k2, /)”_1<Py<33 € U)+Py(By € U))

s7y7s 7y
<e<|y y\+\/\s—s> P,(B, € U) + P, (B, € U)),
which implies the second inequality. We are done. U

Proof of Lemma[{.7]. Let us first show (£IT). Let ¢ € (0,7/2) be arbitrary, and assume
that f, the initial value of the process (u):>0, is given by e1y. By ([B.2), we see that

us(y) < e+ [M(s,y)l +[N(s,9)],  (s,y) €[0,00) xR, as.
Therefore, we only need to prove that uniformly for the arbitrary ¢ € (0,v/2),

Py (s (M) + N0 > ) S (C.4)

s<t,ycF 2
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Without loss of generality, we assume that F' = F \ {sup(F)} is non-empty. In the
following, we construct a dyadic approximation of the time-space region [0, ) X F. Note
that there exists an (at most) countable set Fyy and a constant § € (0,1] such that F' is
the disjoint union Uyep, [y, y + 9). Define a sequence of time-space lattices (Ly,)mez, , 50
that Lo := {(0,y) : y € Fy}, and inductively,

L= |J {9, (s+127 ), (5,y+0627), (s +127",y+627")}, meZy.
(s,y)GLm_l

For each m € Z,, define a map I, from [0,¢) x F to the lattice L, such that for
every (s,y) € [0,t) X F, (S, Ym) = I'm(s,y) is the unique element in L, satisfying that
Sm < 8 < Sy + 127" and vy, <y < Y + 027™. It is not hard to observe that

(Ch5) I'yyol'y, =T, and T, 10T, =T,,_1 for each m € N;
and that

(C.6) Tyu(s,y) converges to (s,y) when m 1 oo for every (s,y) € [0,t) x F.
Moreover, for every m € N, and (s,y) € [0,1) x R,

Y = Y| + VIsm — smoa| <8277 4 V527000 < (2t +V26)2772 (C.T)

provided (S, Ym) = I'in(s,y) and (Sp—1, Ym—1) = Lin1(8,9).
Let us consider an event on which the fluctuations of the random fields M and N on
the dyadic lattices (L,,)_, are delicately controlled. That is, we consider the event

= ) N4 (C.8)

m=1 (s,y)€Lm k=1
where, for any (s,y) € [0,1) x F’
An(5,9) = {)(M 0T = M o Tt)(5,9)] <7027/},
A2 (s,y) = {|(N ol = NoT,, 1)(s,y)| < 7027m/10}

and o > 0 is a constant determined so that v Y >~ 2~ m/10 = ~ /4. Now, almost surely
on the event A, from (C.G), the fact that M and N are continuous random fields, that
NoTog=MoTy=0o0n[0,t) x F, and (CHl), we have, for every (s,y) € [0,t) X F,

[M(s,y)| = |> (M oTly — Mol 1)(s,y)
m=1
=D (Mol —MoTy) ol 1(s,y)| <Y 702 ™" =~/4,
m=1 m=1

and similarly, |N(s,y)| < 7/4. In particular, the event in (C4) is contained in A°.
Therefore, to show (C4), it is suffice to show that

(C.9) uniformly for the arbitrary e € (0,7/2), Py, (A°) < e.
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Define Oy (s,y) := P,(Bs € U) the probability that a Brownian motion initiated at
location y € R is in the interval U at time s > 0. By the Markov inequality, (C.1), and
Lemma [C.2] uniformly for the arbitrary open interval U, the arbitrary closed interval
F satisfying that U N F' is bounded, the arbitrary parameter € € (0,v/2), m € N, and
(s,y) € Ly,, we have

Pey, (AL (5,)%) < Bex, [|[(M 0Ty — Mo Tyy) (5, )] /(702~™/10)20
S 6((275 + \/5)2"”/2)19(% 0 T 4 Oy 0 Do) (5, 4)/ (702 ™/10) 20
< e27 2@y 0 Ty + Oy 0 Do) (5, 9)
and
Py, (A% (s,4)) < Eexy [[(N 0Ty = N o Ty 1)(5,9)|*] /(1027 ™/10) %
N e<(2t + \/%)2*’”/2) 19(@U o, + Oy ol 1)(s, y)/(%Tm/lo)m
< e2 2@y 0 T,y + Op 0 Ty ) (5, 9).

Now, from (C.§), uniformly for the arbitrary open interval U, the arbitrary closed interval
F satisfying that U N F' is bounded, the arbitrary parameter ¢ € (0,v/2), we have

By (A) €30 30 (B (A (5,0)7) + By (A2 5,)))

m=1 (8,y)ELm

<e Z o—11m/2 Z (Ouyol,, +0pyol,1)(s,v)
m=1

(s,y)ELm
= 1
—7Tm/2
m= S,y m

oo ¢
=€ Z 9~ Tm/2 /F /0 (Opol,,+0yol,, 1)(s,y)dsdy
m=1

o0 t
Sey 272 / / (©y o T (s, y)dsdy. (C.10)
0 FJo
Since U N F' is bounded, it is not hard to verify the following analytic results:

t
/ / (Ouol'y)(s,y)dsdy < oo, meZy
FJo

and

¢ ¢
lim //(@Uof‘m)(s,y)dsdy:// Ou(s,y)dsdy < oo,
m=eoJr Jo FJo

which together imply that

o0 t
Z 27m/2/ / (Oy o) (s, y)dsdy < 0.
m=0 FJ0
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Now, from (C.I0) we have (C9)), and therefore, the desired (EIT]).
Note that ((U, F',t,7) is increasing in ¢ > 0. Therefore, lim sup,, G(U, F't,7) < oo.
Finally, let us take U to be an arbitrary open interval such that its intersection with
Fy := [K,0) is bounded for every K € R. From (C.I0), we can verify that, uniformly
for every K € R,

0 oot
U, Fi,t,7) S Z 2_7m/2/ / (B 0Ty (s,y)dsdy < oo.
m=0 K 0

By the monotone convergence theorem, we have limgo q]](f] ,Fr,t,v) = 0 as desired.
We are done. O

D. Proors or LEmMAS (5.1], 5.5, ProrosiTIONS (.8, 5.13, AND LEMMA [5.16]

Proof of Lemmal2d. 1t is clear that there exists K > 0 such that g(z) = 1 for every
|z] > K and v({—K,K}) = 0. Therefore, c.f. [Kall7, proof of Lemma 4.12], we have
iy, 00 U ((— K, K)) = v((—K, K)). Furthermore, there exists a finite integer x > 0, a
finite list of distinct points (z;)f_, in R, and a finite list (;){=, in N, such that 1(_x v =
Y5, lid,,. Note that v((—K, K)) = >, l;. Let € > 0 be small enough so that, for every
i#jin{l,...,k}, [z —€ 2+ €] and [z; — €, z; + €] are disjoint subsets of (—K, K). Now
for every ¢ € {1,...,k}, since v({z; — €, z; +€}) = 0, we have, c.f. [Kall7, proof of Lemma
4.12] again,
Im v, ([z — €,z +€]) =v([zi — €, 2: + €]) =v({z}) = L.

m—o0

Denoting

A:=(-K K)\ (U[Zz —E,Zz‘+€]>>

i=1

we also have, with a similar reason, that lim,, , v, (A) = v(A) = 0. Noticing that for

any subset B C R and m € N, v,,,(B) takes non-negative integer values. Therefore, there
exists My > 0 such that for all m > My, we have v,,,(A) = 0 and
I/m([ZZ'—E,ZZ'—FE]):li, iE{l,...,/{}.

So, for every m > My and i € {1,..., Kk}, there is a finite list (zl(rjn’))é:

that 1., _c..4qtm = Z;;l d_em . In particular, for every m > My, we have 1(_g k)Vm =

i

K l;
S 547). Now, for every m > My,

L in [z, —€, z;+€] such

k1 k1
[T %D =TT 9" = \TT ] o= = TT T ] 9(=)
z€R z€R i=1 j=1 i=1 j=1
ko lig ig jo—1 K l;
= Zz(HHg<z§?’>) IT 11 g<zl->> (9= = 9zi)
io=1j0o=1 \i=1 j=1 i=ig j=jo+1
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< ZZ’g (m) g(z)] < Zisupﬂg(y) —g(z)| ry €z — € 2 + €}

i=1 j=1 i=1 j=1

Taking m — oo in the above inequality, we get

H g(z Vm({z} H g(z)”({z})

z€R

<33 aupllalw) - o]y € -5+ o).

i=1 j=1

lim sup
m—0o0

From the fact that € > 0 can be taken arbitrarily small, x and (/;)f_; do not depend on
€ when € — 0, and that ¢ is a continuous function, we have

lim sup H g(z)rm D H g(z)"D
m—0o0 ZGR
Now the desired result (5.1]) holds. O

Proof of Lemma[53. Recall that z* € [1,2). Define I := {i € N : z € (1,z*]} and
Step 1. Suppose that J # (). Without loss of generality, we assume that z; = 1.
Clearly, the right hand side of (5.12) is 0. Notice that

I1(1- =)

i=1

Taking k — oo first, and then m — oo, we obtain that

<J1—z"].

[e.e]

11 <1 - zi(m)>

lim sup = 0.

m—r0o0

This implies the desired (5.12) in this case.
Step 2. Suppose that |I| = co. It is clear that the right hand side of (5.12]) is 0. In
this case, for any k € N, there exists N, € N such that |I| = k where I := {i e N:i <
Ni, zi € (1,2%]}. Note that, for each k € N, there exists an My € N, such that for any

m > My and i € Iy, zi(m) € (1, 2*]. So for any k € N and m > M,

ﬁl—z <H’1 (’”>’<|1

i=1 icly,

Taking m — oo first, and then £ — oo, we obtain that
o

lim sup H
m—0o0 .
i=1

(1-— zi(m)) = 0.

o (5.12) holds in this case.
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Step 3. Suppose that |J| = 0 and |I| = K for some finite integer K. Without loss of
generality, we assume that [ = {1,..., K'}. Then, for any m € N and integer i > K,

0< 2™ <2 <1 Therefore,

K+l K K+l
H (1 — zz(m)> = (H(l — zz(m))> exp{— Z —log(l — zz(m)> }
i=1 i=1 1=K+1
Taking [ — oo first, and then m — oo, by the monotone convergence theorem, we have
o0 K [e'¢)
i — M) = — - - — 2
nll_r)réol_!(l 2; ) (11(1 zz)> exp{ ';1 log(1 zz)}.

So (5.12)) also holds in this case. We are done. O

Proof of Proposition[52.8. 1t is clear from (LII]) and (LI8) that 79 < 7. Let ¢ > 0 and
e € (0,7 A 3). From Proposition (.0

E(a ) [(1 - 8)2“[])] =K.,

[Ja- ut(a:i))].

i=1

Together with Lemmas [£.4] and .6l we conclude from the above equality that

exp{—@(v)iut(xi)}] —mm( sup  uy(y) > 7)

s<t,yeF
e [ aw - g
> expy 7 oy (y)dy ¢ — Py, jtupFus(y) > 3 5
- U s<t,ye c

E(au [(1 - E)Zt(U)} > EﬂU

¥(o1))

\I/I O 2ot _
_e e (0+)e Vt(A’“’F) — 21P’€1U< sup  ug(y) > 7)

Vt

getot
> exp{—l 5 /UUI:(A’“)(ZU)dy} — 3eqq(U, F,t,70) — D

where in the last inequality we used LemmalL7 It is clear from the monotone convergence
theorem that E[Z] = lim. o 1E[1 — (1 — £)?] for any non-negative integer-valued random
variable Z. Therefore,

Ex [Zt(U)} ~fim 2 (1 ~Eu [(1 _ E)th)])

el0 €
1 cedt [ W'(0+) e - apur
<lim=(1= B A d 3C0m(U, F,t — =y
ert \I//(0+)62)‘°t
_ M) (Ndy 4+ —— 2 YO E) 317 D.1
]_—’}//th (y) y+ 2(1_7) Vt + Ch:l( sy L'y 7’}/0)7 ( : )

which implies the desired result. From Lemma (i) and (ii), we know that the right
hand side of (D.I)) is finite. O
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Proof of Proposition[5.13. Without loss of generality, we assume that ¢ is non-negative.
Also, it is suffice to show that the process (Zt(g))te[mb), restircted on an fixed arbitrary
interval [a,b) C (0, 00), has a measurable version.

Step 1. Let us consider the dyadic discretization of the interval [a, b). That is, for each
t € [a,b) and m € N, we define

k
tm ::inf{s>t:EIkEN,s:a—i-Q—m(b—a)}.

In particular, 0 < ¢, —t < 1/2™. Define Xt(m) = 7, (g) for every t € [a,b) and m € N.
Clearly, for every w € € and m € N, the map t — Xt(m) (w) is measurable on [a,b)
w.r.t. the Borel o-field B, ). This allows us to define, for each m € N, a measurable map
XM (t w) e xm (w) on the product measurable space ([a,b) x Q, Bja 5 ® F), which
will be equipped with a product probability measure
1o p (2)da
b—a
Step 2. We investigate the limit of the measurable map X when m 1 oo. Fixing
an arbitrary € > 0. Define Gy (1) := ]P’(A,ﬂ)(\Xt(l) - Xt(m)| > ¢) for every t € [a,b) and
[,m € N. By Lemma 510, we get that for each ¢ € [a, b),

Miqp)(de, dw) := QP (dw), (z,w) € [a,b) x Q.

sup Gim()
I,m>N
~ € €
< supIP’(A7“)<|Xt(l) — Zi(g)| > —) + sup ]P’Aﬂ (|X Zi(g)] > —) — 0.
I>N 2 2/) Nooo
From Fubini’s theorem and bounded convergence theorem, we see that
sup M[a7b)(|X( — X | >e) = sup —/ Gia(t)
I,m>N ,m>N b —

1 b
< / sup G, (t)dt —— 0.

—b—a I,m>N N—oo
Therefore,
limsup sup /(‘Xt(l) (w) — x™ (w)‘ A 1) Mo (dt, dw)
N—oo I,m>N

< e+ limsup sup M[ab)(|X XM > €) =«

N—=oo I,m>N
Since € > 0 is arbitrarily chosen, we have

sup /(’Xt(l)(w) - Xt(m)(w)’ A I)M[mb)(dt, dw) —— 0.

I,)m>N N—o00

Therefore, (X™),,en is a Cauchy sequence in probability w.r.t. Miqp) in the sense of

[Kal21l p. 104]. The limit, denoted by Y, is clearly a measurable function on ([a,b) x
Q, B[a,b) ® ]:)
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Step 3. By Step [l and [Kal21l, Lemma 5.2], there exists a strictly increasing sequence
(my)?2, in N such that (X))o converges almost surely to Y9 w.r.t. Miap). Let =
be a measurable null subset of the probability space ([a,b) x €, By ® F, Mjap)) which
contains all elements (¢, w) such that Xt(m’“)(w) does not converge to Y9(t,w) when k 1 oo.
By the Fubini’s theorem, the Lebesgue measure of the Borel measurable set K := {t €

b) : [1=(t,w)Py u(dw) > 0} is 0. Now for each ¢ € [a,b), define a random variable Y/
on Q such that Y (w) = Z,(g)(w)1x(t) + Y9(t,w)1xe(t) for every w € Q. Tt is clear that
(}79 )iclap) is & measurable process.

Step 4. We finish the proof by showing that (Y )te[a p) is a version of (Zt(g))te[mb).
Note that for any ¢t € K, we already have P, u)(Y = Z,(g)) = 1 according to how Y is
defined. Therefore, we only have to consider the case when ¢ € [a,b) \ K. In this case, we
have [1z(t,w)P(dw) = 0, which implies that X{™) converges to Y;? almost surely
when £k 1 oo wr.t. P ). From Lemma [5.I0, we have that Xt(m’“) converges to Zy(g) in

probability. So we must have Py (Y = Zi(g)) = 1 as desired in this case. We are
done. 0

Proof of Lemma[514. Step 1. We will show in this step that there exists an N -valued
process (Z;)i>q such that almost surely, for every ¢ > a and every strictly decreasing
sequence (¢m)men in Q which converges to t, (qu)meN converges to Z; in N. We will
also show that, almost surely, for every strictly increasing sequence (¢, )men in QN|a, 00),
(Zy, )men converges in N

Recall that A is equipped with the complete metric dy which is defined using a se-
quence (h;)ieny in C°(R). Note that almost surely for every ¢ € Q N [a,00) and i € N,
Y;]hi = Eq(hi). Therefore, almost surely, for every strictly decreasing, or strictly increasing,

sequence (¢ )men in Q N [a, 00),

sup dN(qu,Z ) = sup Z l(1 A ’qu(hi) — Zy ()
) =1

mI>N mi>N < 2!
o hi - 1 hi i N—o0
= W?}LPNZ 1 A ’ -Y, ) < Z o <1 A s;1>pN}Y i ) — 0.

1=1

Here, in the last step, we used the fact that almost surely for every i € N, Y% is cadlag in
s > 0. Now, almost surely, for every strictly decreasing, or strictly increasing, sequence
(Gm)men in QN [a, o), (qu)meN is a Cauchy sequence w.r.t. the metric dy. The desired
result for this step must follow.

Step 2. We argue that (Z;)¢>, is an N-valued cadlag process. On one hand, from Step/(I]
we know that almost surely, for every ¢t > a and every strictly decreasing sequence (¢, )men
in R which converges to ¢, since there exists a strictly decreasing sequence (¢, )men in Q
such that ¢ > t; > g > to > ... and that dy(Z,,,, Z,) < 1/m for every m € N, we
have

dN(Ztm’ Zt) S dN(Ztm’ ZQm) + dN(ZQm’ Zt) WH—OO) O
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On the other hand, from Step [[lagain, almost surely, for every strictly increasing sequence
(tm)men in [a, 00), since there exists a strictly increasing sequence (¢, )men in Q such that
1 <q <ty <qo<...andthat dy(Z,,,, Z:,) < 1/m for every m € N, we have

qm>

sSup dN(Ztma Ztl) S sup (dN(Ztm’ qu) + dN(qua qu) + dN(qua th))

I,m>N I,)m>N

Zy) 22250,

2
< N + sup dN(Z

qm>
Il,m>N

Now, the desired result for this step holds.

Step 3. We argue that the process (Z;)i>, is a modification of (Zt)tZ(z- Let us fix an
arbitrary t > a. Let (¢ )men be a strictly decreasing sequence in Q which converges to t.
Note that almost surely for each m,i € N, Yq}:; = qu(hl-). Combined with Step [I almost
surely, for each 7 € N, we have

Zy(hi) = lim Z,,(h) = lim Y =Y}

m— o0
where in the last step we used the fact that almost surely Y] is cadlag in s > 0. Therefore,
we have almost surely Z;(h;) = Zy(h;) for each i € N, which further implies that almost
surely dp(Z;, Z;) = 0. The desired result for this step now follows.

Step 4. Combining the results from Steps 2l and [3] (Zt)tZa has a cadlag modification.
According to the discussion at the beginning of this proof, we are done. O

E. PROOF OF LEMMAS AND

Proof of Lemmal6.2. Let v € (0,1) be arbitrary and vy = y¥'(0+)/(25.). Let F be the
smallest closed interval containing U2, (x; — 1, x; + 1). It is clear that U N F is bounded.
By Lemmas 4.5 (ii), 4.7 and [6.1] (ii), we have

(s F) U F,t U, F,t
lim —V(; ) i A0 Fr %) - 0) _ iy —C[]]((A7 : ) (E.1)
Ho fou M ()de MO oM ()de B0 [0 (2)da
Therefore, by Proposition 5.8 we see that
E Z (U 1
lim sup (A’(’LA)[ )t( ) < 0
wo [ v (2)de 1=
On the other hand, combining Proposition [5.6] Lemmas [4.4], and [4.7, we have for any
v €(0,1/2), e € (0,7/2) and t > 0, taking () as in (4.2]),

[Ta- ut(xl-))] (E.3)

i=1

(E.2)

B [(1—2)* O] =Eqq,

exp{— Z ut(xl)}

S exp{_gﬁ(fy)eﬁot/ ,Ung“u) (y)dy} —+ 2[@611]( sup us(y> > fy) + gﬁceAOtV£A7“7F)
U

s<t,yeF

S EEIU

+ @51U< sup  us(y) > 'y).

s<t,yeF
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< eXp{—e%(v)e‘ﬁ"t / v§A’”)(y)dy} + 2eCq(U, Fo t,7) + eBeet VD).
U
Therefore, for any v € (0,1/2) and t > 0,

1
EawlZ:(U)] = lim (1 =B, [(1 —e)?D])

- A A
> k(y)e Bot/ vt( ’“)(y)dy —20q(U, F, t,v) — ﬁCertVt( #E)
U
Using (E.I]), we conclude that

E Z (U
liminf—(A’(“A)[)t( ) >
Ho oo () de

Therefore, we arrive at the desired result by (E.2)) and (E.4]). O
Proof of Lemmal6.3. For any ¥ > 0 and ¢t > 0, define

e(U,9,t) =1 — exp{— (/U i) (x)dx) 10}.

By Lemma [6.1] (ii), we have

K(y) 25 1. (E.4)

e Ple(U, 9, t) / oM (2)da 2y 9> 0.
U

Let F be the smallest closed interval containing U;en(x; — 1, 2; +1). Note from (E.I)) that
for any ¥ > 0,

. T (A1) Ch](U, F7t7/7) _
1%{(1)16((],19,75)%((], Fit,v) = 1t1¢1615(U,19,t) (/U v (x)dx) ——

Jo v (2)de

)

and similarly, lim o e(U, 9, t)Vt(A’M’F) = 0. From (E.3)), for every v € (0,1/2), ¥ > 0, and
t > 0 small enough such that (U, 9,t) < /2,

exp{—ﬁ ( /U o) (x)dx) _1Zt(U)}

< exp{ U0, 0x) [ o™y o+ 2200, 0G0 F)
U

+e(U, 0, 1) et i)

WO, —dr(y) 1O~

E(A#) = E(Ayu) |:(1 - E(U’ 197 t))Zt(U)

Therefore, for every 9 > 0,

limsup E, )
t10

exp{—ﬁ‘ ( /U p i) (:c)da:) _1Zt(U)}
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On the other hand, by Jensen’s inequality E[e*|yq > ¢ BV and Lemma [6.2] for every

¥ >0,
exp{—ﬂ( /U U§A’”)(x)dx) _1Zt(U)}

> eXp{—"t? ( /U v (x)d37> _1E(A,u) [Z,(U )]} e,

Therefore, we have
~1
exp{—"&‘ (/ U§A’”)(x)dx) Zt(U)}
U

We are done. O

Ea,p

=e ¥, 9>0.

IimE
tlfél (M)
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