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• Recall : we say the centered Gaussian process { Be : -170} is a

Brownian motion if F- [Be Bs] =/ 1-[oiylh-1-o.sn dr .
• We say the centered Gaussian process { We(4) : -1=0 , ¢ c- EUR7 } is a

space-time white noise if

F-[Weld)Ws(4)] = f) 1-w.im/0lx)-1-o,sjr)Ylx7drdX .

-

Walsh 4986)
similar to Ito calculus , given a space-time white noise W and

a predictable random field { Gslx) : -130 , ✗c- 112 } such that

Hot gscxfdsdxo.tn ,
-130 . Is .

One can define a continuous local martingale

f)I gstx> Wldsdx) , too .



• Stochastic reaction - diffusion equation

(A) 2+U = -22in + flu) + TCU) Ñ
, -130 , ✗c- IR

where W is a space-time white noise .

Walsh 49861
We say a random field { Uscx) :S >-0 . ✗c- IR} and a white noise W

solve (A) if It 4 C- c9( IR) and -130 , almost surely

/Uttx) 41×3 DX - f Uolx)41×1 DX
= Usa) 1¥ yixdsdxtffjfcusixD Ycxsdsdx + RUSHD 41×7 Wldsdx) .

Iwata 4987) , Reimers 49891
When f and T are Lipschitz continuous , (A) has a pathwise unique strong solution .
When f- and 0 are continuous function with linear growth , (A) has weak solution .



FKPP equation

(o ) fell = I 25 U + u ( I - u)
,
t 30

,
✗ c-IR ; 0 I Utlx) El .

Fisher ( 19371
. Kolmogorov , Petrovsky & Piscuonv (1937)

1. For It v3NI , 7- a wave profile Fu s.to
. Utcx) = FIX - Vt) solves 101

.

2. If Uotx) = 1-c.go> 1×7 , then 7- a centering term met) sit.

Utl ✗ + Mt)) €+2 F¥) & Mt)/t TINI .

f Bramson 4978)

Mt) = Fat - ¥2 log -1 + 0117 .÷-
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• it particle moves as Brownian motion
.

• It particle branches into 2 particles with rate 1 .

IndependentlyÉ
Mckean 119751

If Rt is the position of the right-most particle , then uelx) :=P ( Rt > x) solves the FKPP equation .



Stochastic FKPP equation

① p
noise strength

"

Wright- Fisher white noise

Shiga ( 19887 , Mueller & Sowers ( 1995)

"""""" "" ""

The weak existence and weak uniqueness of SPDE ② hold in

CI :={ continuous -10.13- valued functions on IR with compact interface } .
Four equivalent solution concepts :

E. m
•

.

• Mild form Walsh 119841
,:

• Schwartz distribution }- Iwata 49871:; Ugly)•••
. • • • • • • • • • • • • • .

;qhhm
: • Martingale problem
Le •X• Rt

• Dual process of - Shiga 4988)
<titfae>

branching- coalescing Brownian motion.

Mueller & Sowers ( 19951
,
Conlon & Doering 12005)

HE > 0
,
7- a deterministic VCE) c- IR s.to

. ¥-=↳ VCE) a.s.



coaxing •• intersection • If particle moves as Brownian motion
.

¥
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Independently • It particle branches into 2 particles with rate 1 .

• It pair of particles coalesce into 1 particle
with rate E- according to their
intersection local time

.

branching Notation :••

•• It = { particles alive at time t} .

branching

;⇒ XI = Position of particle i c- It at time to .

Shiga 119887
If the branching- coalescing Brownian motion is independent of the weak solution Utlx?
then F- Tl [ 1- mix:)] = IE TI [ 1- now;]

.

ic-Io ic-It

LHS
> finite moments of Ue

determine
distribution of Ut weak Uniqueness .

taking Uo=1-too) p( 12¥ > ☒ = FLU, (X) propagation of branching- coalescing Brownian motion .



NCE) ? Precise expression .
NI • =ñ - uÉg÷"

"" "

N - branching random walk ✓ Asymptotic behavior for small e.
Bérard & Gouéré 12010)

.

✓ Asymptotic behavior for large e.

Branching - coalescing Brownian motion universality =¥
Mueller

, Mytnik & Quastel 12011) .

N- branching Brownian motion Brunete & Derrida conjecture 11997) , Mueller, Mytnik & Quastel 12011)
Maillard 120121 . . . . .

-1,2

Branching Brownian motion in a strip
V10 = Ñ -

zµgq-
+ O(↳Y¥g&¥-) , c-→ 0

.

Berestycki, Berestyoki & Schweinsberg 4013) .

L - branching Brownian motion Conlon & Doering 120051 , Mueller , Mytnik & Piyzhik (zoa)
pain 120167

. iffy, EZVCE) = 1 .



.
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Independently ,
• It Particle moves as Brownian motion

• H Particle branches into 2 particles
with rate 1 .E. • H Particle is killed if

space

*is its position s Rt - L .

Pain 120167

him ¥5 = : vi. = NI - -1¥ + ☐(E)
,
L → +is .

+→as



Benguria & Depassier 49961 : In application , people are interested in reaction-diffusion equation
8th = -12in + flu) with more general reaction term .

And in many cases when f- is Lipschitz, the system has finite propagation speed .

Aguirre & Escobedo ( 19861 : If flu) = UPa-a) with o< pal , then the system doesn't have finite propagation .

non- Lipschitz

Athreya & Tribe 12000) :
A large class of stochastic reaction-diffusion equationsFull- b)

2+ U = £25k + flu) + Glu) IN

Nagumo
With Lipschitz f- and Ñ

,
have duality relation to

equation some branching - coalescing type particle system .

combustion Conjecture
model

Shiga's duality holds between Hu = Edin + vill- a) + c- ductus IN

Fkpp and branching-coalescing Brownian motion whose offspring law has

equation
generating function u - d-a)Pu . ( o - p - 1)

Image of fun ② Benguria & Depassier 4996)



Examples: types A , B , C & few =uP( 1- u) with Iep a-1
.

② kill = LIEU + flu> + c- tie-in where fecao.is) and sup l£# < +as

UE(0,1) dU(1-uT

Mueller
, Mytnikopyzhik (2021)

• HE > 0
,
the weak Existence and weak uniqueness of SPDE ② hold in

G- :={ continuous -10.13- valued functions on IR with compact interface } .
• HE > 0

,
7- a deterministic VflE) c- IR s.tn?---*Vg-(E) a.s.

"" " """"" "*"

É"%!"""② Girsanov transformation
I

÷Énn⇒ /
g.

= explm-i-t.cm>e) :

egg

•

I Lfyfx)••
. • • • • • • • • • • • • • •

Khun,Mel'i¥¥¥,dW : :

,I ✗ Rt
bounded
É



Mueller
, Mytnikopyzhik (2021)

tfecc-o.is) satisfying a.
"

slightly stronger
"

condition than sup H¥Y#- < +as ,
UE(0,1)

7- a deterministic Cg c- IR sit . him E-VflE) = Cf .
C-→+is

Mytnik , Barnes & S . (2021-1)
H f c- Clio, 1]) s.to sup §u¥#- < +as :

UE(0,1)

• If f >o and I -1=10--1 s.to
.
liminfu-Pfcu) > 0 , then liminf c-

4¥
Vgle) > 0 ;✓

g-(E) u to
c-to

"""""

• * " ±"" """" """"" "" """
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U do c-to

? Precise expression .
For example , if flu> = UPCI- u) with E. =p a- 1, then? 0£ VFCE) .
7- C

,
C > 0 & Go > 0 St

.✓ Asymptotic behavior for small e.
c. E-2T¥ £ Vgce) £ C E-

4¥
,

O<c- SEO✓ asymp.io,, behavior for large e. |__÷
0 c- Same expoLent, cannot be improved.



Step 1 : choose a killing boundary .

Decompose U = v + W where { HV = 1=2×4 + for + c-HI Ñ
'

,
✗ < ↳ t

v = 0
,

X > V*t
I

If we choose :
← left to be chosen

speed Vfce)
• ✓* ⇒ VfcE)

the"
W will be small,HE

• V*<< Vgce)
the"

W will be large .Ht Rt
"

moving killing boundary
" Idea : If 7- V* s.to

. w is neither too small nor too large,
Then V*~~VfCE)

. Criticality
An insight : The balanced value for V* can be predicted by finding the solution (F. V*) so that

F'lot = - E
,

Tt-an = 1
, phase plane (PDE) argument{ pltix) := Fox- V*tl, It-4×3

, I ✓* ~ e-4¥
dep = Ifip + ftp.xava-t, •

p = 0, X> V*t
. ! Only a prediction .

Still need to analyze W when V*~ e-4¥

on next page . . .



Step 2 : Analyze W
.

A fjitsds is the total mass of v killed at the boundary
up to time to

.

From 8th = 2in + flu) + c- Fu)Ñ
subtract Otv = Ziv + fcv) + c-HÑÑ '

- A.+ ¥+1M ,
we get dew = 2kW + few - few + c- few - c-HATIN '

-1 it-0*1×7 .

Approximately Hwa 2kW + G-W
"

+ c- Fw Ñ " -1 It-04++1×7
Girsanov transformation Jew a 2kW + c- Fw Ñ " -1 It-04++1×7

critical super - Brownian motion with immigration
! Girsanov transformation doesn't preserve longtime behavior. ✓ properties of support.

So we perform the transformation on each of the small intervals LÑT, @+DT)
.

✓
.

time

0 T 2T 3T 4T 5T 6T 7T 8T 9T -10T

eft to be chosen
on next page . . .

> {
can't be too large, otherwise : Transformed w * Original w .

can't be too small
,
otherwise : smalltime random fluctuation

covers

info. of propagation speed .



Step 3 : choose

T.MN?Enyt=T.

RTV•*T
•

L A typical distance for the support of W
to travel in a time interval with length T .

We want to choose T s.tn :

• L can be explained by the thermal diffusivity . i.e. LIT .

{ • W does not give excess speed , i. e. 4T£ ✓
*
~ e-

2:#
µ

• T is as small as possible
in order

Transformed W ~~ Original W .

T ~ c-
41¥

.



Further questions :.

? lim a-Pfcu) exists ⇒ lime -1¥ Vfce) exists
.

Udo
c- too

? Duality for Jeu = Idea + uki- a) + c-Mutti co - p- D.

? Weak uniqueness for Jeu = Idea + uki- a) + c-hÑÑ Coop < E)
•

? Speed of Lt = Speed of Rt (d"dÉY speed of Branching- coalescing Brownian motion) .
? (U+( ☒++ x) : ✗ c- IR) ¥4+→ + is a stationary ( random) wave profile .

? Speed of N -BBM & 1-BBM with heavy - tailed offspring law ( universality) .



This talk is based on a joint work with

&

Leonid Mytnik Clayton Barnes
.

Manuscript is available on arXiv : 2107.09377

Thanks ! !


