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Superprocesses
• Superprocesses are a class of measure- valued Markov processes satisfying the branching property .

• Typically . Superprocess (Xt)-1≥o takes values in Mf(E) = { finite measures on E} where

F- is a
"

good
"

topological space .

• ✗+ (A) represent the population in the measurable set ACE at the time t ≥ 0 .

• The branching property says that convolution
.

Laul Xel ✗◦=µ+V) = Law / ✗+ I ✗◦=µ) * Law ( Xel ✗◦ =D .

• Typically ,
there are three cases to consider :

supercritical → The population tends to grow exponentially .
Critical → The border case .

Subcritical ~> The population tends to shrink exponentially .
• This talk is about the asymptotic behavior of a class of subcritical superprocesses .



Galton - Watson Processes

• Galton - Watson process (Zn )n≥o is a Z+- valued time - homogeneous Markov process

satisfying the branching property
Law ( Zn I 2- ◦ = i + j ) = Law ( Zn / 2- ◦= i ) * Law ( Zn / 2- ◦ =j ) .

• Assume that 2- ◦ =L
.

We say
(Zn) is supercritical , critical , or subcritical if

EZ ,
> 1

,
EZ ,

= 1
,
or F- Z ,

- 1
, respectively .

• Further assume that (Zn) is subcritical and non-trivial F- Z , -0.

• It is known that the extinction probability
B- ( 7- n

,
Zn=o ) = him P(Zn=o) = 1

.

n→to

Q : What is the asymptotic behavior of
Law ( Zn I Zn > 0) and Law( Zn / 2- n+m > 0) ?



Yaglom 4947)
,
Heather

,
Seneta & Vere -Jones 4967)

,
Joffe (1967)

, Athreya & Ney (1972)

Define 9mm = Law ( Zn / Zn-1m > 0)
,
then

Yaglom 's
limit Hm c- Zt

,
7- a probability measure 9am on IN

,
St

. 9mm
we""

> 9am as n → + is ; and

theorem
H n c- Z+

,
7- a probability measure Enis on IN

,
s.to

.
9mm WEAKLY

> qn.es as m→ +is
.

Heathcote , Seneta & Vere - Jones 4967)
,
takes 11999)

t.im/-P(Zn > o )Heathcote
.

n→ , *[z.gr
> 0

. ⇔ F- [Z , logtz , ] < +• .

Seneta

& Vere -Jones' ⇔ 9am Converges weakly when m → + to
.

Lbgh
theorem ⇔ Enis converges weakly when n → + is .

Furthermore
, if one of the above condition holds

,
then

takes'
w -him 9am = w - him 9.n.es

.double
.

limit
mates n→+•

theorem



Q : Does results similar to

1) Yaglom 's limit theorem ,

2) Heathcote
,
Seneta and Vere - Jones' Llogl theorem, and

3) Parkes ' double limit theorem

hold for subcritical superprocesses ?

The short answer :

Yes
, if the subcritical superprocess is

intrinsically ultracontractive and non-persistent .

Let me explain . . .



Definition of superprocesses
• Let F- be a Polish space ( a separate completely metrizable space) and

MFCE) = { finite Borel measures on F- } equipped with the weak topology .

• To define a superprocess we need two parameters :

1. The . branching mechanism is

✗(x ,z) := - fix)Z + 61×722-2-1 J
,, ,+ a,(e-

£"
- I + ZU ) Ttx , du) , ✗c- E

,
Z ≥ 0

where B. 5 are bounded measurable function on F-
,

and (un U2) Ttx
,
du) is a finite kernel from F- to (0,1-0)

.

2
. The spatial movement Got)e≤as is an E-valued Borel right Markov process

with (possibly sub- Markovian) semigroup
(Pe) -1≥o and lifetime T C- (0.1-a]

.



Definition of superprocesses

• bp§CE) : = { bounded . nonnegative Borel measurable functions on F- }
.

• The cumulant semigroup (Ve ) -1≥o on bpBCE) is defined

s.tl/-fEbpBlF-)
,
Wtf )t≥o is the unique nonnegative , locally bounded solution

to the integral equation
t

Vtfcx) + f. dsf ✗ (y , Ve-sfly)) Pslx ,dy) = Ptfcx) , t≥ 0 , ✗ c- F-
.

F-

• A (4. 5) - superprocess (Xt)-1≥◦ is defined as a MFCE)- valued Markov process s :L .

F- exp / - <X-i.to ) =

exp / - < Xo ,Kif >) ,
Ht≥ 0

, f- c- bp§lE) .
• The existence of such processes are given by Watanabe 4968)

, Dykin (1993 ) . . .



Mean behavior

• The mean semigroup (Tt) -1≥o on b§lE) is defined s.to
.

<µ , Tef > = Eµ<✗e. f > ,
t≥o

, µEMpCE) , f- C- b§CE) .

• We assume that

7- an eigenvalue REIR , an eigenfunction ∅ c- BPBCE) , an eigenmeasure VEMFCE)

S.t. supp(4) = supper)=E and T+∅=e"ᵗ∅
,

V17 = e'
"
V for every t≥ 0.

• We normalize ∅ and V so that <V. 1€> = <V. ∅ > = 1 .

• We say the superprocess is supercritical , critical , or subcritical if

I > 0
,

12=0
,

or 12<0
, respectively .

• We assume that He)e≥o is subcritical .

-



Intrinsic ultracontractility
• For each f- c- P§(E) with Uf) < too , define Htf c- §(E) s.to .

Ttf = e^ᵗ < V. f > ∅ . ( I + Hef )

• We assume that the mean semigroup 4-+4≥o is intrinsically ultracontractive, that is

SFP 111-1+5-110 < +•
,
Ht≥0 and him sup 111-1+5-11 as = 0 .

+→ +co f

T-dx.dz)
" '

≤
"

e
"-10/1×7 Udy). T-dx.dz)

"

~
"

e'" 0/1×7 Udy) .

Non - persistent
• We assume that the superprocess (Xt) -1≥o initiated at V is non-persistent, that is

LP
,
( ✗+ = 0) > 0

,
It t > 0 .



Yaglom 's limit
Liu

,
Ken

, Song , S . 12021)
,
Liu

,
Ren

, song , S. (2022-1)

Define Q-i.TL - I :=tPµ( ✗+ C- • I ✗++r -1-0)
,
t.ir ≥ 0 , µ c- MFCE)|{ 0 } .

Hr ≥ 0
,

7- a probability measure Qar on MFCE), St . It µc-MFCE)|{ ◦}

Q% WEAKLY
> Qar as t → to :

Ht ≥ 0 , HµE MFCE)Yo} , 7- a probability measure Q-T.es on MFCE) sit .

QF.rstronk-QF.es as r → +is
,

> < Q-i.hr
,
f > → < Qar ,f> .

It bounded continuous function f- on MFCE) .
t →to

<QÉr
,
f > → < Q -1% ,f> ,

H bounded measurable function f- on MFCE) . <

r-stir



Heathcote , Seneta & Vere - Jones ' Llogl theorem & Pakes ' double limit theorem
• Define

E : = /
⇐
Vldx) ) U∅cx) log'T uolcx) ) Tilt,du) .

(0,1-0)

Liu
,
Ren

, song , S. (2022-1)

HMEMFCE)|{ 0
.

}
,

the following are equivalent :

him e-
"

-4%1×+1=0) > 0 .

⇔ E < + is
.

+→ as

⇔ Qar converges weakly when r → + is
.

⇔ Q-T.is Converges strongly when t→ + is .

stein w- lim Q%
Furthermore

, if one of the above condition holds
,

+ → +• ""•

=
wtim s - him QÉr
Vitis 4-3-10

then 7- a probability measure Qoses s.to.
1

Qas
, ,

weᵈᵈ% Qais
,
r→ + is

,
and

Hk , Qt
,
•
ˢᵗʳⁿᵈ% Qcs.co

,
+→ + is

.



Comment

• The Llogl condition E- + • . appeared in Liu
,
Ren

. Song 120091
in the study of supercritical superdiffusion .

• If F- = { e } , then ✗+ = Y+8e where Ye is a continuous - state branching process .

In this case , some of our results appeared in Lambert (2007)
, Grey (1974), & Li ( 2000)

.

• If F- = { e. , -i. en } and Ti (X . du) = 0 , then

✗+ = ÉYÉ dei where (Y't
,

- - -

,
Y:) is a multi-iype Feller diffusion .

c- =\

In this case
,
the double limit theorem appeared in Champagnat & Rally 120081 .



> The Q-process (Ñs )s≥o :

B.④ s )s≤e E
• ) = w -him B- ( Hs )⇔ C- • 1×+1=0)

.

1-→+is

They share > The martingale transformation lists≥o :
the same law ! -

-

B- s≤ + E.) = E >

A- { (Xs)s≤+ c- • }
-

mm
-

•

martingale
> The superprocess with immigrations along a spine ( Xs + Ys )s≤ ± :

F- ^

BBEBgo9

BBBBE&BBBÉggzgg.Bggggggggg•qag.q•osg.
Tgaos•→B••••-
£ =

a certain martingaleBBEBgaY transformation of 9

time☆aooafo%ggqBqgY B•BᵗʳoBBEBBof⑥ggqgqgg
↳ pieces of superprocesses as Poisson random measure .



This talk is based on a joint work with

Rongli Liu .
Yan - Xia Ren

,

and kenning song .

The manuscript is ava liable at arXiv : 2112.15184
.

Thanks !


